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Bootstrap	
  current	
  large	
  in	
  edge	
  pedestal	
  

•  Bootstrap	
  current	
  in	
  edge	
  pedestal	
  is	
  large,	
  hence	
  important	
  
•  Hard	
  to	
  measure	
  à	
  	
  need	
  formulas	
  to	
  es(mate	
  it	
  
•  Simplifying	
  assump(ons	
  in	
  exis(ng	
  formulas	
  valid	
  for	
  core	
  

plasma	
  à	
  problems	
  for	
  edge	
  pedestal	
  and	
  separatrix	
  
•  Koh	
  et	
  al.	
  (Phys.	
  Plasmas	
  19,	
  2012)	
  à	
  new	
  XGC0-­‐based	
  formula	
  to	
  

improve	
  Sauter’s	
  formula	
  in	
  pedestal/separatrix	
  region	
  
•  E.	
  Belli	
  reported	
  disagreement	
  between	
  NEO	
  results	
  and	
  the	
  

improved	
  formula	
  for	
  (ght	
  aspect	
  ra(o	
  (APS	
  2013)	
  
	
  
à	
  Verifica*on	
  of	
  Koh’s	
  findings	
  is	
  the	
  purpose	
  of	
  this	
  work	
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The	
  XGC	
  codes	
  

•  XGC:	
  whole-­‐volume	
  full-­‐f	
  par(cle-­‐in-­‐cell	
  codes	
  for	
  the	
  
simula(on	
  of	
  fusion	
  plasmas	
  
–  XGC0:	
  guiding-­‐center	
  neoclassical	
  physics	
  
–  XGC1:	
  gyrokine(c	
  turbulence	
  code	
  
–  XGCa:	
  axisymmetric	
  version	
  of	
  XGC1	
  (GK	
  neoclassical	
  code)	
  
–  Include	
  X	
  point	
  and	
  scrape-­‐off	
  layer	
  
–  5D	
  phase	
  space	
  (3D	
  in	
  configura(on	
  space)	
  
–  Full-­‐f	
  
–  Rich	
  physics:	
  impuri(es,	
  neutrals	
  (with	
  DEGAS2),	
  hea(ng/
cooling/torque…	
  

•  XGC0	
  is	
  used	
  for	
  Koh’s	
  formula	
  and	
  this	
  study	
  
–  Monte	
  Carlo	
  collisions	
  with	
  intra-­‐/inter-­‐species	
  conserva(on	
  



What	
  makes	
  the	
  plasma	
  edge	
  special?	
  

•  Radial	
  orbit	
  width	
  ~	
  LP	
  
–  Small	
  orbit	
  width	
  expansion	
  
(used	
  in	
  most	
  codes,	
  incl.	
  
Sauter	
  and	
  NEO)	
  breaks	
  
down	
  

–  Separatrix	
  effect	
  and	
  orbit	
  
loss	
  physics	
  

•  Strong	
  ExB	
  flows	
  
•  Small	
  passing	
  par(cle	
  region	
  
•  Geometry	
  effect	
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  small	
  

aspect	
  ra(oà	
  special	
  field	
  
line	
  topology	
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Trapped-­‐Passing	
  boundary	
  layer	
  physics	
  
is	
  more	
  important	
  at	
  (ght	
  aspect	
  ra(o	
  

•  Barely	
  trapped	
  par(cles	
  not	
  confined	
  in	
  toroidal	
  direc(on	
  

	
  
à  Solubility	
  condi(on	
  is	
  used	
  in	
  2D	
  equa(on	
  to	
  implement	
  approximately	
  toroidal	
  

dynamics	
  (e.g.,	
  trapped	
  par(cles	
  do	
  not	
  contribute	
  to	
  bootstrap	
  current)	
  
à  2D	
  orbits	
  fine	
  for	
  collisionless	
  physics	
  
à  With	
  collisions:	
  these	
  par(cles	
  “forget”	
  that	
  they	
  are	
  trapped	
  à	
  toroidal	
  current	
  
