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Ideal magnetohydrodynamic stability limits of shaped tokamak plasmas with high bootstrap frac-
tion are systematically determined as a function of plasma aspect ratio for the first time. For
plasmas with and without wall stabilization of external kink modes, the computed limits are well
described by a normalized beta parameter utilizing the total magnetic field energy density inside
the plasma. Data from the National Spherical Torus Experiment is presented corroborating the
utility of this definition of normalized beta in describing observed beta limits at very low aspect
ratio and further indicates that ideal non-rotating plasma no-wall beta limits have been exceeded.
The aspect ratio dependence of the computed beta limit indicates that the optimal aspect ratio for
fusion power production in a normally conducting tokamak is at or above 1.6.
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Introduction – The superconducting advanced toka-
mak [1, 2] is presently the leading candidate for pro-
ducing an efficient magnetic fusion reactor. Alternative
concepts such as the compact stellarator [3, 4] and spher-
ical torus [5, 6] are also actively being studied as possi-
ble improvements to the advanced tokamak. The ad-
vanced tokamak (AT) and spherical torus (ST) reactor
concepts share several features in common. Specifically,
both rely on the neoclassical bootstrap current [7] to sus-
tain nearly all of the plasma current and on stabilization
of pressure-driven external kink modes to achieve suf-
ficiently high beta (ratio of plasma kinetic pressure to
magnetic pressure) to produce power efficiently. The AT
and ST reactor concepts have been independently op-
timized for various physics and engineering constraints
and arrive at notably different plasma aspect ratio and
beta. This difference has motivated the present work
which seeks to understand how the theoretical magne-
tohydrodynamic (MHD) stability limits of the AT and
ST are linked. More generally, aspect ratio invariants
(or near invariants) of advanced tokamak stability are
sought. Two equilibrium regimes are treated in the fol-
lowing analysis. The first consists of a fully bootstrap-
current-driven plasma utilizing a close-fitting conducting
shell to stabilize external kink modes. The stability lim-
its of this regime represent the maximum achievable beta
of a tokamak at any aspect ratio given the present under-
standing of tokamak physics. The second regime consists
of a plasma with a self-driven current fraction of 50%
and no external kink stabilization. The stability limits
of this regime have largely been experimentally realized
in present-day tokamaks but have only recently been re-

alized in relatively new ST experiments. Experimental
results from strongly auxiliary-heated National Spheri-
cal Torus Experiment (NSTX) [8] plasmas are presented
which highlight the significant difference between various
definitions of beta. Further, it is shown that for a range
of kink safety factor values the experimentally achieved
beta values have exceeded theoretical limits computed in
the absence of rotation and wall stabilization.

Advanced Tokamak Stability – The numerical methods
and definitions used here for determining tokamak equili-
brum and stability are well established and have been de-
scribed previously [9]. To compute the highest achievable
beta limit for the wall-stabilized self-sustaining advanced
tokamak, several assumptions are made. The plasma
boundary is assumed to be limited and D-shaped with a
triangularity of 0.6-0.65, the self-driven current fraction
is held above 99%, and kink modes with toroidal mode
number below 8 are stabilized by a superconducting con-
formal wall positioned no closer than 10% of the plasma
minor radius away from the plasma surface. Efficient
calculation of the strength of wall stabilization in this
work has been made possible through improvements to
the PEST-II [10] code which allow the kink marginally-
stable conformal wall position to be determined itera-
tively for a given equilibrium and toroidal mode number.
All equilibria treated here are marginally stable to high-n
ballooning modes and have a vanishing pressure gradient
at the plasma boundary. The maximum plasma elonga-
tion is limited by the onset of n=1 kink modes which
cannot be stabilized by the wall, and the n=0 vertical
instability is assumed to be suppressed by a combination
of the passive conducting shell and standard vertical po-
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FIG. 1: (a) Toroidal beta, (b) plasma elongation, and (c)
normalized toroidal and volume-average beta values versus
inverse aspect ratio for the wall-stabilized fully self-sustained
advanced tokamak.

sition feedback methods. The normalized density and
temperature profile functions are chosen to have similar
peaking factors, and Zave = 1.25 and Zeff = 2 are as-
sumed in the specification of the collisionless bootstrap
current density profile.

