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Toroidal torque is one of the most important consequences of non-axisymmetric fields in tokamaks.
The well-known neoclassical toroidal viscosity (NTV) is due to the second-order toroidal force
from anisotropic pressure tensor in the presence of these asymmetries. This work shows that the
first-order toroidal force originating from the same anisotropic pressure tensor, despite having no
flux surface average, can significantly modify the local perturbed force balance and thus must be
included in perturbed equilibrium self-consistent with NTV. The force operator with an anisotropic
pressure tensor is not self-adjoint when the NTV torque is finite and thus is solved directly for each
component. This approach yields a modified, non-self-adjoint Euler-Lagrange equation that can be
solved using a variety of common drift-kinetic models in generalized tokamak geometry. The
resulting energy and torque integral provides a unique way to construct a torque response matrix,
which contains all the information of self-consistent NTV torque profiles obtainable by applying
non-axisymmetric fields to the plasma. This torque response matrix can then be used to systemati-
cally optimize non-axisymmetric field distributions for desired NTV profiles. Published by AIP

Publishing. [http://dx.doi.org/10.1063/1.4977898]

I. INTRODUCTION

The calculation of perturbed equilibrium is an efficient
approach to understanding the effects of non-axisymmetric
magnetic perturbations in tokamaks, as the non-axisymmetric
magnetic field OB is typically much smaller than the axisym-
metric magnetic field B. Although |0B /B is small, the effects
of the perturbation can be significant to various channels in
transport and consequently stability, from microscopic to
macroscopic scales. One example, which is particularly rele-
vant to this paper, is the non-ambipolar particle transport
across non-axisymmetric magnetic flux surfaces, which cre-
ates a toroidal torque.

Non-ambipolar transport on non-axisymmetric magnetic
surfaces can be understood within the scope of the neoclassical
theory." The resulting toroidal torque is pronounced in toka-
maks and known as neoclassical toroidal viscosity (NTV).
The NTV torque comes from the toroidal co-variant compo-
nent of anisotropic pressure tensor &, - (6 . 55’), where
€, = 0X/dg,, and the toroidal angle ¢, is defined on true
magnetic surfaces including non-axisymmetric perturbations,
ie., in the Lagrangian frame, which is different from
€o - (V - 6P), where ¢ is defined with unperturbed magnetic
surfaces, i.e., in the Eulerian frame. This is an important dis-
tinction, as the prevailing transport theory is formulated in the
Lagrangian frame but the information required to evaluate
transport, such as OB or perturbed distribution function Jf, is
primarily calculated in the Eulerian frame.

Note that the NTV torque, &, - (V -d®), is second
order in the perturbation when the flux surface is averaged,
but that &, - (V - 6) is a first-order toroidal torque locally
arising from anisotropic pressure tensor. There is no net
torque in the first order, but its modulation amplitude is
of course greater than the amplitudes of second-order
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quantities. It is a natural question to ask whether or not this
first-order torque is important in equilibrium force balance
when the second-order NTV torque is substantial. When
both calculations are done together, perturbed equilibrium is
consistent with the toroidal torque and the NTV torque is
self-consistent up to the second order. This self-consistent
torque is the main subject of this paper, and the complete for-
mulation will be given in detail.

The calculation of perturbed equilibrium including V- 6P
generally requires solving each vector component in force
balance directly rather than the variational method adopted
for ideal or kinetic energy principles. This is because the
force operator is not self-adjoint any more when the NTV

torque is finite, that is, (€, - (V- 6?)) #0, where () is
the flux-surface-average. If the force operator is self-
adjoint, one can see easily that (W) = (1/2) j(ééﬁ[f]
+-Flsd)) = féf - F[Z] in the zero-frequency limit, and
thus F[Z] = 0 is the only solution for extremum (6W) = 0

with arbitrary variation of displacements 52. That is, the
minimum energy state W in the zero-frequency limit
becomes equivalent to the state of perturbed equilibrium.’
The variational method for W was used by Newcomb to
derive the cylindrical Newcomb equation in ideal MHD,® which
was then generalized by Glasser for axisymmetric tokamak
geometry.” Various kinetic energy principles were also discussed
with the variational method with the assumption that
(€, - (V - 62)) = 0. This work will show the toroidal generali-
zation of those kinetic energy principles with the explicit form of
the self-adjoint Euler-Lagrange equation, giving minimized
energy OW. It will also present a derivation of a new non-self-
adjoint Euler-Lagrange equation, giving perturbed energy and
torque, in general, when (€, - (V- 62)) # 0, by solving the
force balance equation directly and performing the

Published by AIP Publishing.


http://dx.doi.org/10.1063/1.4977898
http://dx.doi.org/10.1063/1.4977898
http://dx.doi.org/10.1063/1.4977898
http://crossmark.crossref.org/dialog/?doi=10.1063/1.4977898&domain=pdf&date_stamp=2017-03-09

032505-2 J.-K. Park and N. C. Logan

corresponding energy and torque integral. Strictly speaking, the
force balance equation is not an Euler-Lagrange equation of a
variational method when the force operator is not self-adjoint.
This is just a convenient terminology adopted here to emphasize
the similarity in appearance. It is important to note that the non-
self-adjoint Euler-Lagrange equation does not give a minimum
state of energy and the corresponding W is not a direct indicator
of stability, despite accurately describing the energy of the per-
turbed equilibrium state.

The approach taken in this work is unique, but the
MARS-K code® can also produce kinetic perturbed equilib-
rium solutions in the zero-frequency limit if the same kinetic
model for V - 62 is adopted. Both approaches are linear and
use the single-fluid description with quasi-neutrality and a
simplified Ohm’s law E + ¥ x B = 0. The derivation of the
non-self-adjoint Euler-Lagrange equation in this work
requires the analytic elimination of two vector components
in force balance and thus is algebraically more intensive and
may not be easily extended when higher order physics are
added. This is a disadvantage compared to MARS-K, but the
greatest advantage is that this approach provides the full
eigenmode structure of the solutions. It will be shown that
the integration of the derived Euler-Lagrange equation
leaves a non-Hermitian plasma response matrix, the anti-
Hermitian part of which is a NTV torque response matrix. A
torque response matrix describes all the self-consistent NTV
profiles that can be produced by external 3D fields given an
initial equilibrium. It thus enables the systematic optimiza-
tion of the NTV torque and, more generally, the optimization
of neoclassical 3D transport in perturbed tokamaks.

Note that Ohm’s law without resistivity maintains nested
flux surfaces, which is an important assumption in most neo-
classical models for V - 6. The work presented here therefore
excludes reconnected magnetic islands when a non-
axisymmetric perturbation is applied, the inclusion of which
remains for future work. In fact, the nested flux surface
assumption generates a well-known problem in NTV calcula-
tions unless V - 02 is self-consistently included. If only the
isotropic pressure, ﬁép, is included in the perturbed equilib-
rium calculation as in the perturbative approach, the energy
and NTV torque arising from V - 67 become singular and
non-integrable on the resonant surfaces. Although some of the
special treatments across the resonant layer have been success-
ful with perturbative approaches in reproducing experimentally
observed kinetic stability9 and NTV,IO’11 the self-consistent
approach enables the elimination of those ad-hoc corrections.

The remaining paper is organized as follows: Sec. II
will give the basic aspects of tensor pressure equilibrium, as
well as the assumptions made in this work for the equations
of perturbed equilibrium including V - 6. In Sec. 11, it will
be shown that the equations for ideal perturbed equilibrium
can be derived by directly solving three components of
perturbed force balance, leading to an identical toroidal
Euler-Lagrange equation obtained by the W minimization
originally used by Glasser. The non-self-adjoint Euler-
Lagrange equation will then be derived in Sec. IV, by includ-
ing perturbed anisotropic pressure tensor in force balance.
The formulation in Sec. IV requires the calculation of per-
turbed distribution function, and thus various drift-kinetic
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models will be described and incorporated into the non-self-
adjoint Euler-Lagrange equation in Sec. V. The non-
Hermitian plasma response matrix including NTV torque
will be discussed in Sec. VI. Sec. VII will briefly show how
to include an arbitrary driven force in the balance, which is
followed by summary and discussion in Sec. VIII.

