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New features of instabilities driven by energetic ions are revealed. It is found that these instabilities can

affect plasma heating and rotation by channeling the energy and momentum of the energetic ions to the

region where the destabilized waves are damped. Because of the energy channeling, the plasma core may

not be heated by the energetic ions even when these ions have a very peaked radial distribution. It is likely

that this new phenomenon can explain experiments on the spherical torus NSTX where a broadening of

the temperature profile and even a drop of the temperature at the plasma center with increasing injected

power were observed during Alfvén instabilities [D. Stutman et al., Phys. Rev. Lett. 102, 115002 (2009)].

The momentum channeling can lead to plasma rotation and frequency chirping due to the Doppler shift

varying in time.
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A surprising result was reported recently: increasing the
power of the neutral beam injection (NBI) by a factor of 3
in experiments on the spherical torus NSTX did not in-
crease the plasma temperature in the central region and
even resulted in its drop when high-frequency global
Alfvén eigenmodes (GAE) (in the range of 0.5–1.1 MHz)
were destabilized [1,2]. Numerical simulation by the code
TRANSP has shown that, in order to reproduce the observed

temperature profile in the discharge with the highest injec-
tion power (P ¼ 6 MW), one has to assume that the
electron heat conductivity has unusual features: it must
be strongly enhanced (by a factor of 40) in the central
region (at r=a� 0:2, where r is the radial coordinate and a
is the plasma radius) and strongly suppressed (by a factor
of 20) at the periphery; see Fig. 1 in Refs. [1,2]. In
particular, the calculated heat conductivity coefficient �e

reached 200 m2=s at r=a� 0:2. This exceeds the Bohm
diffusion coefficient, DB ¼ 125 m2=s, and well exceeds
(by 2 or 3 orders) the magnitude that can be obtained by
using a theory proposed for the explanation of the thermal
crashes that occurred during a low-frequency NBI-driven
Alfvén instability in the stellarator Wendelstein 7-AS [3].
Moreover, no physical mechanism of the suppression of
thermal conductivity by waves is known. Thus, the men-
tioned NSTX experiments remain a mystery. It is of large
importance that these experiments and preceding experi-
ments on Wendelstein 7-AS [3,4] indicate that fast-ion-
driven instabilities can strongly affect the plasma perform-
ance in tokamaks and stellarators. In this Letter, we reveal
mechanisms of the influence of these instabilities on the
plasma. Our idea is based on the fact that typically the
regions of the wave emission by energetic ions and the
wave absorption by the plasma do not coincide. Because of
this, the waves can channel energy and momentum from
one region to another region. This channeling can lead, in
particular, to cooling the plasma core.

Using quasilinear theory equations averaged over the
particle bounce or transit time (�b) (see, e.g., Ref. [5]),
we can write

@F

@t
¼ 1

�b

X
m;n

�̂ �bD�̂Fþ Ccol; (1)

where F ¼ FðE; �; r; tÞ is the unperturbed electron distri-
bution function, E is the particle energy, � is the magnetic

moment, �̂c ¼ @=@E þ k#=ðM!!BÞ@=@r, ! is the mode
frequency, !B is the electron gyrofrequency, M is the

electron mass, k# ¼ m=r, �̂t can be obtained from �̂c

by replacing m with nq, m and n are the mode numbers, q
is the safety factor (m � nq when the longitudinal wave
number kk is small), the superscripts ‘‘c’’ and ‘‘t’’ refer to
circulating and trapped particles, respectively, D ¼
�e2

P
sjJ j2�ð!�mhd#=dti þ nhd’=dti � s!bÞ, �ðxÞ is

the Dirac delta function, # is the poloidal angle, ’ is the
toroidal angle, brackets denote bounce averaging, J is
proportional to wave amplitudes and depends on particle
orbits in the equilibrium magnetic field, !b ¼ 2�=�b, and
Ccol is the collision term. The perturbations are taken in the

form ~X ¼ X̂ðrÞ expð�i!t� in’þ im#Þ, and a right-
handed coordinate system is used.
Calculation of the second moment of Eq. (1) yields the

following equation for the electron temperature Te:
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rqe ¼ Qw

e þQcol; (2)

where ne is the electron density, Qcol is the energy ex-
change of electrons and other particles through Coulomb
collisions, Qw

e describes the absorption of the wave energy
by electrons,

Qw
e ¼ �X

m;n

Z
d3vD�̂F; (3)
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the bar over d3v means flux surface averaging, qe is the
electron heat flux given by

qe ¼ �X
m;n

k#
M!B!

