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• Compressional (CAE) and Global Alfvén eigenmodes 
(GAE) proposed to cause high anomalous core χe

• New multi-channel reflectometer analysis ⇒ more 
accurate δn amplitude and structure

• δn + simulation of e– drift orbit modification ⇒ GAEs 
too small to explain χe from TRANSP

• Measurement compared to HYM simulations
– Measured and simulated GAE structures show similarities

• New δn + HYM Poynting Flux ⇒ CAE-KAW energy 
flux small

Novel reflectometry analysis shows CAE/GAE δn
too small to explain anomalous χe
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Motivation: CAEs & GAEs candidates for 
core energy transport in NSTX

• CAEs & GAEs excited by Doppler-
shifted cyclotron resonance with beam 
ions 
[N. N. Gorelenkov, NF 2003]

• CAE & GAE activity correlates with 
enhanced 𝜒% in core 
[D. Stutman, PRL 2009; K. Tritz, APS 2010 Invited Talk; N. A. Crocker, PPCF 
2011]

– Te profile flattens as PNB increases
– 𝜒% from TRANSP modeling 

• Two leading hypotheses:
– Stochastization of e– guiding center 

orbits enhance 𝜒% [NN Gorelenkov, NF 2010]

– Coupling to KAWs = missing transport channel ⇒ TRANSP 
gets 𝜒% wrong [Ya.I. Kolesnichenko, PRL 2010, E.V. Belova, PRL 2015]

[D. Stutman et al., PRL 102 115002 (2009)]



459th APS DPP, “Local CAE & GAE structure on NSTX & effect on core energy transport”, N.A. Crocker, October 23-27, 2017

• 16 channels in two arrays: “Q-band” & “V-band”
–30 – 50 GHz & 55 – 75 GHz

• Arrays closely spaced
– Separate launch/receive horn pair for each array

• Propagation direction: −𝑅(	⇒
frequency array = radial array

• large radial range in high ne plasmas 
(n0 ~ 1 – 7 x 1019 m-3)

Reflectometers provide radial array of 
measurements

NSTX cross-section

Launch and Receive Horns

30-50 GHz

55-75 GHz ne from 
Multipoint 
Thomson 
Scattering
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Reflectometers measure density 
fluctuations in plasma

• Microwaves reflect at “cutoff”
– O-mode: w2 = wp

2 + c2k2

– microwaves reflect at k = 0 
(wp = w)

• Measurement: path length 
fluctuations (dl) caused by dn

• dl sensitive to cutoff motion, but dn along path 
contributes (a.k.a. “interferometer effect”)

– cutoff motion dominates as kr → 0 (rigid displacement)

electric field

Microwave (“O-mode”) propagation
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• Reflectometer array sees 
global modes identified as 
CAEs & GAEs 
[N.A. Crocker, PPCF 2011]

• New analysis gives δn/n0; 
in core:
– CAE: δn/n0 ~ 10-4 – 10-3

– GAE: δn/n0 ~ 10-5 – 10-4

• δn from measurements via 
“synthetic diagnostic”

• Reflectometer “signal-to-
noise” improved via 
correlation with δb

Reflectometer array measures δn of 
CAEs & GAEs 

core reflectometer 
(75 GHz )
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Cutoff displacement basis functions
(cubic “B-splines”; cutoff locations as knots)

𝑑. 𝑅

𝛿𝑛. 𝑅 =
−𝑑. 𝑅 𝛻𝑛3 𝑅

δn determined via synthetic diagnostic
• Synthetic diagnostic models path length

– WKB path length integral:

𝑙 = 𝑙3 + 𝛿𝑙 = 6 𝑑𝑅 1 − 𝜔9: 𝑅 /𝜔:�

<=>?@AA

<BCDB
𝜔9: 𝑅EFGHII = 𝜔:, 𝜔9: = 𝜔93: + 𝛿𝜔9: ∝ 𝑛3 + 𝛿𝑛

• 𝛿𝑛	modeled with cutoff displacement (d) 
basis functions:

𝛿𝑛 𝑅 = −𝛻𝑛3 𝑅 L𝑎.𝑑. 𝑅
�

.
– cubic B-splines for 𝑑. 𝑅
– set of 𝑎.⇒ 𝛿𝑙I.G	for all channels
– find of set of 𝑎. to minimize 

𝜒: =L 𝛿𝑙N,O%PQ − 𝛿𝑙N,I.G
: 𝜎N,O%PQ:S

�

N

7
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• Fit naturally yields 𝑑 𝑅 along 
with 𝛿𝑛 𝑅 	

• Fit sensitive to noise
⇒ use smoothed 𝛿𝑙O%PQ for 
inversion
– smoothing = low spatial filter
– smoothed 𝛿𝑙 within uncertainty of 
𝛿𝑙O%PQ

– can’t know if short scale structure 
in 𝛿𝑛 is real, given uncertainties

δn determined via synthetic diagnostic

𝑑%II =
𝛿𝑙
2

𝑑
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• global mode observed by 10 bdot coils (HN array)
• “filter” signals with SVD ⇒ global mode w/reduced noise

– SVD factors space & time dependence of signal matrix:
𝑏NV = 𝑏WN 𝑡V → 𝑏W3N𝑏WZ[H\P[ 𝑡V + 𝜖N(𝑡V)

• Steps before SVD …
1) bandpass filter coil signals to isolate mode
2) make signals complex ⇒ spatial phase (e.g. nϕj) factors out automatically:

𝑏WN 𝑡 = 𝐴 𝑡 cos 𝜃 𝑡 + 𝜃3N → 𝑏W(N 𝑡 = e
:�
𝐴 𝑡 𝑒. g G hgij =

1
2�
6 𝑑𝜔𝑒.kG 6 𝑑𝑡l𝑏W 𝑡l 𝑒m.kGn

o

mo

o

3

Singular value decomposition gives better 
“global mode” δb

SVD

bdot coil signals “global mode”

“noise”
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• SVD solves factoring problem
𝑏W(N 𝑡V = 𝑏W(3N𝑏W

(
Z[H\P[ 𝑡V + 𝜖N̂ 𝑡V

• by minimizing 𝜒::
𝜒: =L 𝑏W(N 𝑡V − 𝑏W(3N𝑏W

(
Z[H\P[ 𝑡V

:
�

N,V

•⇒ spatial coefficients (𝑏W(3N) of global mode from 
eigenvector of correlation matrix with largest 
eigenvalue:

𝐂𝐛tu 3 = 𝜆𝐛tu 3
𝐂 .N = 𝑏W(. 𝑡 𝑏W(N∗ 𝑡 , 𝐛tu 3 N

= 𝑏W(3N

SVD finds global mode from 
eigenvector of signal correlation matrix
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• CAEs have large, broad 
core peaks & small edge 
amplitude

• GAEs have low 
amplitude, broad 
structure in core & large 
edge peaks

• Note: large edge peaks 
can be caused by small 
edge radial 
displacements

CAEs and GAEs 
have different δn structure

GAEs

CAEs
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New analysis gives 2–4 x larger 
cutoff displacement (𝑑)

• Old analysis: 
𝑑%II = 𝛿𝑙/2
– 𝛿𝑙 attributed to cutoff 

displacement (“mirror 
approximation”)

• New 𝑑	 is 2 – 4 x larger 
⟹ larger plasma 
displacement

• Cutoff displacement ≠ plasma displacement
– Compression also causes cutoff displacement



1359th APS DPP, “Local CAE & GAE structure on NSTX & effect on core energy transport”, N.A. Crocker, October 23-27, 2017

Plasma displacement (𝜉) 
estimated from 𝛿𝑛

• Get 𝜉 from measurement:
𝛿𝑛 𝑛0⁄ = −∇ ⋅ 𝛏 − 𝛏 ⋅∇ln(𝑛3)