Il. FORCE BALANCE WITH TENSOR PRESSURE

Equilibrium force balance in a single fluid description
with quasi-neutrality can be represented in tensor form by

V.T =V, (D

where T = BB — B2I /2, and also simply V - T = j x B by
f: V x B in the equilibrium. Note that y, = 1 for conve-
nience, throughout this paper. The particle stress tensor has a

diagonal form as ? =p . I + (P —p.)bb with b = B/B,
assuming that the gyroradius is small enough p/L < 1. It is
also assumed that the mean speed of fluid is generally small
compared to the random velocity of particles, i.e.,
|ii|* < |#]*. Before introducing and separating the non-
axisymmetric component as a perturbation, it is worthwhile
to take a brief look at the three components of Eq. (1)

B-(V-?)=0, )
2, (V-2) =]V, 3)

. B?
i (PJ_ -l-?) = 1?(32 +p. —PH)- 4)

Here, K = b - Vb is the curvature vector. The decomposition
is in a magnetic coordinate system (¥,,, 0, ®,,), with the
magnetic field B = y/ (@(pm X ﬁl//,,, + qﬁx/zm x V0,,), where
q is the safety factor, y =, is the poloidal flux, and x
=dy/dy,,.

The first two Equations (2) and (3) describe the force bal-
ance on the surface and can be obtained by taking the parallel
and toroidal component of Eq. (1). It is interesting to compare
these two relations with the neoclassical friction-flux relations

Z<B*.<v -E;)> —0, 5)

(20, (V-2)) = 0.0 ®)

Eq. (5) means that the net parallel viscosity should vanish
when summed over the two species s, for ions and electrons.
The parallel force balance in Eq. (2) similarly means that the
force along the field lines must vanish at every point of
space, giving a stronger constraint than the neoclassical Eq.
(5). Departure from this constraint means the violation of
momentum conservation or quasi-neutrality and requires an
additional force F|| such as from an externally driven Ej.
Equation (6) is what is called neoclassical toroidal viscosity,
giving the non-ambipolar component of particle flux I'y,
=7 - ﬁxpp across flux surfaces for each species of charge g,.
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Note that the flux is independent for each species, and the
RHS of Eq. (6) need not vanish when summing over species.

The toroidal force balance in Eq. (3) gives a different
point of view, showing the radial currents associated with
the toroidal torque. Again, this relation should hold locally
and the local distribution of radial currents can significantly
alter the magnetic field in equilibrium through f: V x B.
Sections III-VIII will show the local toroidal torque, and
radial currents in Eq. (3) are finite and first order in the non-
axisymmetric perturbations with either scalar or tensor pres-
sure and in either collisionless or collisional limits. This dif-
fers from the flux-surface-averaged relation in Eq. (6), which
is only finite to the second order with tensor pressure and
collisional or orbital resonant dissipation. As discussed in
much literature,'>™'* the equilibrium relation in Egs. (2)—-(4)
holds from the fast MHD to the slower drift MHD scales
> k- Uy, unless the collision frequency is faster than that.
Here, k is a wave vector typical for perturbations and ¥y is
the equilibrium drift velocity of particles. The transport in an
equilibrium, Egs. (5)—(6) is smaller by an order in size and
should occur from the drift MHD to momentum diffusion
time scales.

The last equilibrium relation in Eq. (4) includes the
radial component of force, and the toroidal (or poloidal)
component relation in Eq. (3) should be properly used to iso-
late the radial part. Then, it describes how the total pressure,
including thermal pressure and magnetic pressure, is radially
varied. The evaluation of tensor pressure requires a closure,
and this work takes a kinetic approach with p = jd3 vMuvf
and p, = [d*v(Mv, /2)f. The conservation of particle
energy and magnetic moment leads to

2nB 2(E — uB
p|= g%JdEJdﬂ%fm )
2nB
P ZZ%JdEJdu%fm, @®)

Na

where ¢ = sign(v) denoting the co and counter rotating par-
ticles, respectively, and E = muz/2 and u = mui /2B. An
important assumption in this work is that f; remains
Maxwellian in the axisymmetric configuration before pertur-
bation, ie., f; =fy = n/(y/7v,) e ""/%, and simply then
p| = pL = p = nT without non-axisymmetric perturbations.
Therefore, the unperturbed equilibrium is just a nominal sca-
lar pressure equilibrium f x B = ﬁp. .

With a non-axisymmetric perturbation 0B, the perturbed
current is ] = V x 0B by Ampere’s law. The relation to
Lagrangian displacement E()‘c’) is given by Ohm’s law, with-
out rotation and resistivity, combined with Faraday’s law as
6B =V x (& x B). Our goal is to find equations for , B,
and 6/ in force balance and to describe these perturbed quan-
tities on unperturbed magnetic coordinates, i.e., the Eulerian
frame. That is, the magnetic coordinates (Y, 0, ¢) represent

the unperturbed magnetic field B = y/ (ﬁ(p X Vi +qVy
xﬁ@). The basis vectors in this coordinate system can be
the contravariant ones (@w, Vo, ﬁq)) or covariant ones
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(€y,€9,€,) where each is defined by &, =0x/0y
=J (69 X ﬁgo), etc. Any vector A can also be decomposed
to the contravariant components such as AY =A. ﬁx// or

covariant ones such as Ay = A- €y. Note that this Eulerian
formulation requires an important transformation when com-
bined with kinetic approaches formulated in the Lagrangian
frame, as will be shown later.

lll. IDEAL FORCE BALANCE AND GLASSER’S
TOROIDAL NEWCOMB EQUATION

This section describes the three components of per-
turbed ideal force balance and the ideal, toroidal Euler-
Lagrange equation derived by Glasser, which is the basic
equation that DCON” solves and IPEC'® uses. The formula-
tion given here is expanded with tensor pressure in Sec. I'V.

The magnetic fields and currents in unperturbed equilib-
rium can be represented by

B = B¢, + B’¢,, )
J =18+, (10)

where BY = '/ J and B® = qy'/J, and in the axisymmetric
case, j' = —2nf'/J and j® = —2nqf'/T —p'/y, where
J =1/(Vy - (VO x Ve)) is the coordinate Jacobian and
f = B,. The transformation between covariant and contra-
variant components can be done with the metric tensor,
8ij = gi ' é;

An ideally perturbed Maxwellian plasma satisfies force
balance given by

O xB+jx 0B —Vp=0. (11)
The parallel component to Bis simply
B-Vép+Vp-0B=0, (12)

which means that the pressure is still constant along the per-
turbed field lines. Using 6B = V x (¢ x B), one can see that
the parallel force balance gives the so-called adiabatic per-
turbed pressure Jdp = —Z . ﬁp. This adiabatic perturbed
pressure can be naturally obtained in the kinetic description
of pressure as shown in Sec. IV. The fluid description makes
the use of the ideal gas law ép = —C - Vp — (V- E) with
the incompressibility condition

—

V-é=o, (13)

to enforce the adiabatic perturbed pressure everywhere
including the resonant surfaces. The incompressibility then
relates fH to the other two components for E IR

The two other components of force balance can be con-
veniently obtained by taking the covariant components of
the force along €, and €y, defined on the unperturbed mag-
netic field