Z
d3vED�̂F� 3

2
Te�e; (4)

and �e is the particle flux across the magnetic field.
One can see that the Qw

e term well exceeds the r � qe

term in Eq. (2) when ! � !�e, where !�e is the electron
diamagnetic drift frequency. This implies that the main
effect of high-frequency waves is plasma heating, whereas
wave-induced transport processes play a minor role in
establishing the temperature. The plasma region heated
by the waves can be located away from the region where
the waves receive the energy of the energetic ions.
Therefore, the destabilized modes can channel the energy
of the energetic ions from one region to another region. For
instance, this can be the case when beam particles with a
peaked radial distribution destabilize high-frequency GAE
modes, whereas the main mechanism of the wave damping
is the continuum damping at the periphery; see Fig. 1. Of
course, this effect is significant provided that the power
received by the waves from the beam ions is considerable.
If the waves receive a major part of the power injected into
the plasma core, the energy channeling will lead to a
decrease of the temperature at the plasma center and an
increase at the periphery. In other words, the energy chan-
neling plays an important role when, first, the magnitude of
2��W (�� is local contribution of the energetic ions to the
instability growth rate, W is the wave energy density) is
comparable to the injected power density, and, second, the
energy range of the resonance wave-particle interaction is
wide, from the energy close to the birth energy (E0) to E �
E0. The slowing down process caused by the waves is
accompanied by the radial motion of the ion. However,
the ion displacement is very small at high !, as follows

from the characteristics of the quasilinear equation:

dr2 ¼ 2m

M�!B�!
dE; (5)

where superscript � labels energetic particles. Note that
Eq. (5) does not depend on the particle mass, but depends
on the electric charge. Therefore, both the electrons accel-
erated due to the wave damping and slowing down ener-
getic ions move outwards (inwards) when m< 0 (m> 0).
The lack of the local balance between the momentum

received by the waves from the energetic ions and the
momentum absorbed by the electrons leads to plasma
rotation. Using equations of motion for the electrons,
ions, and energetic ions and assuming that the waves
interact only with the electrons and energetic ions, we
obtain the following equation for the frequency of the
toroidal rotation �’:

MiniR _�’ ¼ X
�¼e;�

f�’ þ R

r

@

@r
r	�

@�’

@r
þ B#

c
jr; (6)

where f� ¼ �2��kW=! is the force acting on � particles
(� ¼ �; e) from the waves, �e is the local damping rate, k
is the wave number, 	� ¼ Mini	, 	 is the plasma viscos-
ity, R is the major radius of the torus, j is the plasma
current, B is the magnetic field, and the subscript ‘‘i’’
labels ion quantities. The last term in Eq. (6) and in the
corresponding equation for the poloidal rotation frequency,
�# , can be neglected because, as one can show, jr is much
less, by a factor of c2=v2

A (vA is the Alfvén velocity), than
the partial currents j�r ¼ cf�#=B. Because of viscosity,
steady-state rotation is possible. The characteristic viscos-
ity time is �vis ¼ ð�rÞ2=	, where �r is the scale of the
process. Taking this into account, we can evaluate the
plasma steady-state rotation velocity u as

u# ¼ f�#�
vis

Mini
; u’ � ui#k’=k#: (7)

One can see from here that the rotation velocity can be
significant. Let us assume that the energetic ions emit the
waves at the radius r�, whereas the electrons absorb the
waves at re, with r� < re. Then, using the boundary con-
ditions u#ðaÞ ¼ 0, @ui#=@rjr¼0 ¼ 0, we can obtain the
picture shown in Fig. 2. We observe that there is sheared
rotation in the region r� < r < re and rigid rotation in the
region 0< r < r�. The direction of rotation is reversed
when r� > re. The considered rotation has an important
consequence: it leads to frequency chirping due to the
growth of the Doppler shift, �!ðtÞ ¼ k � uðtÞ ¼ m�# �
n�’, after the beginning of the instability. One can see that

the effect is strongest when r� < re. In this case, sgnu# ¼
sgnf�# ¼ �sgnk# and sgnu’ ¼ sgnf�’ ¼ �sgnk’.

Therefore, �!< 0; i.e., frequency chirping down takes
place. Note that even if the velocity of the poloidal rotation
were considerably reduced, which may be the case in
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FIG. 1. GAE frequency (horizontal line), Alfvén continuum
branches with the mode numbersm; n andmþ 1; n (curves 1, 2),
and the radial profile of the beam ions (curve 3). This sketch
demonstrates the energy and momentum channeling by a GAE
mode: the mode receives the energy and momentum of the beam
ions mainly inside the region r < r1 but gives the energy and
momentum to electrons due to continuum damping at r� re.
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tokamaks, the Doppler shift due to u# � 0 can be consid-
erable for the modes located close to the magnetic axis.
The Doppler shift due to toroidal rotation can also be
important, especially in toroidal plasmas with small aspect
ratio.