Figure 1 shows the theoretically computed maxi-
mum stable beta and elongation for wall-stabilized self-
sustained tokamak plasmas. As seen in Figure 1a, the
toroidal beta βt ≡ 2µ0〈p〉/Bt0

2 increases nearly an order
of magnitude from 9% to 84% as the inverse aspect ratio ε
is increased from 0.2 to 0.8. Figure 1b shows that the n=1
stability-limited elongation nearly doubles from 2.2 to 3.9
for the same range of aspect ratios. Figure 1c shows that
the normalized toroidal beta βN ≡ βt(%)aBt0/IP(MA)
increases from 5.7 to 9.0. As shown in Ref. [9], the
toroidal beta scales as βt ∼

√
ε(1+κ2)βN

2/fBS implying
that the explicit dependence of the beta limit on aspect
ratio is relatively weak when bootstrap fraction is held
fixed. Thus, the strong dependence of the elongation and
normalized toroidal beta on aspect ratio are together re-
sponsible for most of the increase in toroidal beta with
decreasing aspect ratio. Figure 1c also shows that the
normalized volume-averaged beta 〈βN 〉 ≡ βNB2

t0/〈B2〉
first utilized by Troyon [11] in parameterizing no-wall
stability limits exhibits much smaller standard deviation
(6% versus 18%) with aspect ratio relative to βN and is
an approximate stability invariant. These results suggest
that the beta limit for the wall-stabilized self-sustaining
advanced tokamak is 〈βN 〉 ≈ 6 nearly independent of
aspect ratio.

The optimal profiles in the stability calculations dis-
cussed above are found to vary only slightly with aspect
ratio with one notable exception. Figure 2a shows that
the safety factor profile for A=1.6 is monotonically in-
creasing as a function of minor radius (square root of the

0.0 0.2 0.4 0.6 0.8 1.0
ψ  ^ 1/ 2

0
2
4
6
8

10
12

(a)

A=1.6

A=3.3

0.0 0.2 0.4 0.6 0.8 1.0
ψ  ^ 1/ 2

0.0
0.2

0.4

0.6

0.8
1.0 (b)

0.0 0.2 0.4 0.6 0.8 1.0
ψ  ^ 1/ 2

0.0
0.2

0.4

0.6

0.8
1.0 (c)

BS

Total

0 1 2 3 4 5 6 7 8 9
Toroidal Mode Number

1.00

1.10

1.20

1.30

1.40
(d)

FIG. 2: (a) q (safety factor) profiles, (b) normalized pressure
profiles, (c) normalized flux-surface-averaged parallel current
density profiles, and (d) kink marginally-stable wall position
divided by plasma minor radius for the A=1.6 and A=3.3
equilibria shown in Figure 1.

normalized poloidal flux), while for A=3.3 the q profile
exhibits strongly reversed-shear. The shear changes sign
from positive to negative near A=2.0, so this aspect ra-
tio represents a possible natural dividing line between the
spherical and standard tokamak. Figure 2b shows that
the optimal pressure profiles are generally quite broad,
and the pressure peaking factors p(0)/〈p〉 are found to
increase from 1.38 to 1.57 between A=1.25 and A=5.0.
Figure 2c shows that both parallel current density pro-
files 〈 ~J · ~B〉/〈 ~B ·∇φ〉 are hollow and driven completely by
the bootstrap effect except for a small region in the core.
Finally, as shown in Figure 2d, for low aspect ratio there
is a monotonic decrease in marginal wall position with
increasing toroidal mode number. In contrast, for high
aspect ratio the wall position can exhibit oscillations due
the influence of individual mode rational surfaces associ-
ated with lower edge q and shear.