95B, 0SBy o 0 0 - -
(9B, _ 70 v .
/(( 50 8@) 7 Tj (af"a(p)g Ja(p(f Vp),

(14)
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% ( 'TE — 4/ 0By — CIX,fSBco)

0 0
— X/ (@ + (]@) 5Bl/, + (X”éB() + (qx’)'éBq,)

NS & . o
+TY (J"a—g@ﬂ”%) + T a)=i07") e

lad
! ! 2
+p (Jf +‘7_8w>’ (15)

where o = g0 — ¢, and the axisymmetric equilibrium rela-
tion y'(gj’ — j?) = p' is used in Eq. (15).
The toroidal balance in Eq. (14) is equivalent to

7o =&, (jx 6B —Vop), (16)

which gives the local distribution of radial current across
flux surfaces and the associated toroidal torque in ideal
MHD. Besides the toroidal torque balance, note that there is
no net first-order torque or radial current in flux-surface-
average, which is also true on the perturbed magnetic surfa-
ces in scalar pressure perturbed equilibrium. It is the aniso-
tropic pressure tensor that provides the non-zero, second
order torque. On the other hand, the LHS of the radial force
balance Eq. (15) is identical to

PIE — 4By —qyoB, = T (. -Vp—B-0B), (17)

which describes the perturbed thermal pressure and magnetic
pressure of the system. This is also proportional to the sur-
face current representing the energy'® and mathematically
can be treated as a conjugate momentum p in a Hamiltonian
system with  — 1 and x — f¢.7

The two balance Eqgs. (14) and (15) have mixed repre-
sentation across contravariant and covariant components of
the perturbed quantities, which are simply related to each
other by metric tensors. Using ] = V x 0B and 0B =V
x (& x B), one can obtain two coupled partial differential
equations determining the two components of displacement
& and &V,

The partial differential equations are then transformable
to ordinary vector equations by Fourier representation for
poloidal and toroidal periodic variations,

VW, 0,0) =3 W) a8y

m,n

From here, two matrix vectors will be defined to represent
the retained poloidal modes of displacement in their ele-
ments as

E(l//,a) = {égnl/;“”mmin <m< mmax}7 (19)

for each n separately. The scalar and differential operators
become matrix operators. For example, an arbitrary matrix X
is defined with elements

1 .
Ko =5 ffd@X(G)e'(’” —m)0, (20)

which represents the poloidal mode coupling in toroidal
geometry. Note that the toroidal mode numbers are
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decoupled in perturbed tokamaks but that this formulation is
easily expandable to stellarator geometry keeping the toroi-
dal mode coupling. With the spectral representation, Egs.
(14) and (15) become

AE, +B;E, +CE, =0, 21
(D;E, + EiEy +BJE,) =E/E, + HE, + C[E,. (22)

The matrices A;, B;,C;, D;, E;, and H; are functions of
the geometry, current, and pressure gradient, as shown in the
Appendix. These two relations and their matrices are identi-
cal to Glasser’s derivation by energy minimization,” provid-
ing explicit proof of the equivalence between the minimum
energy state and perturbed equilibrium. The self-adjointness
of the force operator is manifested here by A, = AIT,
D; = D:f, H;, = HIT, and B;, C;, E; appearing twice through
their adjoint matrices. These Hermitian properties are
required for energy principles but are not fundamental to the
tensor pressure equilibrium calculation.

Note that the toroidal balance, Eq. (21), algebraically
relates the in-surface displacement to the radial displace-
ment. Eliminating &, accordingly, one can obtain

(FE, + KE)) — (K[E, + GEy) =0, (23)

with the ideal composite matrices

F,=D, - B/A'B, (24)
K, =E —B/A'C,, (25)
G, =H -C/A'C. (26)

This is the Euler-Lagrange equation in toroidal geometry
derived by Glasser. Compared to the cylindrical equation
derived by Newcomb, (ff'/")/ — g =0,F = ij, and G;
= ij include coupling between poloidal modes, in addition
to the contribution by new non-Hermitian matrix K;.

The ideal toroidal Euler-Lagrange equation contains reg-
ular singular points at every rational surface, which require
additional layer physics for resolution. This can be seen from
the structure of the composite matrices, F; = QF;Q and
K; = QK;. Here, the matrix Q is the singular factor defined
as Qum = (m — nq)Om, and F; and K; are non-singular
everywhere as shown in the Appendix. The ideal solution
is obtained by imposing the ideal jump condition
(JOB - @w)mn = 0 at each surface. The ideal stability code
DCON achieves this ideal constraint by equivalently elimi-
nating large resonant solution in the asymptotic limit
approaching each surface. The full details of the treatment
are given in Ref. 7.

The results above are obtained by directly solving three
components of force balance, and the question of stability of
the system is a separate issue. The ideal perturbed equilib-
rium calculation above is valid in the presence of a conduct-
ing wall even if 6W,,,_,,ar < 0, as long as oW, > 0, that is,
as long as the system is actually stable with the wall. The
force balance calculation is equivalent to the minimum
OW,o—wan State since there is no current at the wall in the
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equilibrium state. Despite the conceptual validity of ideal
perturbed equilibrium on either side of the no-wall limit, the
solution becomes singular at the no-wall limit. This is obvi-
ously problematic and should be either non-linearly saturated
or corrected by non-ideal physics. Recently, it has been
shown that the kinetic effect of an anisotropic pressure
tensor is an important physics element in resolving this
discrepancy.'®

IV. FORCE BALANCE EQUATION WITH ANISOTROPIC
PRESSURE

This section will extend the force balance with the
anisotropic pressure tensor

V3P =V - ((0p) — p.)bb +dp.l), 27)

perturbed from a Maxwellian plasma p = p, under the first
gyroradius ordering. In this ordering and assumption, the
perturbed amsotroplc pressures 5p” jdgva Jf and op
= [d®v(Mv? /2)df relevant for V - 62 become s1mply

2nB 2(E — uB)
op| = Z 7 JdEJd Tméfw, (28)

2 B

The calculation of op| (, 0, @) and p. (¥, 0, @) requires the
evaluations of B and Jf in the Eulerian frame, requiring a
transformation for the Lagrangian Jf in the transport theory.

A. Eulerian vs. Lagrangian magnetic coordinates

In the presence of non-axisymmetry, the drift-kinetic
equation for Jf is most conveniently formulated on the true
magnetic coordinates (Y,,, 0,,, ¢,,), including the small non-
axisymmetry, i.e., the Lagrangian frame. However, the force
balance is obtained by introducing small perturbations upon
the axisymmetric force balance and thus on the unperturbed
magnetic coordinates (i, 6, ), i.e., the Eulerian frame. This
difference requires an important correction for the distribu-
tion function

(%) = of ¥+ &) — E-Vf, (30)

leading also to 82 (¥) = 0P(¥+ &) — -V P, in the first
order. Therefore, for Maxwellian plasma f = fj, the force

balance ] x B + ] x 6B — V - 0 (X) = 0 becomes

S xB+]xB+VI(E, -Vp) =V -62(%+E)=0. 31)
The last term above, called the non-adiabatic part of per-
turbed pressure,'® is the anisotropic pressure tensor calcu-
lated using a Lagrangian perturbed distribution function
typically found in the transport theory. The adiabatic part,
op = —E 1 ﬁp, requires only the unperturbed pressure.
Note neither the ideal gas law nor the incompressibility con-

dition is necessary with this kinetic closure.