Let us consider Eq. (4) for the heat flux. We observe that

the flux is determined by convection (the first term in �̂)
and heat conductivity. The ratio of the diffusivity term to
the convective term in Eq. (4) is small (unless the wave
spectrum is symmetric, in which case the convective term
vanishes) when ! � !�e. The convection plays an impor-
tant role in the region with considerable gradients of the
mode energy. The heat conductivity coefficient following
from Eq. (4) is given by (details will be published else-
where)

�c
e �

X
m;n

1

4
2
k2#
k2k

�
!

kkve

�
4 c2

kkve

j ~Ekj2
B2
0

; (8)

�t
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r2k3kve

j ~Ekj2
B2

�; (9)

where ~Ek is the perturbed longitudinal electric field, ve ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Te=Me

p
, 
 ¼ r=R, � ¼ lnð�þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 1

p
Þ, and � ¼

2kkve

ffiffiffi



p
=!.

Now we proceed to analysis of the NSTX experiment
[1]. Let us first evaluate �e. Equations (8) and (9) cannot be
used because ~Ek is not known from the experiment.

Instead, the line-averaged fluctuation amplitude of the
electron density, h~nei=hnei ¼ 1:5� 10�4, is known.
Therefore, we have to express ~Ek through ~n. Note that
~Ek ¼ 0 in the ideal MHD approximation. However, in

reality it never vanishes. As one can see from equation

~E k ¼ �k?kk�2
s
~E? (10)

(k? is the wave number across the magnetic field, �s ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Te=Mi

p
), ~Ek is considerable for the high-frequency MHD

modes having kkqR � 1, which was the case in the NSTX
experiments. For the Alfvén waves ~ne � ~ni; the magnitude
~ni is connected with the radial ion displacement �r by the

incompressibility condition, ~nþ n00�r ¼ 0; �r is con-

nected with the perturbed poloidal electric field by the
equation c ~E# þ i!B�r ¼ 0. Using these equations and
Eq. (10), we obtain

~E k ¼ i!kk
ck#

k2?�
2
sBL

~ne
n0

; (11)

where L is the characteristic inhomogeneity length of the
plasma density. Assuming that ~ne in the region of the
instability exceeds h~nei by a factor of 3 and taking into
account that the modes with n ¼ 2; 3 dominated in the
experiment, we obtain that �t

e � 1 m2=s and �c
e �

1 m2=s (the estimates are made for r=a ¼ 0:2, where �e

calculated in Ref. [1] has a maximum). This is much less
than the heat conductivity coefficient calculated by
TRANSP, �max

e ¼ 200 m2=s [1]. This is not surprising: be-
cause ! � !�e, the energy channeling and/or heat con-
vection rather than the conductivity play the main role. The
code ignoring these processes finds �e, which well over-
estimates the real heat conductivity coefficient.
Let us see if the energy channeling could indeed be

important in the NSTX experiments. For this to be the
case, a large fraction of the NBI power in the core region
should be transferred to waves. The NBI power density in
NSTX was Pinjðr=a < 0:5Þ � 1 MW=m3 when P ¼
6 MW. The power density emitted by the beam ions is

P� ¼ 2��W ¼ 2!
��

!

B2

4�

~B2

B2
; (12)

where ~B=B can be evaluated as ~B=B� kkL~ne=ne � 5�
10�3. Using this estimate and B ¼ 0:45 T, ! ¼ 1 MHz,
we obtain that P� � Pinj when ��=! ¼ 2� 10�2, which

is quite reasonable (see, e.g., [6]). Of course, an energetic
ion can be slowed down due to interaction with waves only
when the resonance region is suitable for this. The resonant
velocities of the beam ions are determined by ! ¼ ½kk 	
s=ðqRÞ
vk, with s an integer, the jsj> 1 resonances con-

tributing considerably due to large orbit width of the beam
ions [7]. Taking jsj � 4, ! ¼ 1 MHz, and v0=vA ¼ 2:9
(v0 is the birth velocity), we obtain nine resonance veloc-
ities in the region ð0:2–0:9Þv0=�, � is the particle pitch
angle. This means that the average distance between the
resonances is �vres & 0:1v0. The presence of many modes
with the frequencies from 0.5 to 1.1 MHz, which were
observed experimentally, provides many more resonances.
The resonance width in the case of Alfvén waves can be

evaluated as �vres ¼ 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eEk=kkM�

q
[3]. We infer that the

waves can receive a large fraction of the injected ion
energy.
The estimates above were made in the assumption that

the radial position of the beam ions does not change during
the slowing down, which agrees with the experimental
result showing no radial redistribution of the beam ions
[1]. Let us see if this agrees with our theory. Using Eq. (5),

0
0 rα are

Ωθ

r

FIG. 2. Sketch of the plasma rotation frequency during fast-
ion-driven instabilities.
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we obtain that a 90-keV ion is displaced negligibly during
slowing down to E ¼ 0; for instance, a particle born at
r=a ¼ 0:2 is displaced by 0.1 cm.