• Neglect finite 𝜔 𝜔E.⁄ , 
assume 𝐸∥ = 0
∇ ⋅ 𝛏 = ∇ ⋅ 𝐄×𝐁 −𝑖𝜔𝐵:⁄

≈ −𝛿𝑏∥ 𝐵3⁄ − 𝛏 ⋅
1
2𝛽∇ ln 𝑝3 + 2∇ ln 𝐵3

• GAEs: 𝜉< ≈ 0.7𝐿� 𝛿𝑛 𝑛⁄
@	R	=	1.15	m
– assume 𝑏W∥ = 0

– 𝐿� ~ 1.7 m

– 𝑛3 𝑛 ≈⁄ 1.05
• CAEs: 𝛿𝑛 𝑛3⁄ ≈ −𝛁 ⋅ 𝛏 ≈ 𝛿𝑏∥ 𝐵3⁄

shot 141398
t=582 ms

partial kinetic EFIT + 
Thomson Scattering



1459th APS DPP, “Local CAE & GAE structure on NSTX & effect on core energy transport”, N.A. Crocker, October 23-27, 2017

• Anomalous core 𝜒% (~ 35 m2/s) 
in 6 MW H-mode

• e– guiding center orbit spreading 
simulated by ORBIT => 𝜒%
(see e.g. [NN Gorelenkov NF 2010])
– B-field from experiment (BT0=0.45 T)
– at t = 0, isotropic thermal population

(Te = 1 keV), δ-function at 𝛹N
½ = 0.15 

– collisionless
– population spreads with time => 𝐷%, 𝜒% =

�
:
𝐷%

• 8 GAEs
– ξrms ~0.4 mm (using 𝜉 ≈ 𝛿𝑛 𝑛3⁄ 𝐿�)
– ω= k||VA => |m| = 0 – 2
– poloidal+toroidal Fourier modes used 

𝜒%from GAEs simulated for 6 MW H-mode 
141398, t = 0.58 sec

simulation
location

f	(kHz) n m ξ (mm)
383 -8 -2 0.1
393 -7 -1 0.11
401 -8 -2 0.13
436 -7 0 0.12
491 -8 0 0.06
515 -7 1 0.21
563 -6 2 0.05
567 -8 1 0.25
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𝜒%from GAEs in simulation much less than  
from TRANSP

• 𝜒%<< 1 m2/s for ξrms ~ 𝛿𝑛 𝑛3⁄ 𝐿�
• scaling study ⇒	𝜒% sensitive to amplitude (𝜒% ∝	ξ3.76)
• need ξ = 10*ξrms for agreement with TRANSP 

𝜉 OQ 𝛿𝑛 𝑛3⁄ 𝐿�⁄
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• 7 CAEs (15 modes total)
• If CAEs are shear modes: 

CAE δn >> GAE δn⇒	CAE ξ >> GAE ξ
– ξrms ~1.8 mm for CAEs (1.9 mm all modes)
– using 𝜉 ≈ 𝛿𝑛 𝑛3⁄ 𝐿�

• Shear CAEs ⇒ large m
–ω= k||VA => |m| = 4-10

• 𝜒% = 8 m2/s at ξrms ~ 1.9 mm 
– expect 2 m2/s from GAE-only simulation scaling
§ more modes = more stochastic?

• Need ξrms ~ 3*(1.9 mm) for 𝜒% = 34 m2/s ~ 𝜒%,expt

Inclusion of CAEs as shear modes
increases simulated 𝜒%, but still not enough

f	(kHz) n m ξ (mm)
602 -5 4 0.31
633 -4 5 1.23
648 -1 8 1.05
695 -5 5 0.26
720 0 10 0.36
726 -3 7 0.57
800 -4 7 0.32
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Initial comparison of HYM simulation & 
measurement promising