à	
  3D	
  (x-­‐space)	
  code	
  needed	
  to	
  treat	
  par(cle	
  orbits	
  correctly	
  to	
  show	
  enhanced	
  
bootstrap	
  current	
  à	
  Removal	
  of	
  the	
  solubility	
  condi(on	
  is	
  crucial	
  

3D	
   2D	
  



XGC0-­‐based	
  bootstrap	
  current	
  formula	
  for	
  
edge	
  pedestal	
  

	
  Koh	
  et	
  al.,	
  Phys.	
  Plasmas	
  19,	
  072505	
  (2012)	
  

•  Retains	
  structure	
  of	
  Sauter’s	
  formula	
  because	
  of	
  the	
  reasonable	
  
agreement	
  at	
  low	
  νe*	
  or	
  ε	
  	
  à	
  simplifica(on	
  of	
  the	
  applica(on	
  

•  Coefficients	
  L3x	
  modified	
  
–  Based	
  on	
  numerical	
  results	
  of	
  XGC0	
  
–  Based	
  upon	
  >100	
  simula(on	
  cases	
  

•  Op*mized	
  for	
  edge	
  plasma	
  
–  Orbit	
  width	
  comparable	
  to	
  gradient	
  scale	
  length	
  
–  Moderate	
  to	
  large	
  trapped	
  par(cle	
  frac(on	
  
–  Arbitrary	
  aspect	
  ra(o	
  à	
  spherical	
  tokamaks	
  
–  Effect	
  of	
  separatrix	
  
–  Allows	
  ~5%	
  fiong	
  error	
  

•  Formula	
  is	
  made	
  to	
  reduce	
  to	
  Sauter	
  for	
  lower	
  ϵ	
  or	
  weaker	
  νe*	
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Verifica(on:	
  Good	
  agreement	
  with	
  Sauter	
  at	
  
low	
  collisionality	
  or	
  large	
  aspect	
  ra(o	
  

Koh	
  et	
  al.,	
  Phys.	
  Plasmas	
  
19,	
  072505	
  (2012)	
  

DIII-­‐D	
  

NSTX	
  

~50%	
  
difference	
  

⌫e⇤ ' 0.15

⌫e⇤ ' 0.14

DIII-­‐D	
  

NSTX	
  

Sauter’s	
  high	
  confidence	
  regime	
  



XGC0	
  does	
  not	
  agree	
  with	
  Sauter’s	
  formula	
  (and	
  
other	
  exis(ng	
  formulas	
  or	
  simula(ons)	
  for	
  NSTX	
  

Koh	
  et	
  al.,	
  Phys.	
  Plasmas	
  19,	
  072505	
  (2012)	
  

•  XGC0	
  finds	
  that	
  bootstrap	
  
current	
  in	
  pedestal	
  significantly	
  
larger	
  than	
  Sauter	
  in	
  collisional	
  
regime	
  

•  Koh	
  et	
  al.’s	
  explana(on:	
  Field	
  
line	
  pitch	
  +	
  collisionality	
  

NSTX	
  

NSTX	
  

~50%	
  
difference	
  



Edge	
  effect	
  appears	
  in	
  the	
  opposite	
  direc(ons	
  
between	
  conven(onal	
  and	
  (ght	
  aspect	
  ra(o	
  

tokamaks	
  

Koh	
  et	
  al.,	
  Phys.	
  Plasmas	
  19,	
  072505	
  (2012)	
  

•  There	
  is	
  a	
  boundary	
  layer	
  in	
  ε	
  and	
  
νe*	
  space	
  across	
  which	
  the	
  trapped-­‐
passing	
  par(cle	
  physics	
  change	
  
sharply	
  	
  	
  