Now we can propose a simple model to see the role of
the energy channeling in the NSTX high-power experi-
ments. We take into account that high-frequency GAEs are
weak or absent at P ¼ 2 MW, whereas they are strong at
P ¼ 6 MW. This gives us grounds to assume that the
plasma is heated by the beam ions through Coulomb
collisions at P ¼ 2 MW, whereas it is heated mainly by
the waves at P ¼ 6 MW. In addition, because ! � !�,
we assume that the electron transport is the same at P ¼
2 MW and P ¼ 6 MW. Then, summing Eq. (2) and a
corresponding equation for the ions and taking Te ¼ Ti,
we obtain an energy balance equation, which has the
following steady-state solution:

TðrÞ ¼ TðaÞ þ 2
Z a

r

dr0

r0


Z r0

0
dr00r00ðQb þQwÞ; (13)

where 
 ¼ neð�e þ �iÞ, Qb describes the plasma heating
due to beam slowing down by the Coulomb collisions, Qw

is the heating by the waves,
R
d3rQw ¼ �P ,

R
d3rQb ¼

ð1� �ÞP , � is the fraction of the injected power received
by the waves from the beam. We assume that Qb /
expð�12r2=a2Þ, which is in qualitative agreement with
Fig. 2 of Ref. [1]. In order to know � and Qw, a detailed
modeling of the NSTX experiments is required, which is
beyond the scope of this Letter. Instead, we model the
plasma heating by the waves by assuming that Qw /
exp½��wðr� reÞ2=a2
, in which case �, �w, and re=a
are adjustable parameters. Note that the region of the
wave damping cannot be very narrow. The matter is that,
first, the frequency of the mode with the numbers (m; n)
intersects several coupled continuum branches with the
numbers (mþ j; n), where j ¼ 1; 2; . . . ; , and, second,
the kinetic Alfvén waves generated at the intersections
have finite damping length. Bearing this in mind, we
calculated TðrÞ for different P ; see Fig. 3. The obtained
picture agrees with the experimentally observed one (Fig. 1
of Ref. [1]), from which the code TRANSP obtained �e

strongly enhanced in the center and suppressed at the
periphery forP > 2 MW. On the other hand, our estimates
of �e and convection indicate that the wave-induced elec-
tron transport is too weak and, moreover, no way is seen to
explain the reduction of �e at the periphery unless the
experimental conditions at the periphery were different in
different discharges. Therefore, the energy channeling is
the only mechanism which can lead to drop of Tð0Þ and the
increase of Tðr� 0:5aÞ at P ¼ 6 MW.

In summary, it is found that energetic-ion-driven insta-
bilities can channel the energy and momentum of the
energetic ions from the birth region of these ions to the
region where the destabilized waves are damped, the radial
redistribution of the energetic ions being very weakly
affected when ! � !�. When the radial profile of the

energetic ions is peaked but the destabilized modes are
damped at the periphery, the energy channeling can
strongly deteriorate the plasma performance by decreasing
the heating of the plasma core. It is likely that the energy
channeling played a key role in the NSTX discharges with
high injection power. It is shown that the plasma heating by
the waves with ! � !� always exceeds the plasma cool-
ing through the thermal conduction and convection caused
by the waves. It is concluded that the momentum channel-
ing leads to plasma rotation and concomitant frequency
chirping. It follows from our analysis that a key factor
responsible for the influence of fast-ion-driven instabilities
on the plasma is the lack of the local balance between the
wave emission and absorption. Depending on the magni-
tude of the imbalance along the radius, the instabilities
have either small or large influence on the plasma.
This work is carried out within the SCTU Project
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FIG. 3 (color online). The calculated plasma temperature
(solid lines) for various magnitudes of the injected power and

ðrÞ in NSTX. TðrÞ is described by Eq. (13) with re=a ¼ 0:6 and
�w ¼ 10; � ¼ 0 for P ¼ 2 MW, � ¼ 0:82 for P ¼ 4 MW, � ¼
0:98 for P ¼ 6 MW. It was assumed that �e does not depend on
P and is equal to that given by Fig. 1 in Ref. [1] for 2 MW, �i ¼
�NC in Fig. 1 in Ref. [1], neðrÞ of Ref. [2].
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