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The effect of an anisotropic pressure of thermal particles on resistive wall mode stability in
tokamak fusion plasmas is derived through kinetic theory and assessed through calculation with the
MISK code [B. Hu et al., Phys. Plasmas 12, 057301 (2005)]. The fluid anisotropy is treated as a
small perturbation on the plasma equilibrium and modeled with a bi-Maxwellian distribution
function. A complete stability treatment without an assumption of high frequency mode rotation
leads to anisotropic kinetic terms in the dispersion relation in addition to anisotropy corrections to
the fluid terms. With the density and the average pressure kept constant, when thermal particles
have a higher temperature perpendicular to the magnetic field than parallel, the fluid pressure-driven
ballooning destabilization term is reduced. Additionally, the stabilizing kinetic effects of the trapped
thermal ions can be enhanced. Together these two effects can lead to a modest increase in resistive
wall mode stability. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4901568]

I. INTRODUCTION

Tokamak fusion plasmas require a high ratio of plasma
stored energy to magnetic confining field energy (character-
ized by the quantity fy) in order to efficiently generate
energy. In order to reach these conditions without disruption
of the plasma current due to the growth of MHD kink-
ballooning instabilities, these modes must be stabilized. The
presence of a resistive wall around the plasma can slow the
growth of these modes down to the time scale of penetration
of the magnetic perturbations through the wall, converting
the mode into a resistive wall mode (RWM). However, the
RWM can also disrupt the plasma when fy is above the
so-called no-wall limit unless it is itself stabilized by passive
or active means.'

It has long been recognized that anisotropy of the
plasma pressure with respect to the direction of the magnetic
field can play a role in plasma stability. Consideration of
anisotropy goes back as far as Refs. 2 and 3, and some other
prominent examples include Refs. 4-6. One possible
approach is to consider the perturbed perpendicular and par-
allel pressures from Chew-Goldberger-Low (CGL)’ theory.
It will be demonstrated here, however, that using CGL
theory is akin to an assumption of high frequency modes,
which is not applicable to the RWM. Instead, kinetic theory,
in which the perturbed pressures are rigorously solved from
a perturbed distribution function, will be employed. Kinetic
theory, recently expanded to be relevant to low frequency
modes such as the RWM,® has been successfully compared
to experimental instability’'? in the National Spherical
Torus Experiment13 (NSTX) with calculations from the
MISK code." In particular, the importance of resonances
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between the plasma rotation and the motions of thermal par-
ticles was elucidated. Here, we will expand the treatment of
those thermal particles to include anisotropy, such as might
arise when Maxwellian electrons are modified by electron
cyclotron resonance heating (ECRH)" or ions by ion
cyclotron resonance heating (ICRH).'® Note that the effect
of anisotropy of energetic particles has also been consid-
ered,'"'*' and indeed may be experimentally relevant and
important to plasma stability, but it is not the subject of the
present paper.

In Sec. II, we outline the Energy Principle approach to
RWM stability calculations with a perturbative approach. In
order to use such an approach, we must then demonstrate in
Sec. III that anisotropy of the pressure represents a small
perturbation on the equilibrium. In Sec. IV, an anisotropic
perturbed pressure tensor is used to determine a general
equation for the anisotropic corrections to the fluid W term.
Equations for the kinetic effects depend on the distribution
function of the particles chosen; in Sec. V these are derived
for a specific case: a bi-Maxwellian distribution of thermal
particles. In Sec. VI, we return to the fluid anisotropic
correction specifically for the pressure-driven ballooning
destabilization term and incorporate this distribution func-
tion. Calculations with the MISK code are carried out using
these derived expressions in Sec. VII for an analytical
Solov’ev equilibrium to test the effect of thermal particle
anisotropy, and finally conclusions are drawn.

Il. STABILITY CALCULATION THROUGH AN ENERGY
PRINCIPLE APPROACH

Pressure anisotropy leads to a modified Energy Principle
expression for the complex mode frequency, o, normalized

© 2014 AIP Publishing LLC
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by the wall time constant t,,, where w = w, + iy comprised

the growth rate, 7, and real mode rotation frequency, w,

_ (SW‘C}Q + OWg + oW, + Wk
OWY + OWp + oW4 + oWk

—iwT, =

D

Here, SW° and 0W?, are the usual changes in vacuum poten-
tial energy without a wall and with an ideal wall, respec-
tively. Wp is the usual isotropic fluid term, while W, is an
anisotropic fluid correction and 0Wg is the kinetic term,
which also must be modified by anisotropy. In Ref. 9, stabil-
ity diagrams were described, which show contours of con-
stant normalized growth rate on plots of Im(dWg) vs.
Re(0Wk). The anisotropy term modifies those diagrams
by adding —0W, to the offset a of the yt, =0 curve
that defines the unstable region, as shown in the example in
Fig. 1.

Now, in order to solve for the 6W terms, we use a
plasma force balance p(dv/dr) = j x B — V- P. This leads
to expressions for the plasma equilibrium, j x B=V - P,
when v is constant, and for the change in potential energy of
the plasma due to a small displacement & |

1 * D < »
5W:§J5L'{joXB+jXB0_V'PdV’ @

when it is not. Here, x( are equilibrium quantities, X are per-
turbed quantities, j is the plasma current, B is the magnetic
field, p is the density, v is the velocity, P is the pressure
tensor, and V is the plasma volume. In the perturbative
approach to stability calculations, it is assumed that the
RWM eigenfunction, £, is unchanged by both the kinetic
effects that come in through P and, now, the anisotropy of
the equilibrium as well.

The well-known problem of closure of the set of equa-
tions now requires us to make specification for the equilib-
rium and perturbed pressures. First, however, we will
examine the effect of anisotropy on the plasma equilibrium
to assure the applicability of the perturbative approach to the
problem.