Phys. Plasmas 24, 032505 (2017)

The field required to evaluate the perturbed distribution
function of (E , E) should also be in the Lagrangian frame
and needs corrections as 0B (Y + &) = 0B(X) + ¢ - VB and
OD(X+ &) = 0B(F) 4+ & - V@ if the perturbation on the
radial electric field is also considered. The correction for the
magnetic field is particularly important due to the strong
inhomogeneity of B o< 1/R in tokamak geometry, as has
been shown in attempts to accurately estimate NTV with
non-axisymmetric variations in the field strength.'”'®

This difference, i.e., transport formulated in the
Lagrangian but equilibrium in the Eulerian frame, is the key
to understand the identity

(@, vo02) =-in(EoFE) G2

as proved in Ref. 19. This equation shows the fundamental
connection between the theory of non-axisymmetric neoclas-
sical transport and that of kinetic stability in tokamaks. The
torque is the reactive and imaginary energy, which has been
ignored in collisionless kinetic energy principles to maintain
self-adjointness. The torque becomes finite and important in
the presence of collisions, and the treatment of collisions is
what has made the neoclassical theory differ significantly
from the kinetic stability theory.

B. Parallel force balance and action variation

The parallel force balance with V - 6% is determined by
B (V-0P) =0 since the ideal part is eliminated by B -
Vop+Vp-6B=0 with dp=—, - Vp and 0B =V
X

—.

(¢ x B). So, one just has

B -Vdop| — (op| —p.)(b-VB) =0. (33)

Interestingly, it is automatically satisfied since
[ 2B ~
B-Vop| = ZEJdEduéfs (b

: ¥ (Bl )

218 2\ op
= (5pH - 5pL)(b -VB), (34)

provided that
1 -
ZMJdEdu(B\UH\) (b-Vof,) =0. (35)

This condition holds sufficiently if b- ﬁéfs =0, that is, if
the perturbed distribution function is constant along the field
lines as of; = Ofs(E, u, ¥, o). It is also consistent with the
typical assumptions of the non-axisymmetric neoclassical
transport theory in the long mean-free-path regime, where
df, is solved by orbit averaging."*?° This leaves only two
components in the force balance to determine E, and thus E
is seemingly underdetermined. However, the orbit averaging
process also automatically eliminates the parallel displace-
ment .
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Note that no parallel component in the anisotropic pres-
sure tensor force also implies

V- ((0p) — dp1)b) +b-Vop, =0 (36)

and gives a convenient form for the anisotropic pressure
tensor

V-8 = (3p — dpL )k +Vdp, —b(b-Vpi), (37
where the curvature vector kB> = V | (p + B%/2). Using Eq.
(37), one can formulate the other two covariant components
of the force balance, i.e., €, OF and €y - SF.

As shall be seen, these two components are closely
related to the variation in the field strength and the action.
The non-axisymmetric variation in the action is defined and
is given by

i)

— a0 ((aus -~ 26) .

on the coordinates (/, 0,0 = g0 — ). This includes the dis-
placement of magnetic field lines through 6.7, which is often
neglected in NTV theories but is not ignorable. Even in
Hamada coordinates, this effect gives 7 — 1+ (V - £). The
subscript for each species s is omitted here for simplification
and will be omitted throughout this paper unless it is neces-
sary. As shown in Ref. 19, the parallel component of dis-
placement EH does not have any contribution and thus can be
dropped.

- %%d@é(ijH)

R)+uB(V-21)). GB)

C. Toroidal and radial force balance

The toroidal and radial balance can be obtained by eval-
uating —&, - (V -0?) and —&, - (V -9P) and combining
with the ideal force balance. The extended toroidal balance
becomes

£ =2, (x 0B —Vop—V -5P) (39)
and gives the distribution of the first-order toroidal torque by
each term and non-ambipolar currents. The radial balance is
also extended, and the LHS of Eq. (15), i.e., the term requir-
ing the radial derivative, becomes (5 I Vp op.
-B. 55), representing the perturbed thermal pressure and
magnetic pressure on the flux surface. The perturbed thermal
pressure now includes both adiabatic and non-adiabatic con-
tributions in the isotropic pressure.

To form a matrix representation of the remaining equa-
tions, we define linear operators

. 10 BZ> 7B - (V0xVe)oB
S=Ray (” * B a0 @O
(o =

s _1B (Vy x V0) 8B 1)

B3 90’
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. 0 ang [X'E- (W)x%)] d B
=50 oy B 20 154
10 {x JB - (VO x w)} @)
J 00 B2
. X’E-(Wxﬁo)] d 0
Z= [ B2 80+q8(p
JTR (O Vi
a{wB (vwxw)] _9
J 00 B2 d
and two kinetic multipliers
JB(2E — 2uB J uB>
WHEM, w, =18 (a4
vz v x

These operators are related to the action integral. One
can show

RS T||¥ @)
v-E | X z||e]
and thus
Tr . ’]2 61//
21 WJ__W” S
5][5]_313519[ » l* ! @1. (46)

Using these operators, Egs. (7), (8), and (37), the radial
and toroidal force balances become

ge, (V.s9) | [57] J(apl—am)]
_jg(p.(ﬁ.(si)) Xz Jop.
2nx’J S 7] [wi—w
=— dEdu| " . of ],
ae | Edn| & 5 . ][f]

(47)

where []" indicates the transpose matrix with the adjoint
operation for each element, i.e., S 7" X Z Note again
that the sum of each species s and sign of v is omitted for
simplicity. In the orbit averaged formulation, formally one
has of = L[0J] depending on the model of collisions, where
L is a linear operator independent of 6. Then,

Jeé, (V. 57)
~ge, (V. o)
271}(’J s 7 Wi —w|
= dEdu|
M? X z W
T 7][e
x§de.c WETWHLS S as
wi X Z 6“

The extra minus sign for the toroidal balance is used for
the difference between the coordinate o and ¢. One can see
that the symmetric self-adjoint structure will hold in the
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force balance if the operator L is self-adjoint. It is the colli-
sional process that breaks the self-adjointness in the operator
L and force operator OF, as will become clear in the energy
integral shown later.

The two balance equations are three-dimensional partial
differential equations but can be reduced to ordinary vector
equations using the spectral analysis for periodic coordinates
(6, @). It is convenient to separate the first order derivative
for ¢, as in the ideal case using

. 0 N
X =— . 49
o +Y (49)
Then, each term for the variation in the field strength
becomes

al
I

<i-

V-¢ =8, +YE, +Z5, (51)

SE, + TE,, (50)

where the matrices S, T, Y, Z are obtained using Eq. (20) for

each operator S ,j’ ,ji, Z. The action variation in Eq. (46)
becomes

87 =WIE, + W'E, + W’E,, (52)

where the row matrix vectors are defined as

wl=w,, (53)
WY = (W, — WS +W.Y, (54)
Wr =W, —-W)T+W,Z (55)

The elements of the sub-matrices W) and W, provide the
orbit integration in velocity space

W — bdo jB(ZE B zluB) ei(m—nq)() (56)
[,mn UHX’ )
B? .
W o = ffd@ jv fx’ im0, (57)

The extra factor e " is required since the action integral
should be done with fixed o.. In tokamaks, Eq. (52) represents
each element of d7, in 69=037,e". Using &f
(E, i, W, o) = 3f(E, u, p)e™™, each Fourier element of the
toroidal and radial tensor forces becomes

/!

72, (V- o7)]

ot
= WJdEdqumchn, (58)

I .
{jew (V- 5T)} = ]l%% (J dEd/leLéﬁJ
/
s agan(wiian). o9

and further one needs a kinetic model to have the perturbed
distribution function Jf, which will be discussed in Sec. V.
Nonetheless, considering 67 = WOE:// + W‘/’Elp + W*E, and
of = L[0J], one can always reduce two force balances to
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A=, +B,E, +C,E, =0, (60)
(DE), +E.Ey + BJE,) = EJE), + HEy + C/E,, (61)

unless £ involves the radial derivatives of 09. The above
equations look similar to the ideal force balance in Egs. (21)
and (22), but there are important differences. The matrices
now have kinetic contributions with a quadratic form related
to the matrices W9, wW¥ , W%, in addition to the ideal contri-
butions. Due to the collision term, the matrices Ay, Dy, H,
are not Hermitian any more, and B, # B,, C, # C,,
E, #E,.