• Hybrid MHD (HYM) code 
simulates CAE structure 
& stability
– 3D, ideal MHD fluid & 𝛿𝑓

solver full orbit fast-ions
– realistic equilibrium

• Simulation & experiment 
compared for beam 
heated H-mode plasma

• Most-unstable modes have f & n similar to observed 
experimental spectrum [E Belova PoP 2017]

dx

dt
¼ v

dv

dt
¼ qi

mi
E" gdJþ v$ Bð Þ

dw

dt
¼ " 1" wð Þ d ln F0ð Þ

dt

(3)

where w ¼ dF=F and F0 is the equilibrium distribution func-
tion, taken to be a function of the particle integrals of motion
F0 ¼ F0ðe; k; p/Þ, where e is the particle energy, k ¼ lB0=e
is the pitch-angle variable, p/ ¼ "wþ Rv/ is the normalized
toroidal angular momentum, and l is an adiabatic invariant
l ¼ l0 þ l1,26 including first-order and some of the second-
order corrections in qi=L, where L is the equilibrium mag-
netic field scale length.

For the simulations presented in this paper, the equilib-
rium distribution function is taken to be of the form:26

F0 ¼ F1ðvÞF2ðkÞF3ðp/Þ, where v ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2e=mi

p
is the particle

velocity, and functions F1;2;3 are defined by

F1ðvÞ ¼ 1=ðv3 þ v3
'Þ; for v < v0;

F2ðkÞ ¼ C expð"ðk" k0Þ2=Dk2Þ;

F3ðp/Þ ¼ ðp/ " pminÞ=ðpmax " pminÞ
" #a

; for p/ > pmin;

where F0 ! 0 for v > v0 or p/ < pmin; v0 is the injection
velocity, and we assumed v' ¼ v0=2. The parameters for the
pitch-angle distribution are Dk ¼ 0:3 and k0 ¼ 0:7. The func-
tion F3ðp/Þ is used to match the TRANSP profiles of the beam
ion density, where a¼ 6 is a numerical parameter, and the con-
dition p/ > pmin describes a prompt-loss boundary, where
pmin ¼ "0:1w0 and pmax ¼ R0v" w0 was assumed, R0 is
magnetic axis radius, and w0 is value of poloidal flux on axis.
A generalized form of the Grad–Shafranov equation solver has
been developed, which includes, non-perturbatively, the effects
of the beam ions with anisotropic distribution.26 The beam ion
beta in the NSTX can be relatively large, and the beam ion cur-
rent density can be comparable to that of the thermal plasma.
As a result, significant modifications of equilibrium occur due
to self-consistent inclusion of the beam ions: more peaked cur-
rent profile, anisotropic total pressure shifted relative to the
flux surfaces, and increase in Shafranov shift—which all can
have an indirect effect on stability properties.

III. SIMULATIONS OF SUB-CYCLOTRON FREQUENCY
MODES FOR NSTX SHOT 141398

The excitation of CAEs has been studied for the H-mode
plasma of NSTX shot 141398, and equilibrium profiles and
plasma parameters have been chosen to match magnetic field
and plasma profiles for this shot using the TRANSP code.29

In the experiment, the plasma was heated by 6 MW of 90 keV
Deuterium beams with nb¼ 3:5 (1018m"3; ne¼ 6:7 (1019m"3;
Bt¼ 0:325 T, and Ip¼ 0:8 MA. For this particular shot, nor-
malized beam ion injection velocity was high, v0¼ 4:9VA, due
to a relatively low toroidal field, and as a consequence, signifi-
cant GAE/CAE activity has been observed. Detailed measure-
ments of GAE and CAE amplitudes and mode structures were
obtained,23,24 and the observed modes have been identified as