•  In	
  conven(onal	
  aspect	
  ra(o	
  edge,	
  
strong	
  collisions	
  destroy	
  the	
  
passing	
  par(cle	
  dynamics	
  and	
  
reduce	
  jb	
  

•  In	
  (ght	
  aspect	
  ra(o	
  edge,	
  collisions	
  
make	
  many	
  of	
  the	
  trapped	
  par(cles	
  
forget	
  that	
  they	
  are	
  trapped	
  and	
  
enhance	
  jb	
  

DIII-­‐D	
  

NSTX	
  

νe*≈7.7	
  

νe*≈5.5	
  



Verifica(on	
  of	
  (ght	
  aspect	
  ra(o	
  effect	
  on	
  
enhancement	
  of	
  jboot	
  

•  Set	
  up	
  simple	
  test	
  to	
  check	
  Koh	
  
et.	
  al.’s	
  explana(on	
  

•  Hypothesis:	
  some	
  trapped	
  
par(cles	
  contribute	
  to	
  
bootstrap	
  current	
  at	
  (ght	
  
aspect	
  ra(o	
  due	
  to	
  extreme	
  
varia(on	
  of	
  field	
  line	
  pitch	
  

à	
  Compare	
  
–  s-­‐α:	
  constant	
  field	
  line	
  pitch	
  

à	
  “normal”	
  jboot	
  
–  Concentric	
  circle	
  à	
  

enhanced	
  jboot	
  

s-­‐α	
  

Concentric	
  
circle	
  

Varia(on	
  of	
  Field	
  line	
  pitch	
  

d'

d✓
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B ·r✓
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�

Varia(on	
  of	
  field-­‐line	
  
pitch	
  is	
  even	
  more	
  
pronounced	
  in	
  Grad-­‐
Shafranov	
  
equilibrium!	
  



Simula(on	
  setup	
  (in	
  response	
  to	
  NEO’s	
  request)	
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Results	
  
• s-­‐α:	
  Numerical	
  XGC0	
  
result	
  agrees	
  reasonably	
  
with	
  Sauter	
  (and	
  NEO)	
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Results	
  
• s-­‐α:	
  Numerical	
  XGC0	
  
result	
  agrees	
  reasonably	
  
with	
  Sauter	
  (and	
  NEO)	
  
• Concentric	
  circle:	
  jb	
  
deviates	
  from	
  Sauter	
  
towards	
  Koh	
  
• NEO	
  does	
  not	
  see	
  this	
  
geometry	
  difference	
  (E.	
  
Belli,	
  private	
  comm.)	
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Verifica(on	
  of	
  (ght	
  aspect	
  ra(o	
  effect	
  on	
  
enhanced	
  jboot	
  

•  More	
  sophis(cated	
  approach	
  
à	
  three	
  simula(ons,	
  same	
  (pedestal)	
  profiles:	
  
–  One	
  reference	
  surface	
  at	
  same	
  posi(on	
  in	
  all	
  3	
  cases	
  
–  “Circular”	
  Grad-­‐Shafranov	
  geometry	
  from	
  Isolver	
  (R.	
  Andre)	
  
–  Concentric	
  circular	
  
–  s-­‐α	
  geometry	
  

ϵ=0.68	
   ϵ=0.68	
  

Grad-­‐
Shafranov	
  

Concentric	
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and	
  s-­‐α	
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Results	
  
• s-­‐α:	
  Numerical	
  XGC0	
  
result	
  agrees	
  reasonably	
  
with	
  Sauter	
  (and	
  NEO)	
  
• Concentric	
  circle:	
  XGC0	
  
deviates	
  toward	
  Koh	
  
• Grad-­‐Shafranov	
  circle:	
  
XGC0	
  agrees	
  reasonably	
  
with	
  Koh	
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The	
  transi(on	
  of	
  edge	
  physics	
  across	
  ϵ=0.44	
  
at	
  high	
  νe*	
  is	
  from	
  real	
  physics	
  	
  	
  	