1.2 T T T

stable

0.8

Im(3W,)

0.4
W, =03

| unstable

0.0 1 1 i
0.0 0.4 0.8 1.2 1.6
Re(8W,)

FIG. 1. Example of a stability diagram, showing contours of yt,, = 0 with
0Wo = —1 and 0W,, = 1 in arbitrary units, modified by anisotropy. Positive
O0W, shifts the unstable region to the left, while negative 0W, shifts it to the
right.
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lll. EQUILIBRIUM

Anisotropy of the plasma pressure can affect the
plasma equilibrium.?°=° In the present work, however, we
will use the isotropic equilibrium as a basis for stability
calculations. Therefore, we must now demonstrate that the
anisotropy is a small perturbation on the isotropic equilib-
rium if the degree of anisotropy is small, and discuss the
implications.

We will consider a pressure tensor with separate compo-
nents in the directions parallel and perpendicular to the
magnetic field

P = pjbb +p. (I - bb), (3)

where I is the identity tensor and b = B/B.
Let us now also define an

parameter5,20,25,3 1-33

Ho(PL —P|) 2up (1 (PL—p|
+ B2 |3 » ;@

which we note is unity when p, = p). Note that for a given
normalized pressure difference (p, — p|)/p, |0 — 1] is larger
for higher beta plasmas.

Then using Ampere’s law and the anisotropic pressure
tensor from Eq. (3), we have

anisotropy

oc=1

1

i (VxB)xB=V-(pbb+p (I-bb)). (5
0

Now using the magnetic curvature, k = b - Vb, and

V-(BB):BV‘|+K+B(V-B), (6)
V.(I—bb)=V, —k—b(V-b), (7)
we have
2 2
v erpvop)E
21 Ho

=Vip + BVHPH +(k+b(V- 5))(17\\ -pi).  ®

In the perpendicular direction, the equilibrium is>**

B B?
Vilo + Pavg | = OK—, )
24tg Ho

where we have defined pay, = (p| +p.)/2. In the isotropic
case, the equilibrium relation reduces to V (23—; + p) = xﬁ—z,

and Eq. (9) can be shown to be equal to the isotropic equilib-
rium in zeroth order, with a first order anisotropic correction
in the parameter ¢ — 1. For more detail on the anisotropic
correction to the equilibrium and its impact on OW see
Appendix C. In the present paper, however, since puye is
unchanged (a condition we will impose later), and ¢ is not
much different from unity, we will use the perturbative
approach to the problem (using the isotropic equilibrium
unchanged).
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IV. USE OF THE ANISOTROPIC PERTURBED
PRESSURE TENSOR FOR STABILITY CALCULATIONS

In order to obtain P onr use in Eq. (2), we now linearize
Eq. (3), remembering that b can also be perturbed.’ Therefore,

)+ (p|—pL)B

At this point, the problem naturally separates into fluid
and kinetic approaches. In the fluid approach, the perturbed
pressures are given in terms of macroscopic quantities. There
are two common fluid approximations. The first is to assume
the equilibrium pressure and the perturbed pressure are iso-
tropic so, V - P = Vp, which results in a fluid compressibility
term, 1 [yp|V - & |°dV. Then the adiabatic equation is used to
find p. In the second common fluid approach, two adiabatic
equations are used to find the two Chew-Golberger-Low
(CGL)’ perturbed pressures, p 1 and p. This method, which is
applicable in the high frequency limit, is outlined in Appendix
A, and could result in the calculation of a dW¢g;, term.>*%

In the kinetic approach,”**=? p | and p) are defined by
using the perturbed distribution function £ First, we write

P:ijjvv(i,- 8]3€l VB—FaﬁfL V(D)d% v, (1D
J

P =pbb+p, (I—bb “2(BB +BB). (10)

and then use for f ; the solution of the linearized Vlasov
equation (ignoring perturbed potential and therefore electro-
static effects)
- . f af; -
ji=- ﬁyVﬁﬂm;(wa—g’nﬁ (v-&+5)
i

X (12)

< la)él VL"‘ BH+ |VL']§).
Here, P is the toroidal canonical momentum, 7 is the toroi-
dal mode number, u is the magnetic moment, and j denotes
the type of particle that is being considered (ions or elec-
trons). The quantity §; represents the integral along the
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unperturbed orbits and is essentially the term that gives rise
to kinetic effects in the problem (see, for example, Ref. 35).

Generally, it is assumed that the equilibrium pressure is iso-
tropic (p = p_), even in the kinetic approach. Here, we extend
that approach so that in Eq. (10) the final term (perturbation of
the direction of the magnetic field in an anisotropic equilibrium
pressure plasma®) is not zero, and 0f;/OB is also not zero in Eq.
(11). After carrying through much algebra and neglecting finite
Larmor radius effects, we arrive at the expression

o 0
P =bb {Q'VP (V-& +x-&)) al;‘

o of
S| im0 i )s] ]
e 135){ £ VpL— (V& +x-&)B
SERERE

(bB, +B.b) (P —PL)-

8]’ 1L
OB

J
1
t3 (13)
Finally, this represents a form of the perturbed pressure ten-
sor that we can use to evaluate 6W, from Eq. (2).