The very high beta regimes with fully self-driven cur-
rent outlined in the previous section are theoretically
achievable but have not yet been realized experimentally.
The physical understanding of external kink stabilization
utilizing rotation [12, 13] and active feedback [14] has im-
proved significantly recently, but normalized beta values
significantly above those attainable with optimized pro-
files without kink stabilization are not easily achieved.
Further, the pressure profile control techniques required
to realize the highest beta values in fully bootstrapped
regimes are only beginning to be developed. These fac-
tors motivate an investigation of the aspect ratio depen-
dence of the ideal beta limit for parameters routinely
achieved in standard aspect ratio tokamaks but only re-
cently achieved in relatively new ST devices.

In the following analysis, ideal beta limits are deter-
mined for equilibria with a fixed self-driven current frac-
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FIG. 3: (a) Toroidal beta, (b) pressure peaking and central
safety factor, and (c) normalized toroidal and volume aver-
age beta values versus inverse aspect ratio for the 50% self-
sustained advanced tokamak not utilizing wall stabilization.

tion of 50%, which are marginally stable to ballooning
modes and n=1-3 kink modes without wall stabilization,
and have a fixed boundary shape with elongation κ =
2.0 and triangularity δ = 0.45. For most aspect ratios
treated, the optimization of the pressure and current
profiles results in the equilibrium being simultaneously
marginally stable to ballooning and n=1 kink modes,
and all cases have no bootstrap current overdrive. With
this set of constraints, Figure 3a again shows an order of
magnitude increase in toroidal beta as the inverse aspect
ratio is increased from 0.1 to 0.8. Figure 3b shows that
the optimal pressure peaking is significantly higher when
wall stabilization cannot be utilized and that there is a
systematic decrease in the optimal peaking for ε > 0.5.
This figure also shows that the optimal central safety
factor is approximately 2 for ε > 0.6 and 1 to 1.3 for
ε < 0.5. Thus, for this optimization, A=1.8 is appar-
ently a transitional aspect ratio lying between the spher-
ical and standard tokamak. Finally, Figure 3c shows that
the normalized toroidal beta increases from 3.15 to 5.85
between ε = 0.1 and 0.8. In contrast, the normalized
volume-averaged beta is again essentially independent of
aspect ratio with a standard deviation of only 3% and
mean value of 3.2.

The near invariance of 〈βN 〉 discussed above was ob-
tained assuming fixed plasma shape and self-driven cur-
rent fraction. Figure 4a shows that at A=1.6 with fixed
self-driven current fraction = 50% the no-wall kink and
ballooning marginally stable toroidal beta can vary as
much as a factor of 4 depending on shaping. For these
shape changes, Figure 4b shows that the normalized
toroidal beta varies from 3.4 to 5, while the normal-
ized volume-average beta values have only a 5% deviation
from a mean value of 3.0 with the exception of the case
with the lowest triangularity and highest elongation. Fig-
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FIG. 4: (a) Marginally stable βt(%) and (b) normalized beta
values as a function of triangularity and elongation at 50%
self-driven current fraction for aspect ratio A=1.6. (c) 〈β〉
versus IP/aBt0 and (d) 〈βN 〉 versus kink safety factor for the
aspect ratio, shape, and IP scans performed for this study.

ure 4c plots 〈β〉 versus IP/aBt0 for the aspect ratio scan
of Figure 3 (crosses), the shape scan of Figure 4a (tri-
angles), and an IP scan for A=1.6 (squares) and A=3.3
(diamonds) at fixed κ = 2.0 and δ = 0.45. As seen in the
Figure, the solid line of 〈β〉(%) = 3.2 IP/aBt0(MA/mT)
represents an upper-bound for the beta limits found.
For cases with 〈βN 〉 significantly below 3, it is found
that 〈βN 〉 degrades rapidly as the kink safety factor
q∗ ≡ ε(1 + κ2)πaBt0/µ0IP [9] is decreased below 2 for
both A=1.6 and A=3.3, as shown in Figure 4d. This find-
ing suggests that q∗ may be a nearly aspect ratio invari-
ant parameter for describing the dependence of profile-
optimized stability limits on safety factor at high val-
ues of normalized current IP/aBt0, and further appears
to be consistent with published experimental stability
data [15, 16] for standard aspect ratio tokamaks.