  

•  Koh	
  made	
  this	
  transi(on	
  quite	
  sharp	
  (jump	
  in	
  1st	
  deriva(ve),	
  
in	
  an	
  aGempt	
  to	
  produce	
  the	
  simplest	
  transi(on	
  formula	
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The	
  transi(on	
  of	
  edge	
  physics	
  across	
  ϵ=0.44	
  
at	
  high	
  νe*	
  is	
  from	
  real	
  physics	
  	
  	
  	
  

•  Koh	
  made	
  this	
  transi(on	
  quite	
  sharp	
  (jump	
  in	
  1st	
  deriva(ve),	
  
in	
  an	
  aGempt	
  to	
  produce	
  the	
  simplest	
  transi(on	
  formula	
  

	
  

	
  
	
  
•  We	
  can	
  improve	
  the	
  transi(on	
  to	
  be	
  milder	
  in	
  the	
  formula	
  
•  But,	
  no	
  machines	
  with	
  highly	
  collisional	
  edge	
  pedestal	
  at	
  

ϵ=0.44	
  	
  exist:	
  This	
  sharp	
  transi(on	
  will	
  not	
  be	
  seen	
  in	
  prac(cal	
  
tokamaks	
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Sharp	
  transi(on	
  due	
  to	
  unfortunate	
  choice	
  of	
  
fiong	
  func(on	
  

•  Koh’s	
  formula	
  reproduces	
  enhanced	
  bootstrap	
  current	
  
•  Jump	
  unfortunate	
  but	
  no	
  show-­‐stopper	
  

•  Width	
  of	
  tanh	
  becomes	
  small	
  for	
  high	
  collisionality	
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+ L34↵

Ti

ZTe

d lnTi

d 

◆

L31 = ↵1f
31
t,eff + ↵2(f

31
t,eff )

2 + ↵3(f
31
t,eff )

3 + ↵4(f
31
t,eff )

4

f31
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modifica(on	
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Jump	
  hard	
  to	
  hit	
  for	
  prac(cal	
  condi(ons	
  

•  Only	
  unrealis(c	
  
condi(on	
  can	
  hit	
  the	
  
jump	
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Jump	
  hard	
  to	
  hit	
  for	
  prac(cal	
  condi(ons	
  

•  In	
  real	
  experiment,	
  
everything	
  varies	
  with	
  
𝛹N:	
  aspect	
  ra(o,	
  
collisionality,	
  
pressure…	
  

•  Koh’s	
  very	
  sharp	
  
formula	
  is	
  not	
  for	
  
unrealis(c	
  situa(ons	
  

•  Realis(c	
  parameters	
  
give	
  milder	
  transi(on	
  
results	
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Jump	
  transi(on	
  is	
  hard	
  to	
  hit	
  for	
  prac(cal	
  
condi(ons	
  

•  In	
  real	
  experiment,	
  
everything	
  varies	
  with	
  
𝛹N:	
  aspect	
  ra(o,	
  
collisionality,	
  pressure…	
  

•  Koh’s	
  very	
  sharp	
  
formula	
  is	
  not	
  for	
  
unrealis(c	
  situa(ons	
  

•  Realis(c	
  parameters	
  
give	
  milder	
  transi(on	
  
results.	
  

•  We	
  can	
  improve	
  the	
  
transi(on	
  formula	
  to	
  be	
  
not	
  so	
  jumpy.	
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Simple	
  fix	
  for	
  “jump”	
  in	
  formula	
  

•  Width	
  of	
  transi(on	
  
region?	
  
–  à	
  Set	
  minimal	
  width	
  
for	
  tanh-­‐func(on!	
  