The detailed form of each matrix will be discussed in

Sec. V. To shorten the description of the matrices, define the
MY as

M= M MY A, B, C,
M* M* MY |=|B] D E |, (62)
(" RS " I i Cl E H

and also the M as
mM> M2 MY A B, C
M>* M¥ MY |=|Bl D E|, (63)
M;//oc M}//a M;zn// clT Ej H;

for the ideal matrices, which give M; = M;. Then, Jf
= L[0J] leads to

.. b’ , . .
M7 = MY — # J dEdu(W' W), (64)

when it is combined with the ideal force balance. The kinetic
correction to the ideal matrices M; is small in low f, but the
importance increases in high f plasmas. In any case, the
kinetic correction gives the resolution of the singularity at
the rational surfaces whenever the torque is finite.

D. Non-self-adjoint Euler-Lagrange equation

Equations (60) and (61) can be combined similar to the
ideal equations, giving a new Euler-Lagrange equation

(FiE) + K.Ey) — (K/E), + GiEy) =0 (65)

but with non-Hermitian composite matrices

F. =D, —B/A'B,, (66)
K. =E,—B]A/'C,, (67)
K, =E - C/A.'B,, (68)
G, =H,-C/A'C,. (69)

The nature of singularity of the equation is also changed.
The composite matrices can be decomposed

F.=QF,Q-P/Q-QP, +R,, (70)
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K., = QK, + R,, (71)
K = K,Q + R, (72)

where the sub-matrices Fy, P;, P,, K;, K,, Rj,3 are all
non-singular as given in the Appendix. In the ideal case, the
matrix F; is semi-positive definite Hermitian and det(F) =0
at the rational surfaces v,, where ¢(,) = m/n. With the
kinetic correction without the torque, as found in collision-
less kinetic energy principles, F is still Hermitian, but
det(F) = 0 can occur at Yy =y, — o, ), + ag on either side
of the rational surfaces or det(F) becomes positive definite.
When the singular surface is split, the singularity becomes
logarithmic rather than power-like and is integrable. The
split of the singular surface occurs typically when the correc-
tion is locally destabilizing, as can be shown analytically in a
cylindrical limit. When the torque is finite, det(F) becomes
complex and the singularity is removed in the solution, as
well as in the torque integral. This is a consequence of the
self-consistent treatment of torque.

In the presence of torque, the Euler-Lagrange equation
is a regular second-order vector differential equation and
thus can be integrated throughout iy from the magnetic axis
to the edge of the plasma. Assigning the regular condition at
the magnetic axis, i.e., 2y = 6 there are M linearly indepen-
dent solutions when M number of poloidal modes are
retained. The M coefficients of a perturbed equilibrium are
determined by the prescribed boundary deformation in a
fixed boundary problem or by the applied external field in a
free boundary problem where the boundary deformation can
be determined by virtual casing principle as used for IPEC.

V. DRIFT-KINETIC SOLUTIONS FOR ANISOTROPIC
PRESSURE FORCE

Formation of the matrices described in Sec. IV, M and
all other composite matrices in the non-Hermitian Euler-
Lagrange equation (65), requires the calculation of df. The
relevant kinetic model in the first-order gyroradius ordering
is the drift-kinetic equation
%+(5|‘+5d)~Vf+Uaa—(f]=C[f], (73)
where U = E + q,¢ is the total guiding-center energy. Note
that g, is the charge of species, i.e., +Z for ions and —1 for
electrons, but the subscript s will be omitted hereafter for
simplicity. Taking the parallel force balance b- ﬁéf =0
for each species up the first order, the drift-kinetic equation
can be averaged over the bounce motion of trapped particles
and over the cyclic motion of passing particles in terms
of poloidal angle 0. By linearizing the equation from the axi-
symmetric Maxwellian equilibrium

99 L =, 00 L =, 0
7{ + (Ua - V“>h8_0{+ (Ta - V‘Mbaix
.. 0 N
(00, T = ¢, o), 74)

where the subscript b denotes the orbit averaging. This is
equivalent to the Hastie’s form'>~!

Phys. Plasmas 24, 032505 (2017)
oof 1 (Jy00f 07, afM> 07:0fu A
9o _ L (Je O 0% O ONGM _ A s (75
ot qy <]U oo Jy Oy Jy OU olof), (73)

where the subscript in J denotes the partial derivatives with
respect to each variable. This equation becomes analytically
tractable if additional ordering assumptions are made. The
treatments presented below are used and published by
various authors in works on the kinetic energy principle and
neoclassical non-ambipolar transport but here are further
generalized without geometric simplifications. When the
solution for Jf is used to evaluate the matrix M, the force bal-
ance Eqgs. (60) and (61) give the eigenfunctions minimizing
kinetic energy integral or perturbed equilibrium self-
consistent with NTV.

A. Force balance in fast MHD: Kruskal-Oberman (KO)

The collisionless kinetic energy principle originated
from the early work by Kruskal-Oberman (KO).'? The KO
limit essentially describes the energy associated with kinetic
motions of particles frozen to the magnetic lines of force, in
addition to ideal MHD in the fast MHD time scales, by
strictly neglecting the particle drift and collisions

0 07 Ofu)
o <5f B ay/aUaU) =

(76)

The perturbed distribution function here is identical to ones
obtained with the Lagrange multiplier in the KO approach.
The solution simply becomes

—_ P
5fk0 - ZanMéja (77)

where @, is the bounce frequency and T is the temperature
of the species. The matrix M in the KO limit can then be
obtained by

!

ij ij b
Mo =M+ ST

JdEd,u(wthW” W),  (78)

It is obvious that My, = M], as in ideal MHD, which is
expected from the collisionless kinetic energy principle.
This KO limit describes the kinetic perturbed equilibrium
state accessible in the fast MHD time scale, but the equilib-
rium should evolve further due to the drift motions of par-
ticles. Note that in the KO limit, the kinetic contributions
from both ions and electrons become identical if T;=T,,
n; = 1, and

Mko.iun = Mko,ele(,'tmw (79)

This can be seen from the action integral, and thus
(wpfuWTW7) /M?*  ne F/Tf(E, u) other than geometry and
field dependency.

B. Force balance in drift MHD: Krook,
superbanana-plateau (SBP)

On the slower time scale of the particle drift motion, the
time derivatives in the drift kinetic equation (74) can be
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ignored in perturbed equilibrium. This gives a drift kinetic
equation

Colof].  (80)

The corresponding kinetic energy principle can be developed
by neglecting collisions as shown in Refs. 13, 14, and 22.
Collisions break the energy conservation in the temporal
evolution of the perturbation, and thus the energy principle
cannot be used to assess the stability of the system with colli-
sions. The collisions also generate non-ambipolar diffusion
and toroidal torque, which is an important phenomenon
known as neoclassical toroidal viscosity (NTV) transport by
Shaing.” If the collision operator is approximated by the
Krook form Cj[0f] = —v(E)df, the Jf can be obtained in
integral form and can reproduce the drift-MHD Kkinetic
energy principle,"* NTV in the superbanana-plateau (SBP)
regime,”*** and combined-regime NTV  approxima-
tion.'”"?>2° In this case, the perturbed distribution function is

1 inwb an
Ofr =——————09, 81
i 2nqzna)p +v Oy ! 1)
where the orbit-averaged precession frequency w, = wg

+wg(E, 1) is the sum of the electric and magnetic precession
frequencies, respectively,

d®
=— 82
WE dy’ (82)