It is useful when doing so to separate out the various
modes of instability, for example, Eq. (39) in Ref. 40, Eq.
(58) in Ref. 5, or Eq. (11) in Refs. 41 and 42. Then the vari-
ous terms of the potential energy can be seen to be contribu-
tions from stabilizing shear Alfvén waves, fast magneto-
acoustic (compressional Alfvén) waves, and the two terms
that can drive instability by current driven kink or pressure
driven ballooning modes. Finally, using an alternative form
for jyxB+jxBy, & -V-bb=xk-&,, and &, -V-(I—
bb) = —(V- §j + K- éj) from Egs. (6) and (7), a fair bit of
algebraic manipulation, and splitting dW into isotropic fluid,
anisotropic fluid, and kinetic parts, we have

B B? o .
SW 1 _|lj|_ *|V & +2¢ - "‘ +Jj (fL Xb) ‘B, +2(K"§L)(§L'fowg) (14)
F= E J * d pressure—driven ’
shearAlfvén fast magneto—acoustic Curre{(l}nkrlven ballooning
(mag. bending) (mag. compression)
shearAlfvé fast to—acousti ure—drivi
(mag‘\ bend?rrllg) z(l;;;\g::;pricsgi;n; CUITCEE;gTiVCH prebssugzndi;lg “
1 B B2 v
oy =3[ - o SV-g 2 ol (81 D) B | <28V £ bGP bV, 15)
2 Ho 0B
and
1 1 2 Ui i Ui Uﬁ * . f] af] 3
5W1<=§ ; inmjv <v—2V'€L+ 5—20—2 K-& | |im; Do " P, §j|d vdV. (16)
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Similar results have been previously derived in, for example,
Refs. 4, and 43—46. One can easily see that if the equilibrium
pressure is isotropic, 0Wy is zero. Anisotropy of the per-
turbed pressure P is implicit in 6Wg through its derivation
from Eq. (10). Anisotropy of the equilibrium pressure is now
included in two ways: dW, modification of the fluid term,
and inclusion of anisotropic pressure in Wy through the dis-
tribution function f;.

The above equation for Wy is solved by various numer-
ical codes (with p,y, = p, a flux function). For example, the
PEST code*” solves for O0Wp, in the form of Eq. (17) of Ref.
48, and uses the VACUUM code® to solve for oWy. We wish
to keep the definition of 0Wr unchanged from its historical
form for isotropic plasmas. Therefore in the following, we
will consider p,y, unchanged from the isotropic pressure, as
well as being a flux function. The correction due to anisot-
ropy will come entirely from the W, term. The assumption
of pave = constant, however, means that the rotal pressure,
p =1p| +3p.,can change as scans in T)| /T are performed,
which will impact the kinetic effects.

The last term of Eq. (15) represents a modification of
the pressure-driven ballooning destabilization term, which
we will call W,,. This term has a different anisotropy cor-
rection than the others because of its explicit dependence on
the pressure. It will be separately, and rigorously, calculated
and discussed further in Sec. VI. Additionally, we note that
the o — 1 corrections to the shear Alfvén, magnetic compres-
sion, and kink destabilization terms will necessarily be small
due to the restriction of ¢ ~ 1 imposed by equilibrium con-
siderations in Sec. III.

The fluid terms (6Wr + dWy) should be self-adjoint and
therefore strictly real.’® In particular, oWy, in Eq. (15) is
obviously real, as are the first two terms (the shear Alfvén
and the magnetic compression terms) of dWy in Eq. (15) and
OWr in Eq. (14). When the equilibrium pressure is isotropic
(0 =1 and p,y, = p), one can show that the imaginary parts
of the last two terms of W (the kink and ballooning desta-
bilization terms) cancel. With anisotropy that property is no
longer obvious, but a lengthly manipulation can be used to
show that indeed oWy + 0W, is still self-adjoint (see
Appendix B).

Finally, to date, the kinetic term dWg has been generally
calculated for thermal particles with the distribution function
f; being for isotropic, Maxwellian particles. Here, we gener-
alize that treatment to include a bi-Maxwellian f; (which has,
incidentally, previously been used to describe energetic ions
heated by ICRH'®'?).

V. KINETIC EFFECTS WITH ANISOTROPIC PRESSURE

An expression for Wy that shows explicitly the depend-
ence on the distribution function of the particles considered
can be derived from Eq. (16) (ignoring electrostatic effects)
and written' """

Wr=>_ izxfz#”” (HT) 45 }

Jj ==

m; B
(17)
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Here, ¢ is energy, y = v|/v is the pitch angle, ¥ is the
magnetic flux, H and 7 are given by Egs. (12) and (13) of
Ref. 51, and we have defined the frequency resonance frac-
tion, Z;;, as

o) B
. D oe Zeow as)
H + (I + oanq) ), — i) + nog — o

Here, wgp is the E x B frequency, (wp) is the bounce-
averaged precession drift frequency, / is the bounce har-
monic, «=0 for trapped particles or o« =1 for circulating
particles, @, is the bounce frequency, and v.g is the effective
collision frequency. Note that the 7;/f; factor cancels out in
Eq. (17).

Clearly, the kinetic effects depend on the particle distri-
bution function through its derivatives with respect to ¥ and
energy.'"'” We will see in Sec. VI that the derivative ofi/ 0y,
enters into the fluid anisotropy term as well.