–  Ad-­‐hoc	
  improvedment	
  
based	
  on	
  XGC0	
  results:	
  

	
  
•  To	
  be	
  included	
  in	
  the	
  

new	
  manuscript	
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Summary	
  
•  Koh	
  et	
  al’s	
  formula	
  op(mized	
  for	
  edge	
  pedestal	
  plasma	
  
•  Reproduces	
  XGC0	
  results	
  with	
  reasonable	
  accuracy	
  in	
  pedestal	
  
•  Enhanced	
  bootstrap	
  current	
  in	
  (ght	
  aspect	
  ra(o	
  tokamaks	
  

–  Field	
  line	
  pitch	
  +	
  collisionality	
  Koh	
  et	
  al.,	
  Phys.	
  Plasmas	
  19,	
  072505	
  (2012)	
  

–  Confirmed	
  by	
  XGC0	
  comparing	
  s-­‐α	
  ,	
  concentric	
  circular	
  and	
  Grad-­‐
Shafranov	
  circular	
  geometry	
  

–  Realis*c	
  geometry	
  crucial	
  for	
  accurate	
  bootstrap	
  current	
  in	
  pedestal	
  
•  Verifica(on	
  of	
  the	
  collision	
  operator:	
  XGCa	
  with	
  nonlinear	
  FPL	
  collisions	
  

queued	
  on	
  Hopper	
  
•  We	
  welcome	
  cross	
  verifica*on	
  with	
  other	
  codes	
  on	
  these	
  results	
  

−  BUT:	
  improved	
  treatment	
  of	
  the	
  strong	
  field	
  line	
  pitch	
  varia*on	
  of	
  a	
  
spherical	
  tokamak	
  (appearing	
  as	
  analy*c	
  solubility	
  condi*on)	
  is	
  crucial	
  in	
  
2D	
  configura*on	
  space!!!	
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  for	
  discussion	
  



Local	
  approxima(on	
  used	
  by	
  Sauter	
  and	
  NEO	
  
breaks	
  down	
  in	
  edge	
  pedestal	
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In equation (20) we have ignored collisional energy exchange between species since it is not
important for our present purposes. Specifically, since we will generally take all ions to have
the same temperature, it is only ion–electron exchange that is a concern. This is indeed a small
effect that can be added if needed (see section 5 of [8]).

2.4. First-order plasma flows and currents

The total first-order flow within a flux surface is written in the form [10]

Ua = ωa(r)R
2∇ϕ +

Ka(r)

n0a

B. (25)

Here, ωa is the diamagnetic frequency

ωa
.= − cT0a

zaeψ ′

(
zae

T0a

∂%

∂r
+

1
p0a

∂p0a

∂r

)
. (26)

Only the parallel part of this flow is determined by the solution of the DKE; the remaining
perpendicular diamagnetic part is formally computed using the gyroangle-dependent part of
the perturbed distribution. Dotting the flow velocity with B, and taking the flux-surface average
yields

〈U‖B〉a = cT0a

zae

I

ψ ′

(
−zae

T0a

∂%

∂r
+

1
Lna

+
1

LT a

)
+

Ka

n0a

〈B2〉 (27)

= cT0a

zae

I

ψ ′

(
−zae

T0a

∂%

∂r
+

1
Lna

+ (1 − ka)
1

LT a

)
, (28)

where ka is the dimensionless flow coefficient. The relation above shows that ka (or Ka) can
be determined by computing

〈U‖B〉a = 1
n0a

〈
B

∫
d3v v‖ fa

〉
. (29)

In terms of Ka , the poloidal and toroidal velocities are written as

U θ
a = Ua · θ̂ = Ka

n0a

Bp, (30)

Uϕ
a = Ua · ϕ̂ = ωaR +

Ka

n0a

I

R
. (31)

Evidently, neither U θ
a (r, θ) nor U

ϕ
a (r, θ) is a flux function. Finally, we define the bootstrap

current as
〈j‖B〉 =

∑

a

n0azae〈U‖B〉a. (32)