1/ dB d
w3_<ﬂa(zE ZMB)d—Xln(jB)>b. (83)

The matrix M in the Krook model then becomes

’\, 7
x J dEdy " Un Iu
2ngM? inw, +v dy

M/ =M/ + WiwWi.  (84)

The KO and SBP limits can be addressed by

o = lim i, M! = lim MY, (85)
WE—00 WE—00
Ofap = lim i, MY, = lim M. (86)
wp — wp — 0
v— 0 v—0

Note that the SBP limit also holds My, = Mvhp’ in two spe-
cies plasmas with T; =T, and n; = n,. This is due to the can-
cellation of the imaginary part between ions and electrons.
Using lim,, o v/(x* + 1?) = 1(x)

/

(M) = 2qu JdEd,ué(coB) <a),,

Similar to the KO limit, the quantity (w,(9fu/0y)
WitW/) /M? is identical for ions and electrons. The integral
with the delta function is finite through the point wg(E, 1)
= 0 and is identical for both species despite the sign depen-
dence in the magnetic precession since J(x) = d(—x).
Therefore, the sign remaining in ¢ makes ion and electron
contributions cancel each other in summation. This

8f—}”jV{/l’*‘W!’) . (87
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cancellation occurs, of course, only when v is low enough
for both ions and electrons to be in the SBP regime and only
when oz = 0. Nonetheless, a local region near the pedestal
in thermonuclear tokamaks can satisfy both conditions and
thus may enter this zero torque regime.

C. Force balance in drift MHD: Lorentz

A more frequently used collision model in the drift-
kinetic equation is the Lorentz pitch-angle operator

0 20
Clof) = y@) o <Mv| “a_,{)' (88)

The orbit averaged form in Eq. (80) then gives

q | 2Zmowp oo v O Moy 9of
an[ of + ln(‘?u((Jdl ) 0/1)]‘ (89
0y

0 =—

The solution for Jf with the pitch-angle operator is analyti-
cally intractable and thus, in general, requires solving cou-
pled differential equations with force balance. One way to
examine the structure of the solution is to make asymptotic
evaluations, leading to the popular 1/v regime or v — /v
regime.”*?’

1. 1/v regime

The 1/v regime is a characteristic transport process that
can be found only in non-axisymmetric configuration. If the
precession is slow compared to the collision rates, i.e.,
), < v, one can ignore the first term in the RHS of Eq. (89)
and obtain the solution by integration. Integration by parts
gives
; i ny' 10y [duW'™ [ duw’
M7, = MY 4 i qy JdEd ML”;—I & ;cf e

(90)

where K = ufdl |, and complete generality in tokamak
geometry has been retained. The 1/v approximation results
in a purely anti-Hermitian addition to the ideal force, which
breaks the self-adjointness of the force operator. There is no
kinetic contribution to the Hermitian part from the first order
solution in the expansion of w, /v.

2. v—\/v regime

The opposite limit is analytically solvable, as can be
seen by ignoring the second term in the RHS of Eq. (89).
The solution then simply gives what can be obtained by the
Krook operator in the limit v — 0, i.e., MZ = lim,_,o Mp,.
The anti-Hermitian part, or toroidal torque, appears from
the next order correction as described in Ref. 21. One can
show

i 4 p Iy 4
MU M] dEdy—"2W"W/ +i—*
2n qMZJ w, Oy 47‘52on2

an waﬁ 0 (Uij
E — . 1
Jdd,uICa 8,u<cop >8u<co,,> On
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The anti-Hermitian part above is unfortunately non-
integrable in p space due to the 9/0u steepened singularity.
This mathematical singularity can be removed by restoring
the collision operator in a thin layer at the trapped-passing
boundary as shown in Ref. 27, resulting in a more compli-
cated formulation and in the /v regime.

The purpose here is to simply demonstrate the quadratic
dependency of force balance on the action integral compo-
nents with the Lorentz model. It should be emphasized that a
model with a Krook operator is more practical than regime
based approaches due to several important reasons described
in Ref. 17; (1) It is difficult to choose a dominant regime due
to significant overlapping and rapid variations of wg vs. v, in
radial and also in energy space. (2) The connection of differ-
ent regimes in velocity space that addresses this has not been
extended to include transport through orbit resonances.?® (3)
Orbit resonances, such as bounce-harmonic and transit-
harmonic resonances, are what typically dominant transport
since particles in orbit resonance do not undergo phase-
mixing and are effective in the 1/v regime.”’

D. Force balance in drift MHD: Krook with orbit
resonances

The formulation given previously for a Krook model
can be easily extended for trapped particle bounce-harmonic
resonances and passing particle transit-harmonic resonances
when wp ~ O(wp, ;). One can expand ofiss = >,y 5t Por,
Where the phase factor P, = e 2"(=ma)oh(0) with h(0)

f dOJBvD/UH deOJBUD/vH. Here, 7 =1(0) for
passmg (trapped) particles.

With the expansion above, the orbit-averaged distribu-
tion function is

1 inwy, Ofu
Ofres = - ; I 5900 (92
T ;ani[(z — pnq)wy, — nw,| —v Iy Jot; 92)

where ), is the bounce frequency for trapped and passing
frequency for passing particles. The action integration 07,y
can be obtained simply by modifying Egs. (56) and (57)

B(2E — 2uB )

WHﬁ/fnm = %d@%’])ﬁel(ﬂl—nﬂ@’ (93)
B? )

WL,H/fmn = }d@ jvlllll// P”Ze’(mfnq)o. 94)

Note that the bounce integral ¢ d0 includes each half (co and
counter) for trapped particles in the present notation. Also,
®; = ||, while w, is always positive. The matrix M is
then

MZ[Y = ’” 5 X ZJdEd,u
aa'l
Inwp, an

X
i[(é — ong)wp, —

wi W 95
nco,,}—y(?,{ oiWor- 03

The asymptotic behaviors of this formulation recover a num-
ber of interesting regimes. This formulation of the force
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balance recovers the collisionless kinetic energy principle
derived by Porcelli'*

Ofpo = lim ofiqs, M), = lim M. (96)
Another interesting limit is the Chew-Goldberger-Low
(CGL) double adiabatic limit, as it has been shown that

wg — oo limit of W, with all ¢ summation is identical to
OW,g.” Thus

5fcg/: lim 5fk£sa Mlcjg[: lim MZE& O7)
WE—00 Wg—00

The orbit resonance is a critical process to enhance
transport and is essential to describe kinetic stabilization and
neoclassical toroidal viscosity. This is true even if the plasma
rotation is generally low, as expected in ITER, since local
g, can still be large enough to resonate with w,,, w,, or wg of
some fraction of particles. In the self-consistent force bal-
ance, however, a subtlety arises since Ofyss = Ofies(V, 0, 1),
that is, the perturbed distribution function has a gradient
along the field line. First, this can break the parallel force
balance Eq. (35) since obviously now b - ﬁéfus # 0, and
next, the variation in the action Eq. (38) is no longer inde-
pendent of ¢. The parallel force balance can hold in princi-
ple if ¢ is maintained to balance b- V&fkh # 0 for each
species and between co and counter-rotating particles,
although the meaning of ¢ is ambiguous in the kinetic the-
ory. Within the scope of this paper, the force balance with
orbit resonances is only an approximation. Indeed, one can
show that b - Ofwes 18 cancelled between co and counter-
rotating particles at the turning points, which typically domi-
nate transport. More rigorous treatment of the parallel force
balance with strong precession and orbit resonances will be
discussed in a separate paper.