In order to be consistent with the assumption of differ-
ent pressures in the parallel and perpendicular directions,
one should use a bi-Maxwellian distribution, which has
pressure anisotropy due to different temperatures parallel
and perpendicular to the magnetic field, in 6Wg. The
Maxwellian distribution is really just a special case of
the more general bi-Maxwellian, with Ty =T, so the
bi-Maxwellian form

M (2, %, 7) —n,(mf> L me -2 (g9
27'C T
LT

can be used in general. Here, j denotes the particle type that
is being considered (ions or electrons) and bM indicates bi-
Maxwellian, ¢ is energy, y = v /v is the pitch angle, and ‘¥
is the magnetic flux. The density, n;('¥), and the two temper-
atures, ;| (‘W) and T, (¥), are each assumed to be flux func-
tions, so that the two pressures p and p; are as well. The
pressures are given by p| = Z‘fmjvﬁfjd% =
pL=2 [imp? fid*v = >inTji. One can,
recover the Maxwellian, isotropic solution when Tj = T},
We can see from Eq. (19) that

8f}bM:,]777M T (20)
de T \Ty)’

Z‘,‘ nT; and

of course,

and 0f; /0" takes the form

A _ JS—”M[ T, dn; (82@- 1Tj>de|

oY T n; d¥ “TY 2Ty | d¥Y
J j il Jl
T, T, \dl;.
o1 —2) 2L J 21
<g( ks m) | 1)

Defining w/*TH:f(l/Zje)(dT,-H/d‘I’), and o, =

—(1/Zje) (dT;. /d¥), then from Eqs. (17) and (18) we find
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- S5

Jj ==

N
'7
"jl—
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! ) ;?|X|g%e*ﬂxz/Tm e*fi(lfz)z/Tdededql

1 dn; SR NVARNY N 1Y 1 1
=7 i I (i 1—2)——1)[— — B
Zemaw " (8X Ty 2) <Tj|>d*T ’ <8( ’ )Tj ) (Tj )dﬁ " (Tn)wE) (Tﬂ)w

One can see that when Ty =T, =T this equation reduces
to the usual form for Maxwellian particles, since the expo-
nential terms together become e/, and the wyr terms
become (¢/Tj — 3)w.r.

Additionally one could, if desired, derive an expression
for the kinetic term under the CGL perturbed pressure
assumptions by taking the limit of @ — oo, although this is
no longer applicable to the RWM. One can show that under
this high frequency limit, the CGL perturbed pressures are
recovered (see Appendix A).

VI. ANISOTROPIC MODIFICATION OF THE
PRESSURE-DRIVEN BALLOONING DESTABILIZATION
TERM

Let us now return specifically to the final term in Eq.
(15) which is like an anisotropic modification to the
pressure-driven ballooning destabilization term. Though this
is a fluid term, and is strictly real, it can be evaluated in a
similar way to the above method for Wg

1 wof
oWyp = JJ(m.iUz +§”’./“2L) Ea—lidavw &+ x-E [av
(23)
2n? af; T 3
SB[ [0 (L)
mj2 z
(24
For isotropic particles Wy is zero because 0f;/0y = 0.
In the bi-Maxwellian case df;j/0y # 0, but rather,
afij 1 1
= " (2el (— - —>, (25)
274 ™ 2elel) Ty Tjw
)
oM 1 1 1 2
Wil = V|| |m——r (7= | V- & 4w el
leszH Ji JL
L2 )
x (7 =1)|yle e T exdedydP. (26)

The 0W,, term does not involve a frequency resonance
fraction with various energy dependent terms in the same
way that Wk does. Therefore, we can simply perform the
energy integration, using:>* Io° ge“dg = (15/8)/ma 2, for
a>0. Then we have

n(w)y) 1), — iy +nog — o

(22)
[
i
. 157 T;
e | P S IR R A1
T T
T2l
2 2 -1
V4 — X
X + dyd¥. 27)
Ty T ]

Another consequence of the lack of a frequency
resonance fraction is that, unlike the kinetic term, the anisot-
ropy term makes no distinction between ions and electrons if
n; = ne and Ti ~ Te.

VIl. CALCULATIONS USING THE mM1sk CODE

The fluid, anisotropy, and kinetic W terms will be cal-
culated numerically in four steps. First, Wy and Wy are
calculated by the PEST code (as long as we assume that
Pavg = p) in the standard way.47 Here, we first find the mar-
ginally stable RWM eigenfunction and then use it to find
oW from Eq. (14) and 0W}* by setting the wall position to
infinity and oW} by specifying a physical wall position.
Second, the ¢ — 1 terms of dW, can be calculated through a
modification of MISK which separates out the various stabi-
lizing and destabilizing terms, and multiplies the three rele-
vant terms by yo(p. — py)/B* inside the volume integral of
Eq. (15).

Finally, in steps three and four, the MISK code is used
to calculate 0Wg and 0Wy, according to the methods out-
lined in Secs. V and VI. MISK has been used previously for
various machines to calculate kinetic effects on stability of
Maxwellian thermal particles’"'*>!336 45 well as for iso-
tropic or simple anisotropic distributions of trapped energetic
particles.''* Here, it is expanded to include the aniso-
tropic bi-Maxwellian distribution for thermal particles, the
o — 1 fluid corrections, and the 6W,, correction to the
pressure-driven ballooning destabilization term.

A. Solov’ev analytical equilibrium

For the present study, we wish to determine the effect of
changing T /T of thermal particles on RWM stability gen-
erally. In principle, this could be a ¥ dependent quantity, but
for simplicity we will use constant ratios across the entire
radial profile. This is an artificial situation, not based on
experimental reality, but it will give insight into the general
effect of thermal particle anisotropy. To that end, we will
use an analytical Solov’ev equilibrium solution to the Grad-
Shafranov equation®”>® and scan T)/T. while keeping the
density and the average pressure constant (i.e., T and T are
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changed such that 7T = %TH + %T | stays constant). We will
use an equilibrium that was also used in Refs. 59 and 60.
This equilibrium is meant to represent a generic, but realis-
tic, example of a tokamak plasma. The equilibrium is
shaped, has a conformal wall at 1.1 times the minor radius
(see Fig. 2), contains the ¢ =2 and 3 rational surfaces within
the plasma, and has a geqee = 3.263 (see Fig. 3(a)). It is
specified by the parameters elongation: k¥ = 1.6, gg = 1.9,
inverse aspect ratio: €, =a/Ryp=0.33, Ry =1 m, and
By =1 T in Egs. (3)—(5) of Ref. 59. Additionally, collisions
are neglected, and the profiles of density, n = ng(1 — 07'F,),
temperature, 7 =To(1 —%¥,)/(1-0.7¥,), and EXB
frequency, wg = wgo(1 —W¥,), are the same as in Ref. 59.
The normalized profiles of density (which doesn’t change),
temperature, and pressure are shown in Fig. 3 for the
isotropic case as well as an example anisotropic case with
T)/T. = 15.