2.5. Expansions to second order

Noting that v‖ ∼ vti , |vD| ∼ ρ∗iεvti and |vE| ∼ ρ∗ivtia ∂r (e%/T0i ), where ρ∗i = ρi/a is the
ratio of gyroradius to system size of the primary ions and ε = r/R0 is the inverse aspect ratio,
we may work out the usual hierarchy of equations by expanding the full equation as a series
in the small parameter ρ∗i .

fa = f0a + f1a + f2a + · · · , (33)

% = %0 + %1 + %2 + · · · , (34)

Sa = S2a + · · · , (35)
where %k ∼ O(ρk

∗i ), etc. For the E × B drift velocity, we introduce the notation

v(k)
E

.= c

B
b × ∇%k ∼ ρk+1

∗i . (36)

6

Plasma Phys. Control. Fusion 54 (2012) 015015 E A Belli and J Candy

by just the term proportional toW(1)
a , which reduces to the usual

drift velocity.
We note that the hierarchal expansion in ρ∗i assumed here

is valid throughout most of the core of the plasma. If the
equilibrium-scale temperature and density gradient factors or
the rotational shear becomes large, such that ρa/L1a , ρa/L2a

and/or ρa/L3a are larger than O(ρ∗i), e.g. in the H-mode
pedestal, then the perturbative formalism breaks-down and is
not valid, as physically the transport becomes non-local.

3. Exact and model collision operators

In addition to the full linearized Fokker–Planck collision
operator, various model collision operators are implemented
in NEO and compared to assess their limitations. Descriptions
of all of these operators are given below in order of decreasing
degree of sophistication.

3.1. Full linearized Fokker–Planck collision operator

The test particle component for the full linearized Fokker–
Planck collision operator is given by

CT
ab(f1a, f0b) = νD

abLf1a + Dab(f1a), (18)

where L is the Lorentz (pitch-angle scattering) operator,

L = 1
2

∂

∂ξ
(1 − ξ 2)

∂

∂ξ
, (19)

and D is the diffusion operator,

Dab(f1a) = 1
2v2

∂

∂v

[
ν

‖
ab

(
v4 ∂f1a

∂v
+

ma

T0b

v5f1a

)]
. (20)

Here the pitch-angle diffusion (deflection) rate νD and the
parallel velocity diffusion rate ν‖ are given by

νD
ab(v) = τ−1

ab x−3
a

[
1√
πxb

e−x2
b + erf(xb)

(
1 − 1

2x2
b

)]
, (21)

ν
‖
ab(v) = 2τ−1

ab x−3
a

[
− 1√

πxb

e−x2
b + erf(xb)

(
1

2x2
b

)]
, (22)

where τ−1
ab =

√
2πe4z2

az
2
bn0b ln '/(m

1/2
a T

3/2
0a ) is the relaxation

rate. The field particle component is given by

CF
ab(f0a, f1b)

1
(a

= − 1
v2

∂

∂v

(
f0av

2 ∂Hb

∂v

)

−f0a

1
v2

∂

∂ξ

[(
1 − ξ 2) ∂Hb

∂ξ

]

+
1

2v2

∂2

∂v2

(
f0av

2 ∂2Gb

∂v2

)

+
1
v2

∂2

∂ξ∂v

{
f0a

(
1 − ξ 2)

[
∂2Gb

∂ξ∂v
− 1

v

∂Gb

∂ξ

]}

+f0a

1
2v2

∂2

∂ξ 2

[
1
v2

(
1 − ξ 2)2 ∂2Gb

∂ξ 2

+
1
v

(
1 − ξ 2) ∂Gb

∂v
− ξ

v2

(
1 − ξ 2) ∂Gb

∂ξ

]