counter-propagating CAE for frequencies f>600 kHz, and
small toroidal mode numbers jnj< 6, and as counter-
propagating GAEs for f<600kHz, and jnj ) 6–8 based on
dispersion relations.23,24 Co-propagating CAEs with higher
toroidal mode numbers n>8 have also been observed in the
same shot.30 Frequencies of the experimentally observed
CAEs and GAEs24,30 versus toroidal mode number are shown
in Fig. 1 (open symbols), including a Doppler shift due to
plasma rotation measured to be about 0:01xci near the mag-
netic axis. Figure 1 also summarizes the HYM simulation
results. Numerical simulations show that most unstable modes
for n¼4 and n¼8, 9 are co-rotating CAEs, which have been
identified based on the calculated large compressional compo-
nent of perturbed magnetic field in the core (Fig. 2(a)). The
most unstable modes for n¼ 5–7 are counter-rotating GAEs,
which have shear Alfv!en wave polarization in the core with
small dBjj (Fig. 2(b)). All unstable modes in simulations have
small main poloidal mode numbers with m* 3. Calculated
frequencies for n¼ 5–7 GAE are x=xci¼ 0:15–0:22
(f ¼ 380–550 kHz), and higher frequencies for CAEs have
been obtained with x=xci¼ 0:35–0:5 (f ¼ 870–1200 kHz).
Here all frequencies are given in plasma frame (no plasma
rotation included in the numerical model), and normalized to
the ion cyclotron frequency at the axis fci¼2.5MHz.

The most unstable modes and, in some cases, second
most unstable modes from the simulations are shown in Fig. 1
by solid symbols. The HYM code is an initial-value code;
therefore, usually only the most unstable modes can be
obtained in the linearized simulations for a given toroidal
mode number. In some cases, a second most unstable mode
can be found, if the two modes have comparable growth rates
and different polarization (see Fig. 1 for n¼ 4, 5, and 8). Both
experimental observations and numerical simulations demon-
strate that for this particular shot a large number of GAEs and
CAEs were excited by the beam ions. The calculated range of
the unstable toroidal mode numbers, frequencies, and mode
polarizations appears to be reasonably close to experimental
observations.23,24 Preliminary comparison of the radial struc-
ture of the GAEs shows a good agreement in the amplitude
profiles, but differences in the phase profile plots.31 One sig-
nificant difference is that the unstable n¼ 4 CAE in simula-
tions is co-rotating, whereas most experimentally observed

FIG. 1. Frequency versus toroidal mode number for unstable GAEs (red)
and CAEs (blue), from HYM simulations and experimental data;24,30

fci¼ 2.5 MHz.

042505-3 Belova et al. Phys. Plasmas 24, 042505 (2017)

shot 141398, t = 580 ms

[E Belova PoP 2017]
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• HYM simulation: most unstable 
n = 6 & 7 modes counter 
propagating GAEs

• Structure similarities: broad 
core & strong edge peaking

• Simulation shows stronger 
phase change across minor 
radius

• Expect structure sensitive to
– B0 structure – included in HYM
– Hall effect (finite 𝜔/𝜔E.) & toroidal 

rotation – under development for 
HYM

Initial comparison of HYM simulation & 
measurement promising

Expt.: f = 
563 kHz
515 kHz

n=-6 n=-7
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• CAE structure similarities:  
broad core peaks & small edge 
amplitude

• CAEs co-propagating in 
simulation; counter-propagating 
in experiment.
– further work needed to understand

• Expect structure sensitive to
– |B0| structure – included in HYM
– Hall effect (finite 𝜔/𝜔E.) & toroidal 

rotation – under development for 
HYM

Initial comparison of HYM simulation & 
measurement promising

Expt.: f = 800 kHz
|n|=4
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• HYM: n = 4 CAE, ¢\∥
£i
	~ 6.6 x 10–3⇒ P = 1.2 MW 

CAE-KAW energy coupling transport: [E Belova PoP 2017]

– simulation 𝜉 scaled to deff⇒
¢\∥
£i
	~ 0.9 – 3.4 x 10-3

• New approach: 𝛿𝑛 𝑛⁄ ≈ 𝛿𝑏∥ 𝐵⁄ in core ⇒
2 x 10-4 < 𝛿𝑏∥ 𝐵⁄ < 7 x 10-4

– 𝛿𝑛 𝑛3⁄ measured @ R=1.15 m

• P	∝ 𝛿𝑏∥: ⇒ P = 0.03 MW total for all modes
– assume P/𝛿𝑏∥: same for all modes

• Could improve estimate by rescaling HYM modes with 
measured 𝛿𝑛 𝑛⁄ .