B. Trends of distribution function derivatives with
anisotropy

Before delving into code calculations, one can gain
insight on the dependencies of the fluid and kinetic effects
on anisotropy by examining the trends of the derivatives of
the bi-Maxwellian distribution function on 7} /7 . From Eq.
(24), it is clear that Wy, depends upon —dJf° /9y, while
from Eq. (18) Wk depends upon —df*™ /Je (multiplied by
wg) and —9f®™ /OW. These three derivatives can be easily
analytically calculated at a given ¢, y, and P, especially for
the Solov’ev equilibrium with prescribed density and tem-
perature profiles. In Fig. 4 we show these three derivatives,
normalized by the Maxwellian distribution function fM,
for ¢ = T (the isotropic temperature), y = 1/ /2 (for conven-
ience, so that > =1— 4> in Egs. (19) and (21)), and
W = 0.65 (again for convenience, as it is where the brack-
eted term in the Maxwellian equivalent of Eq. (21) is
equal to T/2). The isotropic values of

0.6 T T T
0.5

04r
0.3
0.2
0.1
-0.0
0.1
0.2F
031
-04F

-0.5F
'0.6 1 | | | 1 | 1 1 |

02030405060.70.8091.01.11.2131.4
R [m]

Z [m]

FIG. 2. The Solov’ev analytical equilibrium, showing flux surfaces at the
edge (blue) and W, = 0.65 (red), and a conformal wall having r,,/a = 1.10
(black).
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FIG. 3. Profiles of (a) safety factor, (b) density, (c) temperature, and (d)
pressure for the isotropic Solov’ev equilibrium as well as an example aniso-
tropic case with 7) /T, = 1.5.

(=1/f)(0F /97), (~1/£)(9F /D), and (~1/f)(9F | O) are O,
0.5, and 1.0, respectively, at this point in parameter space.
First, the kinetic effects depend upon the ¢ and ¥ deriva-
tives. Here, —Jf/0¢ is larger than the isotropic case for
T /T;1 < 1 and smaller for T /T;1 > 1, while the relation-
ship of —9f /OW is less clear, at least at this point in parame-
ter space for this equilibrium. The kinetic terms therefore
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FIG. 4. Derivatives of the bi-Maxwellian distribution function vs. y, ¢, and
¥, normalized by the negative of the Maxwellian distribution, for the
Solov’evcaseate =T, y = 1v2, and ¥ = 0.65.
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will have complex dependencies on anisotropy, depending
on wg and other factors, but here simplistically we might
expect larger kinetic effects at lower T /T, .

Next, let us examine the fluid ballooning correction,
which depends on —9f /dy. In Fig. 4, this quantity is positive
for T) /T, < 1 and negative for T;/T;. > 1. Then one can
see from Eq. (24) (and (27)) that since |y| < 1, sW is posi-
tive (and therefore stabilizing), when T /T, < 1 and nega-
tive (destabilizing) when T;/T;. > 1. It is perhaps
somewhat unintuitive, but here the fluid ballooning instabil-
ity drive is enhanced by increasing parallel pressure, not per-
pendicular pressure. This result has been previously found
under certain assumptions of the poloidal variation of p; and
therefore of pressure weighting in the unfavorable curvature
regions,*****°162 although not in others® (see Ref. 61 for a
discussion of this topic). In our case, everything is consid-
ered a flux function, and p,y, is held constant. Therefore the
fluid effect of anisotropy on the pressure-driven term is not
through changes to the last term of Eq. (14), but rather
through the last term of Eq. (15). In this way, we are isolat-
ing the effect of anisotropy to explore its dependencies. One
can see that the negative, destabilizing ballooning drive is
enhanced by positive Jpawe/OB coupled with the RWM
displacement quantity, and reduced by negative Opavg/OB.
Enhanced parallel pressure leads to positive Opaye/OB
(one can show that dpy /OB = (p — p.)/B,*****° and that
Op. /OB) takes its sign from (1 — p. /py)).

C. Fluid terms

We note that the corrections to the shear Alfvén, fast
magneto-acoustic, and kink terms cannot be larger than
OoWu/OWr = a9 — 1, where gy is the value on axis. This is
because we have considered T /T, to be a constant, and pull-
ing the factor 1 — g out of the integral leaves only a factor
of Bj/B? inside. This factor serves to weight the contribution
from the low field regions more heavily, but when integrated
over the volume it doesn’t have a very large effect. Since the
on-axis f (By = 2pepo/Bj) is ~10.7% for this Solov’ev case,
it can be shown that the corrections to the shear Alfvén, fast
magneto-acoustic, and kink terms are <*3% for the range
0.5 < T)/T. < 1.5. The fact that gy is close to 1 (~*3%)
justifies the use of the isotropic equilibrium as discussed in
Sec. III (with the caveat discussed in Appendix C).