NSTX stability and implications – Results from the
previous section suggest that no-wall beta limits should
be well described by 〈βN 〉 ≈ 3.2 except when q* is less
than 2 and for highly elongated plasmas with low tri-
angularity (see papers 90-93 in Ref. [15]). Recent ma-
chine improvements in the NSTX device now allow rou-
tine access to the H-mode [17] and its associated low
pressure profile peaking (p(0)/〈p〉 ≈ 1.8-2.5) predicted to
be optimal for ideal MHD stability in the ST. As seen
in Figure 5a, peak NSTX beta values computed with the
EFIT equilibrium reconstruction code [18] clearly scale
with IP/aBt0 and have exceeded βt = 30% with βN val-
ues above 6 and 〈βN 〉 > 3. Further, NSTX experimental
〈βN 〉 values plotted versus kink safety factor in Figure 5b
exhibit the predicted degradation at low q∗ shown by
the black curve from Figure 4d. Both figures include
plasmas with shape parameters ranging from A=1.27-
1.5, κ=1.5-2.15, and δ=0.25-0.85. Importantly, H-mode
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FIG. 5: (a) βt (black) and 〈β〉 (red) (both in percent) at max-
imum stored energy for NSTX NBI-heated discharges above
600kA plotted versus normalized current. Constant normal-
ized beta lines are shown in blue. (b) 〈βN 〉 versus kink safety
factor q∗ for the discharges from (a).
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FIG. 6: Aspect ratio which maximizes fusion power produc-
tion versus inboard plasma-TF coil separation normalized to
plasma minor radius.

discharges with A=1.4-1.5 and κ=2 optimized to have
very long ELM-free and sawtooth-free periods and q∗ in
the range of 2.5-3.0 have exceeded the theoretical no-
wall limit 〈βN 〉 ≈ 3.2 by as much as 30% as seen in Fig-
ure 5b. Possible explanations include wall-stabilization of
the pressure-driven kink mode [19] or shear stabilization
of either kink or ballooning modes [20]. These discharges
also reach poloidal beta values above 1.2 with n=2 and
3 mode activity present but do not appear to be limited
by n=1 tearing modes as observed in MAST [21]. EFIT
indicates q(0) > 2 for these discharges, but confirmation
of elevated q awaits implementation of internal q profile
diagnostics on NSTX.

Given the ability of NSTX plasmas to experimentally
meet and exceed the highest theoretical ideal no-wall
stability limits previously discussed, the stability results
shown in Figures 1 and 3 can be used with increased
confidence to estimate the optimum aspect ratio for DT
fusion power production at fixed plasma major radius.
For this optimization, the fusion power is assumed to
scale as

∫
p2dV , the cost of external non-inductive cur-

rent drive is ignored, and the maximum magnetic field
strength at the toroidal field coil is held fixed. Figure 6
plots the optimal aspect ratio for fusion power produc-
tion as a function of inboard plasma gap for three sets of
stability assumptions. As evident from this figure, the in-
crease in normalized toroidal beta (and elongation) with
decreasing aspect ratio results in a significant reduction
in the aspect ratio which maximizes fusion power produc-
tion. Finally, parameterizations of these stability results

could also be used to extend the range of validity of the
stability scalings used in recent and more comprehensive
reactor design calculations [22].

Summary – Systematic ideal stability calculations for
advanced tokamak configurations scanning plasma aspect
ratio, shape, and safety factor have been performed. The
Troyon normalized beta value is found to best describe
the calculated stability limits for all cases treated. The
observed limits are 〈βN 〉 ≈ 6 for the wall-stabilized fully
self-sustained tokamak and 〈βN 〉 ≈ 3.2 without wall sta-
bilization with q∗ above 2. NSTX peak plasma beta val-
ues are found to be at or above the theoretical maximum
ideal no-wall limits and are thus far consistent with the
expected behavior at low q∗. Using the computed stabil-
ity limits, the aspect ratio for maximizing fusion power at
fixed major radius is computed to be at or above A=1.6.
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