VIi. ENERGY AND TORQUE INTEGRAL

The energy and toroidal torque associated with perturba-
tions can be obtained by integrating fdx3(_é . 0F), where the
perturbed force OF = 0] x B+] x 0B — V -2, In force
balance, 6F = 0 and thus perturbations have no total energy
and torque of their own. This implies that an external system,

such as non-axisymmetric coils, must provide energy and
torque to the plasma. If only the energy and torque of the

plasma volume are considered, i.e., fpdx3(z - OF ), the inte-

gral becomes
26W +i %2 = Zantdedq)j(é'”*éF,/, ~ &R, ), (98)
n

when 0F) = 0. Here, all the quantities are complex due to
toroidal Fourier decomposition. Then, Eq. (47) implies

2 !
26W + i%‘” = 20W, — %‘dewdwu( ST°5f),  (99)

where 0W; is the perturbed energy in ideal MHD, and Eq.
(48) implies
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@17 s 1
T
2 L = E JO
oW +i P v Jdlﬁdqod d,u%de l?] 3 2
T
el
wi w
S 7 W
‘? 7: : (100)
X Z &

Clearly, all the operations are self-adjoint, and the torque
7, =0 if of = L[07] is self-adjoint without collisions. In
the matrix representations used in Sec. IV, one can also
show

T _ _
20W + it =4 Jdlp( =IAE, + EB,Z), + EC.E,
+ B/B]E, + B[ C]B,+E]D:E, + E]E.Ey

+ HwE}:{p +EJHEy

~—

z4n2Jd¢(E* ‘M. E), (101)
where E! = [Z,, E), Ey]. Eliminating E, and using Eq. (60)
on the force balance, the energy and torque integration
becomes

26W + i 2 = 4z’ de AR

(102)

since the volumetric term vanishes by the Euler-Lagrange
equation (65).

A. Plasma response matrix

The equation above can be rewritten as

26W +i 22 = E{RpE,, (103)
n

where Rp is the plasma response matrix consistent with force
balance. Rp can be obtained if one solves general solutions
of the Euler-Lagrange equation. Let Ey be a M x M matrix
containing M linearly independent £, solutions in each col-
umn. Then

Rp = 47°(F.E), + K,E))Z,". (104)
The plasma response matrix Rp(y/) is non-Hermitian, con-
taining information about both energy and torque driven in
the plasma region (0, /] associated with the plasma displace-
ment =, (). The loss of Hermiticity in the plasma response
matrix is the manifestation of non-self-adjointness. In this
case, the stability of the system cannot be determined merely
by the sign of the minimum eigenvalue of Rp but requires
the dispersion relation with kinetic inertia and appropriate
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boundary conditions such as a resistive wall. In terms of per-
turbed equilibrium, however, one can still address how much
the system will gain or lose energy and torque through each
eigenmode using the eigenvalues of separate eigendecompo-
sitions of the Hermitian and non-Hermitian parts of Rp,
respectively.

B. Torque response matrix

The anti-Hermitian part of Rp provides the torque asso-
ciated with the plasma displacement for each surface . It is
more practical, however, to relate the torque and its profile
to driving, external non-axisymmetric perturbations. For
this, one can relate Z, (1) to the total perturbed field mea-
sured at the plasma boundary @ at =, and then to the
external perturbed field using the permeability matrix P
through the virtual casing principle, ® = P®*."> The total
field at the boundary is related to the plasma displacement at
the boundary Z,;, = () with ® = 'QZEy,,. All together

Lo _ o=t (mom-l f == 1\=

N EET P/y) R (245,507 'P/7) 0",
=0 TA () D", (105)

where the last expression is similar to one by Boozer, but
A(y) is the inductance function of the plasma for (0,y].
Taking only the Hermitian part, one can show

X G (AT AT
oW = df‘T%df = oWy (Y)D',  (106)
where Wy is the energy response matrix function relating the
energy inside i/ to the external field applied on the plasma
boundary. Similarly, taking the anti-Hermitian part gives
A=A
fpm o AT AT

O Ty (1)) D"
% x(Y) 7,

(107)
and Ty is the torque response matrix function for external
fields at the boundary.

The torque response matrix function is a unique and sig-
nificant result of the formulation presented in this paper.
Tx(y) contains all the information about any possible tor-
ques from external fields, for a given axisymmetric equilib-
rium. The torque here is identical to what is called the NTV
torque and is self-consistent with the first order perturbed
equilibrium force balance. Therefore, optimization of exter-
nal fields for NTV applications is just a matter of examining
Tx (). In fact, NTV represents neoclassical transport driven
by non-axisymmetric fields in tokamaks and thus Tx (1) pro-
vides a method of systematic 3D neoclassical optimization
in tokamaks, which can also be extended to stellarators with
the relevant drift-kinetic model. Note that in the past, NTV
or neoclassical optimization of the external 3D field has
been considered a complicated non-linear problem requiring
the applications of various non-linear optimizers such as
STELLOPT.”!
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The torque response matrix function itself is obviously
Hermitian by Eq. (107), having eigenvalues and eigenvec-
tors. For example, the maximum eigenvalue is the maximum
torque inducible inside a given radius (0,] with unit nor-
malized field or power, and its eigenvector corresponds to
the external field required to generate that maximum torque.
Similarly, the minimum eigenvalue and eigenvector corre-
spond to the minimum torque that any unit external field can
produce and so on. More complex optimizations are possible
as well, such as localized NTV optimization between
(Y1, ¥,), when the total torque is fixed or power of field at
the boundary is fixed. The Tx (1)) may be required to be posi-
tive definite for some of these problems, as otherwise con-
straints such as fixed total torque can make the problem
singular. However, as long as the questions and constraints
are well-posed, Tx () turns the very complicated non-linear
neoclassical 3D optimizations into simple quadratic matrix
optimization problems.

VIi. DRIVEN NON-AXISYMMETRIC FORCE BALANCE

The direct treatment of non-axisymmetric force balance
described in Secs. I-VI enables the simple addition of any
arbitrary force 0F = 5.7-',/,61,0 + 0F V0 + 5.7-'(,,6(/). The
parallel force balance in Sec. IV B indicates h-0F =0 to
have a solution, giving a constraint VoF 0= —qﬁé.’F » and
thus 0F = 0F Ipﬁl// —O0F q,ﬁoc. The toroidal and radial com-
ponents of force balance are then simply

AkEoc + BuE:/, + CuEw = .'7:(/)’ (108)

(DE), + E,Ey + BjE,) = E[E), + HiEy + C[E, + 7,
(109)

where ¥, ) represents a vector with Fourier elements of
each 0F ). The Euler-Lagrange equation becomes an
inhomogeneous vector differential equation

(FZ, + K.Ey) — (K[E), + GEy) = Fa, (110)
where the driving force ¥, is given by
Fa=—(BA'F,) +CA Ty + Fy. (111)

The particular solution of this equation will change the inter-
nal structure of the perturbed magnetic field and displace-
ment, as well as the coupling to the vacuum region. It will
also change the energy and torque associated with the pertur-
bation. Eliminating =, by Eq. (108) and using Eq. (111) to
eliminate the volumetric term, one can obtain

26W + i% — 4°E]) (Fkag/ + K.y + B}A,;lrfq,), (112)
which is similar to Eq. (102).

VIil. SUMMARY AND DISCUSSION

This paper presents a new Euler-Lagrange equation
derived from force balance with first order anisotropic pres-
sure driven by non-axisymmetric fields. Like Glasser’s ideal
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Euler-Lagrange equation, the new form is toroidally general-
ized using magnetic coordinates. As just discussed, an arbi-
trary driven force VF can also be added as an
inhomogeneous term of the FEuler-Lagrange equation.
Comparing the Newcomb cylindrical equation, the Glasser
toroidal equation, the toroidal anisotropic equation and the
toroidal driven force balance equation, one has,

< (&) —g& =0,

- (FE), +KZEy) - (KIE), + GEy) =0,

* (FE), + K.Ey) — (K[E), + G,Ey) =0,
* (FE), + K.Ey) — (KIE), + G:Zy) = Fa.