+
1

2v2

∂

∂v

{

f0a

[

− 1
v

(
1 − ξ 2) ∂2Gb

∂ξ 2

−2
∂Gb

∂v
+ 2

ξ

v

∂Gb

∂ξ

]}

+ f0a

1
2v2

∂

∂ξ

[
ξ

v2

(
1 − ξ 2) ∂2Gb

∂ξ 2

+2
ξ

v

∂Gb

∂v
+

2
v

(
1 − ξ 2) ∂2Gb

∂ξ∂v
− 2

v2

∂Gb

∂ξ

]

(23)

where (a = 4πz4
ae

4/m2
a . The Rosenbluth potentials above are

defined by

Hb = hb

(
1 +

ma

mb

)
z2
b

z2
a

ln ', ∇2
vhb = −4πf1b, (24)

Gb = gb

z2
b

z2
a

ln ', ∇2
v gb = 2hb. (25)

3.2. Test particle with ad hoc field particle operator

Because of the difficulty in treating CF
ab with particle-in-cell

methods, some codes (see, for example, [10]) use an operator
consisting of the exact test particle component (pitch-angle
scattering plus diffusion) together with an ad hoc field particle
component designed to conserve momentum and energy,

CF
ab(f0a, f1b) = −mb

ma

CT
ab(v‖f0a, f0b)

∫
d3v v‖C

T
ba(f1b, f0a)∫

d3v v‖C
T
ab(v‖f0a, f0b)

(26)

−mb

ma

CT
ab(v

2f0a, f0b)

∫
d3v v2CT

ba(f1b, f0a)∫
d3v v2CT

ab(v
2f0a, f0b)

, (27)

where the functions CT
ab(y, f0b) are evaluated using equation

(18). Comparisons of this operator with either the standard
model collision operators or the full linearized Fokker–Planck
collision operator have not been previously published.

3.3. Full Hirshman–Sigmar operator

The full Hirshman–Sigmar operator [11] is obtained by a
sophisticated expansion and renormalization of the linearized
Fokker–Planck operator. The operator conserves number,
momentum, energy, is self-adjoint and satisfies the Boltzmann
H-theorem. In more detail, it contains the pitch-angle
scattering and diffusion-type operators, the deceleration effect
described by the slowing-down frequency νs, and heating
friction terms. Following the notation of [11], we can write
CL

ab(f1a, f1b) = νD
abLf1a

+
1

2v2

∂

∂v

[
ν

‖
ab

(
v4 ∂n1a

∂v
− v5

v2
ta

qba

)
f0a

]

+
v‖

v

[
v3

2v3
ta

(
hba

vta
νh

ab +
kab

vta
νk

ab

)
+ νS

ab

v

vta

rba

vta

+
(
νD

ab − νS
ab

) ua

v

]

f0a +
1
2

(

3
v2

‖

v2
− 1

)

×
(

5v2

4v2
ta

πba

v2
ta

ν
p
ab − πa

v2
νE

ab

)
f0a. (28)

The velocity-dependent collision rates νD, νs, νII, νE, νh, νk

and νp are defined in equations (54)–(60) of [1], while the
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Figure 5. Convergence of the ion energy flux, electron energy flux and bootstrap current with number of grid points for a case with kinetic
electrons and using the full Fokker–Planck collision operator implemented with the Laguerre-(1/2+3/2) method for the energy basis.

6. Comparison of collision models

In this section, numerical results from NEO for the neoclassical
transport coefficients comparing the various model collision
operators with the full Fokker–Planck operator are presented.
Unless otherwise specified, the results presented in this section
are based on the General Atomics standard case parameters
[15]: R0/a = 3, r/a = 0.5, q = 2, a/Lni = a/Lne = 1,
a/LT i = a/LT e = 3, T0i = T0e. Here we define the
equilibrium-scale density and temperature gradient length
scales as 1/Lna

.= −d ln n0a(θ = 0)/dr and 1/LT a
.=

−d ln T0a/dr . In these simulations, s–α geometry with
α = 0 is assumed, i.e. unshifted circular flux surfaces
with R = R0 + r cos θ , magnetic field variation B =
B0/(1+r cos θ/R0), and constant flux function I (ψ) = R0B0.
Rapid toroidal rotation effects are not included, i.e. ω = 0,
dω/dr = 0. Scans are performed over a wide range of collision
frequency τ−1

ii .