Figure 5 shows (6Wp + dW5M)/6Wr for the various
components of the fluid term, vs. T/ .. Each component is
normalized by its own 6Wg, not the total. Not surprisingly,
the correction to the pressure-driven ballooning destabiliza-
tion term is considerably larger than ¢y — 1. Here, higher
perpendicular pressure (lower 7 /T ) leads to an enhance-
ment of the bending and kinking effects, but a smaller
ballooning effect (as expected from Sec. VII B). Higher
parallel pressure (higher T)/7.) leads to an increased
ballooning effect, but the increase is not as strong as the
decrease at low T /T . The 0Wy, term is half from ions and
half from electrons, and additionally we have found it to be
dominated by trapped particles over circulating particles.

Note that Fig. 5 shows normalized quantities. In abso-
lute terms (normalized by —oW,, = —6W® — 6Wr), the
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FIG. 5. (6Wp + 0Wy4)/0Wp vs. scaled T /T for the Solov’ev equilibrium.
Each component is normalized by its own isotropic contribution to 6Wp, not
the total.

isotropic contributions to 6Wr/(—0W,) from shear Alfvén,
fast magneto-acoustic, kink, and ballooning were 2.79,
0.007,—4.10, and —0.717, respectively. Therefore, while the
changes to the shear Alfvén, fast magneto-acoustic, and kink
terms are essentially the same in a relative sense, the fast
magneto-acoustic term is quite small in this case, and there-
fore unimportant. Also the shear Alfvén term is stabilizing
(positive), while the kink term is destabilizing (negative).
Therefore the corrections to these two terms partially offset
each other. Finally, even though the correction to the bal-
looning term was considerably larger in a relative sense, in
this case the ballooning term is actually only about 25% as
large as the shear Alfvén term and 17% as large as the kink
term. The total percentage change in 0Wp + W4 from the
isotropic case is also shown in Fig. 5, which reflects all the
relative weightings of the terms. The changes essentially
cancel in this case for T /T, > 1, while leading to a small
decrease for T /T < 1.

D. Kinetic effects

The kinetic effects for thermal particles are also calcu-
lated, with Eq. (16), resulting in both real and imaginary
parts. Figure 6 shows these contributions, normalized by
their isotropic cases, plotted vs. T /T .. Three particle types,
trapped ions and electrons and circulating ions, are shown
separately (the contribution from circulating electrons is usu-
ally very small”). Generally, increased positive Re(0Wk) is
stabilizing, while increased |Im(0Wk)| is always stabilizing
(see Fig. 1).

When energy is shifted from parallel to perpendicular
motion (T /T, < 1), we can see that the stabilizing restoring
force provided by the trapped ions and represented by the
real part of 0Wy increases slightly, but the stabilizing reso-
nance interaction between the mode and the trapped ions
(Im(6Wk)) decreases, and vice versa when the parallel
energy is increased (T /T > 1). For electrons, the destabi-
lizing force (negative Re(0Wk)) behaves similarly to the
trapped ion term, while the change in the resonance is more
complex. It should be noted, however, that the electron term
is already smaller than the trapped ion term in magnitude
and would be considerably more so if collisions had been
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FIG. 6. a) Real and b) imaginary components of W normalized by the cor-
responding isotropic 6Wx components vs. scaled T /T, for the Solov’ev
equilibrium. The effect of anisotropy of three particles types, trapped ions
and electrons and circulating ions, are shown.

considered.>® For circulating ions (which also have smaller
magnitude than thermal ions), smaller parallel energy leads
to a decrease in their destabilizing effects (real and imagi-
nary parts), while larger parallel energy increases their
effect. Finally, it should be recalled that the assumption of
constant p,, has caused the total pressure to change, which
affects the kinetic calculation shown here. In this case, the
total pressure has increased by ~11% at the low end of the
range of 7| /T and decreased by ~7% at the high end.

Finally, Fig. 7 shows the breakdown of the trapped ion
term from Fig. 6(a), normalized by —J0W, into the /=0
bounce harmonic (precession resonance) and the / # 0 har-
monics (bounce resonances) and their radial dependences,
for TH/TL = 0.5, 1.0, and 1.5. In this particular case with its
analytic profiles there are no singularities at the rational
surfaces, so they are integrated across in this work. In cases
with singularities, special treatment is necessary.>”

E. Growth rate

Using Eq. (1), we can finally bring these various effects
together by calculating the predicted growth rate of the
RWM and plotting it vs. T))/T in Fig. 8(a). First, without
considering kinetic effects, we can see the effect of the fluid
anisotropy corrections on the fluid growth rate (shown in
red). Once again, we see that lower T /T is stabilizing and
higher T| /T, is destabilizing, which follows from Fig. 5.
When kinetic effects are included, but not the anisotropic
fluid effects, the plasma becomes more stable (y7,,
~ 0.43 — 0.375 in the isotropic case). Then, as indicated by
the green curve, lower T|/T is stabilizing, while higher
T|/T. is destabilizing. This follows from Fig. 6 with the
change to the real part of the trapped thermal ion term being
dominant. When the kinetic and fluid corrections are both
applied (blue), the effect is even more enhanced at low
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FIG. 8. The effect of anisotropy of thermal particles on the RWM growth rate
for a) the nominal Solov’ev equilibrium, and b) the modified Solov’ev equilib-
rium with ¢, = 0.45. The growth rate normalized to the wall current decay
time is given by y7,, = —Re((SW> + x)/(W? + x)). Shown is the isotropic
fluid growth rate (x = W/, red dashed) and the fluid anisotropic modification
to it (x = OWp + 0W,, red solid). Also shown is the isotropic kinetic growth
rate (x = 0Wp + oWk, blue dashed) and two modifications to it: including
only the anisotropic kinetic term (x = 0Wr + 0Wk, green solid) or including
both the fluid and kinetic corrections (x = 0Wg 4+ 0W, + 0Wk, blue solid).
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T /T, . This indicates that the fluid 6W, correction, though
small (Fig. 5), can have an impact on the predicted growth
rate. Finally, in Fig. 8(b), the resulting growth rates for a
modified Solov’ev equilibrium are also presented. In this
case, ¢, has been increased to 0.45, which increases the as-
pect ratio, gedge, and pressure (here we have correspondingly
let the temperature increase while maintaining the same den-
sity). One can see that in this case the trends are all the same,
though enhanced by the higher pressure. Note that the range
of yt,, plotted is the same in both frames, but the modified
case is closer to marginal stability and the anisotropy effects
are enough to change the growth rate from slightly unstable
to slightly stable at low T /T .