The cylindrical Newcomb equation is a scalar differential
equation for each (m, n), but the toroidally generalized ver-
sion by Glasser is subjected to poloidal mode coupling, lead-
ing to a vector differential equation. It is quite
straightforward to extend Glasser’s equation to full 3D
geometry, e.g., stellarator geometry, with a poloidally and
toroidally coupled vector differential equation. This is future
work, and an important issue will be how to properly treat
ideal constraints near resonant surfaces when magnetic surfa-
ces may be intrinsically absent in the unperturbed state.
Including the anisotropic pressure tensor, the force balance
equation is generally not self-adjoint, which is manifested in
the non-Hermitian matrices Fy, K, ;,Gi. The resulting
equation is called a non-Hermitian Euler-Lagrange equation
for 0W, although it is not a result of a variational method but
derived directly from the three components of force balance.
Finally, the inhomogeneous non-Hermitian Euler-Lagrange
equation can be constructed if an arbitrary force is driven in
the plasma volume.

The new matrices Fy, K, ;, Gy are composite matrices
with 9 modified matrices M, as shown in Egs. (66)—(69). The
matrices in M contain action integrals in general geometry
and can be calculated in integral form if a perturbed distribu-
tion function is given, as presented in Sec. IV C. As shown in
Sec. V, the matrices M can be obtained in various drift-
kinetic models, including collisionless Kruskal-Oberman,
CGL, Pocelli, or collisional 1/v-regime, v-regime, SBP-
regime, and combined formulation for orbit resonances in
general tokamak geometry. When the collisional effects are
accounted for, the method yields force balance self-consistent
with neoclassical torque by V - oP.

The energy and torque integral with this force balance
represents physical quantities of the second order in pertur-
bations as shown in Eq. (102). When the Euler-Lagrange
equation is solved for M linearly independent solutions, one
can construct the general plasma response matrix, which is
non-Hermitian with energy and torque. Changing basis from
displacements to external fields and taking the anti-
Hermitian part, one can derive the torque response matrix,
Eq. (107). The torque response matrix function Ty (i) pro-
vides all the information for self-consistent NTV torque pro-
file variations that external magnetic perturbations can
possibly generate. It can thus be used to systematically opti-
mize fields for desired torque profiles.

The numerical implementation of the formulations pre-
sented here are straightforward when M is supplied by
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subroutines, by integrating the new Euler-Lagrange equation
with M linearly independent boundary conditions, and by
coupling the solutions to external systems. As this procedure
has already been successfully implemented in DCON and
IPEC, these codes have been extended to build a general per-
turbed equilibrium code (GPEC). GPEC is not a stability
code unless a Hermitian kinetic limit is taken (e.g., Kruskal-
Oberman), but it does calculate the kinetic force balance, as
well as self-consistent NTV torque. The numerical imple-
mentation and applications of GPEC will be presented in
separate works.

The addition of an arbitrary driven force gives the inho-
mogeneous Euler-Lagrange equation for J6W, which will
have important future applications. For example, perturbed
equilibrium could be calculated consistent with non-
axisymmetric neutral beam injection torque. Another inter-
esting example is the incorporation of NTV torque calcula-
tions by first-principle transport codes such as XGCO,>
POCA,*? and FORTEC-3D* into the general perturbed equi-
librium code through this inhomogeneous term. When a
transport code supplies the perturbed distribution function
and first-order neoclassical torque as a function of space
based on a given 0B structure, one can solve the inhomoge-
neous Euler-Lagrange equation to update OB. This iterative
process provides a unique path to integrating perturbed equi-
librium and computationally demanding transport codes.
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APPENDIX: MATRIX OPERATORS ON GENERAL
COORDINATES

The ideal matrices used in Eqgs. (21) and (22), or M; in
Eq. (63), are functions of geometry, p’ and ¢. Following
Glasser’s notations for metric tensors, define the indices 1, 2,
and 3 for (y, 0, ) and the geometric matrix

— —

_ 1 i(m'—m)0 €a - €p
(Gun)yy = 2nj£dee 2, (AD)

—

where e, are covariant basis vectors. Also, define
M = mo,m, Q = (m — nq)dyy, and Jacobian matrix

1 ; /
= %fi;dﬁe’(’” g, (A2)

Then, A;, B;, C;, D;, E;, H; matrices are given by
A; = 7?[n(nGx + Gy3M) + M(nG3, + G:sM)],  (A3)
B: = —iy?[n(Gx + ¢Gx) + M(Gx + ¢Gx3)],  (Ad)

C; = —iy/ [} (MG3, + nGx) + (q7') (MG33 + nGy3)]
—7*(MG3,Q + nG,,Q) + i(2ny/f'Q — np'J), (A5)
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D; = 1*(Gx + ¢Ga; + ¢Gx + ¢*G33), (A6)
E =7 [/ (Ga + ¢Gn) + (q) (G2 + ¢G33)]
—l')(lz(Gﬂ + qG31)Q —l—le, (A7)

H, = 7" (X"Gx + (¢1)'Gas) + (q1) (¥"G2s + (41') G33)
+i7 [7'(MG2 — Gy M) + ¢(7/)' (MG — G5 M)]
+7°QG1Q +p' (/7 + ') = 2nf'q 4. (A8)

These matrices are identical to (A6) in Ref. 7, except the dif-
ferences in normalization due to E; = y'E, and (0, ¢)
defined in (0,2m) rather than (0, 1), concluding the equiva-
lence between the minimum energy state and force balance.
The composite matrices in Eqs. (24)—(26) in the toroidal
Newcomb equation can be decomposed further with respect
to the singular factor Q. To do this, define b = i(y*/n)
(nGp; + MG3;) and rewrite B; = —(i/n)A; + bQ. Then, one
can easily show F; = QF;Q and K; = QK; with

F:=(4/n)*Gs; —b'A; 'b, (A9)

Ki = — (¢ /n)({"Gas + (¢1) G3z — iy G3:1Q — 27f'1)
~b'A'C,, (A10)
which are again identical to the definitions in Ref. 7.

The non-Hermitian composite matrices in Egs. (66)—(69)
for the new Euler-Lagrange equation can also be decomposed
with respect to Q, as presented in Egs. (70)—(72). Define the
kinetic correction as M = M; + M,, for example, A, = A,
+A,, B,=B;+B,, and B, =B; + B,, and also write
ba, = Bay, + (i/n)A, and b, =B, + (i/n)A,. Then, one
can show

Fir = (//n)*Gs; —b'A'b, (A11)

K., = _bTAk_lcu — (' /n) (%" G + (C]X/)/GB
—iyG3Q —2nf'l), (A12)

K= —C/TAZIb — (4 /n)(4"Gas + (1) Gs3
- iX/G31Q - 27‘Efl|), (A13)
P, =b'A by, (A14)
P, =b'Al by + (i/n)b" (1 - A 'AY), (A15)

R, =D, — Al/n? + (i/n)b], — (i/n)A]A; by, —b] A by,

(A16)

R; = E. — (i/n)Cu + (i/n)(1 — AJA;")C, — b A'C,,
(A17)
R; = E!, + (i/n)C}, — CIA; 'by,. (A18)

The matrices F; and Ru,z are similar to the ideal ones but
with kinetic corrections through A; and C, ;. Assuming that
the kinetic corrections are small, i.e., |[M;| > |M,|, one can
see that the matrices P,; and R;,3 are all small in size.
Thus, despite the absence of the singularity, it can still
be important to separate the Q factor in numerical
implementations.
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