6.1. Spitzer problem

The Spitzer problem is first done for verification and to
compare the model operators. The problem is defined as the
solution of

CL
ee(f1e, f1e) + νeiLf1e = −

[
v‖I1 + v‖

(
x2

e − 5
2

)
I2

]
f0e,

(48)
where

I1 = zee

T0e
E‖ − ∇‖ ln p0e (49)

and
I2 = −∇‖ ln T0e. (50)

The resistivity coefficients are defined by

4meτ
−1
ei

3
√

πn0eT0e

∫
d3vv‖f1e = L11I1 + L12I2, (51)

4meτ
−1
ei

3
√

πn0eT0e

∫
d3vv‖

(
x2

e − 5
2

)
f1e = L12I1 + L22I2. (52)

8

E.	
  Belli,	
  J.	
  
Candy,	
  Plasma	
  
Phys.	
  Control.	
  
Fusion	
  54	
  
(2012)	
  015015	
  	
  

Convergence	
  
behavior	
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with	
  larger	
  set	
  of	
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high	
  collisionality?	
  



Disagreement	
  with	
  NEO	
  unlikely	
  due	
  to	
  
collision	
  operator?	
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Figure 8. Ion flow coefficient, bootstrap current, and ion and electron parallel currents
and energy fluxes versus electron effective dimensionless collision frequency ν∗e for the
GA standard case, comparing the NEO simulation results with full (NEO) and reduced
(FP-ie) ion-electron collisional coupling. NEO is the only simulation code with the full
Fokker-Planck collision operator and complete cross-species collisional coupling, which
allows for accurate simulations at high collisionality.

the pedestal, where it underestimates the magnitude of the bootstrap current for all

but the smallest carbon concentrations, and decreases in the core, where it generally

overestimates the magnitude of the bootstrap current. The results for the NSTX H-

mode case at the experimental carbon profile concentration and with varying nc/nc,exp

are shown in figure 10. We find that the analogous trend generally occurs for NSTX as

well. This trend appears to be related to the difference in collisionality regime between

the pedestal and the core, as shown in figures 1 and 2.

For further understanding of the accuracy of the Sauter model for impurities we
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Devia(ons	
  
between	
  NEO’s	
  
collision	
  
operator	
  and	
  
simplified	
  
operator	
  only	
  
for	
  extremely	
  
high	
  
collisionality!	
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Differences	
  between	
  NEO	
  and	
  XGC0	
  

NEO	
  
•  Time-­‐independent	
  con(nuum	
  

code	
  
•  4D	
  phase	
  space	
  
•  δf-­‐code	
  
•  Local	
  approxima(on	
  a/ρ≪1	
  
•  Solu(on:	
  Laguerre	
  and	
  Legendre	
  

polynomials	
  à	
  Choice	
  of	
  basis?	
  
•  Uses	
  solubility	
  condi(on	
  for	
  

toroidal	
  par(cle	
  dynamics	
  info.	
  
•  Full	
  linearized	
  Fokker-­‐Planck	
  

(relevant	
  only	
  for	
  νe*≳100,	
  E.	
  
Belli)	
  

XGC0	
  
•  Time-­‐dependent	
  par(cle	
  code	
  
•  5D	
  phase	
  space	
  
•  Full-­‐f	
  code	
  
•  Global	
  (including	
  SOL)	
  
•  Fully	
  numerical	
  par(cle	
  

simula(on:	
  no	
  approximate	
  
solubility	
  condi(on	
  

•  Solu(on	
  is	
  sta(s(cal	
  sampling	
  
of	
  phase	
  space	
  

•  Simplified	
  linearized	
  Fokker-­‐
Planck	
  