Measurements + Simulation ⇒ Small 
CAE-KAW energy transport
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• New multi-channel reflectometer analysis ⇒ more 
accurate δn internal amplitude and structure
– cutoff displacement larger than previous analysis

• GAE modification of e– drift orbits ⇒ GAEs (or 
GAE+shear CAEs) too small to explain χe from 
TRANSP

• Measured and simulated GAE structures show rough 
similarities
– HYM development currently under way may explain 

differences
• New δn + HYM Poynting Flux ⇒ CAE-KAW energy 

flux small

New δn measurements advance understanding of 
CAE & GAE effect on core energy transport 
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• Improve reflectometer analysis
– better synthetic diagnostic ⇒ raytracing
– better alternatives to SVD filtering?

• Improve ORBIT modeling
– better GAEs (finite 𝜔 𝜔E.⁄ , realistic poloidal structure,…) 
– ORBIT modified for CAEs. Requires verification…
– simulation with modes from HYM (or other codes)
– better electromagnetic amplitudes from δn

Many avenues for future work



2359th APS DPP, “Local CAE & GAE structure on NSTX & effect on core energy transport”, N.A. Crocker, October 23-27, 2017

• Understand simulation & measured structure 
differences
– exploit measured phase to understand role of Hall effect & 

rotation?
• Improve CAE-KAW estimate from HYM: rescale HYM 

modes with measured 𝛿𝑛 𝑛⁄

Many avenues for future work
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• Get 𝜉 from measurement: ¢� �3⁄ = −∇ ⋅ 𝛏 − 𝛏 ⋅ ∇ln	(𝑛3)
• Neglect finite 𝜔 𝜔E.⁄ , Assume 𝐸∥ = 0 & 𝐉𝟎×𝐁𝟎 − ∇𝑝3 = 0

∇ ⋅ 𝛏 = ∇ ⋅
𝛿𝐄×𝐁𝟎
−𝑖𝜔𝐵3:

=
𝐁𝟎

−𝑖𝜔𝐵3:
⋅ ∇×𝛿𝐄 −

𝛿𝐄
−𝑖𝜔 ⋅

∇×
𝐁𝟎
𝐵3:

=
𝐁𝟎

−𝑖𝜔𝐵3:
⋅ ∇×𝛿𝐄 −

𝛿𝐄
−𝑖𝜔𝐵3:

⋅ ∇×𝐁𝟎 −
𝛿𝐄
−𝑖𝜔 ⋅

∇𝐵3m:×𝐁𝟎

= −
𝛿𝐁 ⋅ 𝐁𝟎
𝐵3:

−
𝜇3𝛿𝐄
−𝑖𝜔𝐵3:

⋅ 𝐉𝟎 +
2𝛿𝐄
−𝑖𝜔𝐵3:

⋅ ∇ ln 𝐵3 ×𝐁𝟎

= −
𝛿𝐁 ⋅ 𝐁𝟎
𝐵3:

− 𝜇3
𝛿𝐄×𝐁𝟎
−𝑖𝜔𝐵3§

⋅ ∇𝑝3 −
2𝛿𝐄×𝐁𝟎
−𝑖𝜔𝐵3:

⋅ ∇ ln 𝐵3

= −
𝛿𝐁 ⋅ 𝐁𝟎
𝐵3:

−
1
2𝛽𝛏 ⋅

∇ ln 𝑝3 − 2𝛏 ⋅ ∇ ln 𝐵3

Appendix: Plasma displacement (𝜉) 
estimated from 𝛿𝑛
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