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I. Introduction

The purpose of this memorandum is to continue the process of documenting the equations that are used for sizing and costing the Fusion Ignition Research Experiment (FIRE).  Since it is probably too time-consuming to log all changes in any format other than the spreadsheet itself, this format is proposed as a comprehensive dictionary of equations that might be used for sizing and costing.  Another purpose of this memorandum is to facilitate technical audits of machine sizing and costing equations.  Our intention is to issue revised memoranda, when the equations change.  The changes in the documentation include new equations for the plasma current relaxation time and documentation of equations for neutron wall loading and alpha buildup in the plasma.

A. Toroidal Field Magnet Stresses
A.1 TF Wedged Option (BPX, BPX-AT)


A method that is used for calculating the stresses in the throat of wedged toroidal magnet systems, using normal copper magnets
, was developed for the ZEPHYR ignition experiment.  An analytic solution can be found for the total upward force on a toroidal magnet system by assuming that the magnetic field decreases linearly through the throat of the magnet:
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where [image: image2.wmf] 
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 is the toroidal flux density on axis (T), [image: image3.wmf] 
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 is the plasma major radius (m), [image: image4.wmf] 
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 is the major radius of the high field side of the inner leg (m), [image: image5.wmf] 
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 is the high field side of the outer leg (m) and [image: image6.wmf] 
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 is the major radius of the low field side of the inner leg (m). An elevation view of this “generic” TF magnet is shown in Figure 1. [image: image7.wmf]Bt (T), Ip (MA) vs. Ro (m)
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The same assumptions also yield an analytic solution to the moment of the toroidal magnet system about the vertical center line
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(A.2)

Force and moment balance then give an average tensile stress over the throat region of: 




(A.3)


The peak wedging (toroidal) stress in the toroidal magnet system is calculated by taking the analytic solution for a thick cylindrical pressure vessel under a linearly varying body force: 
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Peter Titus provides an alternative, simplified formulae for the peak tensile and toroidal stresses, as follows. The total vertical force on the upper half of the TF coil system Fv is:




 EMBED Equation.3  


 EMBED Equation.3  

(A.5)

where Bt is the toroidal flux density on axis (T), Ro is the plasma major radius, Rav,o is the neutral axis of the TF coil outer leg (m), and R av,i is the neutral axis of the coil inner leg (m).  The zero moment center of this force is at the major radius Rc, where Rc is:



(A.6)

The forces and moments on the TF coil may be balanced by applying forces on the inner and outer legs, satisfying:



(A.7)

where FI is the vertical force on the inner legs in the TF system and Fo is the vertical force on the outer legs, and:



(A.8)

The toroidal wedging stress is calculated as follows.  The average magnetic bearing pressure (Pa) on the inner legs is approximated as:



(A.9)

where B max,TF is the flux density at the high-field side of the TF coil (T).  This can be converted to an average stress along the wedging surface (Pa) of:



(A.10)

where Ri (m) is the radial build of the TF coil at the inside leg, Ra-R1 (m).  The peak toroidal stress in the inner leg (m) is:




(A.11)

B. Plasma Sizing
The maximum value of the average electron density (1020 m-3) may be set by the Greenwald equation:




(B.1)

where Ip is the plasma current (MA), and a is the minor radius (m).


The toroidal beta is expressed by the Troyon coefficient CT as:




(B.2)

where CT =0.016.

The dependence on the transport loss power was algebraically eliminated in the expression for the ITER93-H-ELMfree equation with an Hfactor coefficient of 0.81, so that:




(B.3)

is reduced to:
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(B.4)

where A is the atomic mass=2.5, and Ep is the plasma thermal energy (MJ).

FIRE trade studies used the ITER-98H scaling formula from the full data base for the energy confinement time:



(B.5)

ITER 98-H scaling:




(B.6)

The noncircular version of this equation, used to calculate Q in spreadsheet format is:
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where E is the thermal stored energy of the plasma (MJ).

The ITER-FEAT design is currently using a revised transport scaling formula, called IPB98(y.2) transport scaling.  According to this scaling formula, the energy confinement time is:
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(B.8)

The noncircular version of this equation, used to calculate Q in spreadsheet format is:
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(B.9)

Other basic geometry functions include the plasma volume Vp (m3):




(B.10)

and the plasma surface area Asurf (m2):




(B.11)

The thermal energy Ep (MJ) in the plasma is given by Uckan: 




(B.12)

The plasma current (MA) is related to global parameters by Nevins' modification
 of Uckan's definition of cylindrical equivalent q and geometry factor f():




(B.13)

Uckan's approximation for the geometry factor is:




(B.14)

while Nevins' modification is:




(B.15)

The two geometry factors are plotted together in Figure B.1

[image: image17.wmf]Geometry factor f(eps) vs. epsilon (1/A)

1

1.2

1.4

1.6

1.8

2

2.2

2.4

0

0.2

0.4

0.6

0.8

epsilon = Inverse Aspect Ratio

Geometry factor f(epsilon)

f(eps), Uckan

f(eps), Nevins


Figure B.1 Geometry factor () vs. Inverse Aspect Ratio

It would appear that the difference between the formulae is significant only for Spherical Torus design and that either can be used for FIRE.

The particle confinement time p (s) is:




(B.16)

The effective particle confinement time p*(s), including recycling is:
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where the recycling coefficient CR=0.8.