Overall the biggest effect on RWM stability from anisot-
ropy of the thermal particles will be in plasmas with high
beta (where o is larger), a large pressure-driven ballooning
instability drive, and with T larger than 7). In this case a
reduction of the ballooning destabilization term can be
expected, as well as an enhancement of the stabilizing
kinetic effects of the trapped thermal ions.

VIil. CONCLUSIONS AND PHYSICAL IMPLICATIONS

We have derived the effect of anisotropy of the plasma
pressure on the resistive wall mode stability energy principle.
The fluid anisotropy has been treated as a small perturbation
on the plasma equilibrium, which allows a relatively simple
treatment of the problem. Fluid treatment with CGL pres-
sures is akin to consideration of the high frequency mode
rotation limit. More complete treatment leads to kinetic
terms in addition to anisotropy corrections to the fluid terms.
Specifically, the shear Alfvén, fast magneto-acoustic, and
kink fluid terms are relatively simply modified by a factor of
0. Because of the equilibrium considerations in the perturba-
tive approach, these corrections are necessarily small in our
treatment. The kinetic effects depend upon 0f/0¢ and
Of /O, while the anisotropy correction to the fluid pressure-
driven ballooning term depends upon Jf/0y. We
have derived expressions for these terms for a perturbed
bi-Maxwellian distribution function for thermal particles.

For thermal particles with larger perpendicular energy
than parallel the ballooning destabilization term is reduced,
while for T > T it is enhanced. This leads to a reduction
of the fluid growth rate of the RWM for 7| /T, < 1 and an
increase for T)/T, > 1. The stabilizing kinetic effects of
the trapped thermal ions can also be enhanced for
T /T, <1, leading to a further increase in the RWM
kinetic stability.

Finally, in the analysis presented here (for an analytical
Solov’ev equilibrium) T /T, was assumed to be uniformly
changed over the whole plasma volume for both collisionless
ions and electrons while maintaining T, + T, = constant,
and had to be relatively significantly different from unity to
see a large effect. Such a scenario would be difficult to
achieve in experimental reality. In this light, the effect of re-
alistic thermal particle anisotropy on RWM stability is likely
to be modest. Extension of this relevant physics to energetic
ions heated by ICRH and to less global modes, such as the
internal kink mode, is possible, however.
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APPENDIX A: DERIVATION OF CGL PERTURBED
FLUID PRESSURES USING THE HIGH FREQUENCY
LIMIT OF THE PERTURBED BI-MAXWELLIAN
DISTRIBUTION FUNCTION

The perturbed fluid pressures, p n and p| can be derived
by using double-polytropic laws®**% as replacements
for the adiabatic equation: d(pyB"I"'p~"I)/dt =0, and
d(p,B'""p~1)/dt = 0. The CGL double adiabatic equa-
tions,> 3> 3 6.66.67 which are derived from the first and second
adiabatic invariants®® under the assumption of negligible
heat flux®*7® have 7 =3 and y, = 2. Here, we will demon-
strate that in fact the CGL p | and p| expressions can also be
recovered from Eq. (11) (neglecting the electrostatic contri-
bution) using a bi-Maxwellian equilibrium distribution func-
tion and our form of f ; from Eq. (12), with the assumption of
fast mode rotation.

Let us now examine f'j in the limit of large @ (which
in reality pertains to high frequency modes, not the
RWM). Then we can take a gyro-average ((-)) of f; and in
Eq. (12), w(9f;/0e) > n(0f;/OP4), (vi - &) =0, (v, -B)
=0and

(.4l Z) )\ (HT)
<S'I>_<J_oo (V dr mj>dt>N imjo’ (AD)
so that
~(— 00 a
77 = — e v+ Ly
- B of;
—Ze(® + &, - V) — ?Ha_i' (A2)
Now,
i e ve =g v+ Dy - 2)
1 (5
—Ea—li(BHJrEL-VB) (A3)
0)
- VJC/"‘m/af( AR
+lv2x-§ —vlKk-& )+ %(Kf +V-&), (AD
H VL LY 1 Ha’u 1 1)

where in the last line we have used Eq. (6) of Ref. 14 for (H)
andBH :7B(V.§L+K.§L)7§L.VB'

From Eq. (19) for the bi-Maxwellian distribution
dfj/0e = —f;/Ty, and Of;/Ou = —f;B ( T TH) Now mak-

ing these substitutions we find that
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~()— 00 8
7 e, ve

1
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1 /1 1
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We then define the quantities Ry, R, and R3 as in Ref. 71

(AS5)

i
R, = ijjvmd‘v:T, (A6)
J
1 pP\PL
—EijJUﬁuiﬁdSVZ Hp , (A7)
J
1 4 r 53 _4P2L
R3_2Zi:mjjmgdv_p. (A8)
Now from Eq. (11)
~ . 2 ".’U)—>OO ‘f} 3
By =_mi|vi7; 580 VB )y (A9)
J
:*gL'VPHﬂLTHRlK éj_*T*Rz( &L +V-E))
(A10)
==& -Vpy—p V- & +2pk-&, (A11)
and
Z J < O 4 ’5 SE VB>d3 (A12)
J
m
:*fl VPLJFTHRZK §J_ 2T;J_ (K'éj_“i’v'éj_)
(A13)
=—¢ -Vp, —-2p, V- & —pix-E&. (A14)

Note that these p could then be used in Eq. (2) to find a
oWeer,>*> but this would only be applicable in the high fre-
quency limit.

APPENDIX B: SELF-ADJOINTNESS OF THE
ANISOTROPIC FLUID W

In order to show that OWr + oW, is self-adjoint, we
must look at both the ballooning term from Eq. (14), and the
kink term from Egs. (14) and (15) together. Beginning with
the kink term we write

SWiink — 2J il ((41 xB) B, + (& xB) -m)dv,
(B1)

72Jaj” (£ xB) - Vx (& xB)+ (¢ xB)-BL)aV,
(B2)
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((6. <& -B)B)+ (& xB)-V

B) + (&) xB)-B,)dV, (B3)

:EKV (zfg'(é <& B ))
_(Qxfj.B)B.V<%)

’” ((5L xB)- B, + (& xB)- ﬁL))dV. (B4)

EJL
2) 28
x (&) x

The first term integrates to zero over the volume. The last
terms together are self-adjoint. Defining & =Clyey + e
with éy = V¥/|V¥| and &, = b x V¥/|V¥|, and rewrlt—
ing, we have

oWt = zj( V(2 <B)-B + (£, xB)-B,)
— (&w8, - &8 )BY- (%b) )dv. (BS)

Now let us return to the ballooning term and write

T (S
apavg 6pavg)
<§L VPR L g VBRE av (B6)

* 3 av a av,
= J((é?é‘}‘k?+§?fxxz) <|V‘{/| b g+ ey - VB ng>

* sk A a \%
+(§z‘§z"x + ‘fx'fqﬂ“l') (ex -VB gzg>)dV. (B7)
Then let us momentarily consider
N N a av N 8 av
Vxb-Vpavg:be-vw%+be.vw ng,
(B3)
apavg aB apan
=Vxb-V¥ BIT +Vxb- V‘I’aly 9B
- L) (K 8pavg
Vxb-b)lb-VB
+(Vxb-b) ) B
N . Opav
+(Vxb-e,) (e, vB) e, (BY)
\Y A a vV
= VH D2 ey vB) P
./H " apavg ~ apavg
—(b-VB)—/—= -VB B1
+5 (b VB) =2t wy (¢, - VB) —5pf, (BIO)
so that now

nin \% a \%
WA = J<|5\y| w(V‘m Pave L &y -VB gaBg>

. Opay
=+ |€X|2KX (el -VB aBg>

op avg

ey (j'( VB —VxB-Vpavg>>dV.

(B11)
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From the equilibrium considered in Sec. III, one can show that the last term can be replaced so that

0B

nin 8 V, ~ 6 * j -
5WET:0 $ = J 1% KT<V\P| Dave +ey - VB Da g) +|5x|2”x(e/ VB pavg)+f\yszV’ (Oylb> dy.

Then one can see that the following is self-adjoint

kink ballooning 1
6WF +A + ow, F +A

+2|Ey] w(v‘m Davg |

APPENDIX C: ORDERING OF W IN EXPANSION
PARAMETER ¢ — 1

It was demonstrated in Appendix B that the full fluid ani-
sotropic oW is self-adjoint. Here we will show that this means
only the lowest order eigenfunction is necessary. If we con-
sider an expansion parameter € and write the plasma displace-
ment as an expansion in €, & = &, + €&, + €2&,. Then since
oW is self-adjoint, SW (&) = W (&y) + 26W (&, &).

If we now take the expansion parameter to be ¢ = g — 1,
then the full anisotropic fluid J6W can be written
OW (&) = oWk (&) + OWa(&y) + O(€?). Here, the dW, term
is really first order in €, as can be seen by the ¢ — 1 term in
the integral in Eq. (15). Therefore, only the lowest order
eigenfunction is required to calculate oW to first order in e.

However, anisotropy also modifies the equilibrium, as
was discussed in Sec. III. Consider Eq. (9), rewritten to ex-
plicitly show the isotropic equilibrium and its anisotropic
correction

B? B?
\2 +p| —Kk—
2.“0 Mo
B’ B?
=V | (6= 15—+ (Pae —p) | = (6= Dr—. (C1)
24t Mo
If pavg —p ~ (6 —1)p (or, in our case, pay, —p = 0) then

the right hand side is an anisotropy correction to the equilib-
rium of first order in e. Therefore, any equilibrium quantity
QO can be written as Q = Qo + €01 + - - -, where Qg is the
term calculated by the isotropic equilibrium solver. Since
each term in Eq. (2) includes an equilibrium quantity and an
eigenfunction quantity, we find that oW (&) = oWr(Qo, &)
+edWE(01, &) + Wa(Qo, &) + O(€?). The first term is the
usual isotropic fluid W, and the third term is the first order
anisotropic correction presented in this paper, but the second
term is also a first order anisotropic correction to the fluid
oW that arises from the anisotropy correction to the equilib-
rium. This term is not calculated here, but may be of the
same order as the fluid corrections presented here and there-
fore should be explored by calculating the anisotropic equi-
librium.?*~° It is worth noting, however, that the anisotropic
kinetic effects were found here to be larger than either of
these first order fluid corrections.

OB 2 (B12)
§J<07| ((éL X B) 1 L+ (6L X B) 'BJ_) (5\{/5 +¢& f\P)BV (7 )
+éy-VB 8§2g> +2¢, [k, (éz - VB apavg>> (B13)
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