The steady-state alpha buildup density nss (m-20) is related to the effective particle confinement time p*(s) by:
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where ndot is the fusion reaction rate (reactions/s) and Ne is the total plasma electron population (electrons).  The transient buildup of -particles by the end of the flattop time is:


[image: image20.wmf]n

n

n

n

t

N

n

e

ss

e

burn

i

a

a

a

=

-

-

F

H

G

I

K

J

1

exp

&


(B.19)

where Ni is the total plasma ion population (ions).

Until November, 2000, the characteristic plasma skin current relaxation time, tJ (s) was:
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Between November, 2000 and Febuary, 2001, tJ (s) was improved to:
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After February, 2001, the equation was improved again to:
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The average fusion power density (MW/m3) is taken from the 1989 ITER Physics Design Guidelines
:




(B.23)

where 




(B.24)

For T10<2T10C, the fit for T10 is:




(B.25)

and







(B.26)

nDT and nDT20 are defined as:







(B.27)

The plasma losses are due to transport and radiation, predominantly Bremsstrahlung.  The transport loss (MW) is:



(B.28)

The loss due to  Bremsstrahlung  (MW) is:



(B.29)

In the ITER sizing studies, the fraction of total losses due to radiation was held fixed at 0.38.

The average neutron wall loading Pw (MW/m2) is:
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where Pf is the total fusion power (MW).

The auxiliary power (MW) needed to avoid an H-L back transition is:




(B.31)

The heating power needed for thermal power balance Pheat (MW) is:




(B32)

The fusion quality factor Q is then defined as:




(B.33

where Pfus is the total fusion power (MW).

C. Costing

Costing equations used in the Supercode include the following equations, compared here to the equations in the FIRE Sizing and Line-Item Equations (Firesale) spreadsheet:

Subsystem
ITER/Supercode (M$)
FIRE/Firesale (M$)

1. Magnets



1.1 TF Coil



1.1.1 Conductor
0.5 Mconductor, incl. conduit Nb3Sn

0.15 Mconductor, incl. conduit, NbTi
0.5 Mconductor

112 Case
0.049 Mcases
Same

113 Shear plate
0.034 Mshear plates
Same

114 Insulation
0.035 Minsulation
Same

115 Coil fabrication
0.246 Mcoil
Same

116 Connections
0.01 Nconnections
Same

12 PF Coils



121 PFC conductor and fab
0.016 I-m-T (kA-km-T)
Same

122 PFC support
0.106 Msupports
Same

123 PFC connections
0.01 Nconnections
Same

13 OHC



131 OH conductor
2.667 Lconductor
Same

132 OHC insulation
0.035 Minsulation
Same

133 OHC fabrication
0.402 Mconductor
Same

134 TFC bearing plate
0.044 M bearing plate
0

135 OHC connections
0.01 Nconnections
Same

136 Bucking Cylinder
0.044 Mbucking cylinder
Same

14 Coil Structure



141 Gravity support
0.036 Mgravity support
Same

142 Intercoil structure
0.035 Mintercoil structure
Same

15 Vacuum vessel
0.0658 M vv structure +0.012*MW/steel balls
0.0658 Mvv structure

Subsystem
ITER/Supercode (M$)
FIRE/Firesale (M$)

16 Blanket/Shield



161 Blanket structure, Be, Breeder
1.72*(0.046 Mblanket structure +0.525*Mshield)
0

162 First wall
0.025 Mblanket/first wall structure
Same

163 Shield material
0
0.4*(0.046*M first wall structure +0.525*Mblanket Be)

17 Divertors/Limiters



171 Divertor
1.125 Adivertor (m2)
Same

172 Limiter
0
0

18 Fueling systems
30.8*(Pfus (GW)/1.134)^0.3
Same

2 Tokamak Auxiliaries



2.1 Dummy
0
0

2.2 Assembly and tooling
177
177 (Ro/8.15)

2.3 Remote handling equip
246
246 (Ro/8.15)

2.4 External cryostat
0.015 Mexternal cryostat
0.015 Mexternal cryostator 0

2.5 Primary heat transport
0.0000504*(Pprimary (W))0.7
Same

2.6 Thermal shields
25
5

3 Tokamak Fluids



3.1 Vacuum systems



311 High vacuum pumps
0.47 Nvacuum pumps
Same

312 Backing pumps
0.213 Nvacuum ducts
Same

313 Ducts
0.031 Vacuum duct-m
Same

314 Valves
0.2545 Nvacuum ducts
Same

315 Duct shielding
0
0

316 I&C
0.94
0.5

3.2 Tritium plant



321 Process/distillation/storage
17.3 (Pfus (GW)/1.08)0.3
Same

322 Blanket T recover
6.8 (Pfus (GW)/1.08) 0.3
Same

323 H2O/Solid waste T2 recovery
12.6 (Pfus (GW)/1.08) 0.3
Same

324 Atmospheric recovery
0.00032 (Vnuclear building (m3))0.8
Same

325 Nuclear Bldg vent.
0.000282 (Vnuclear building(m3))0.8
Same

326 Tritium monitors
0
0

33 Auxiliary heat transport
0.000024*(Pfacility (W))0.7
Same

34 Cryogenic system
0.13 (Pcryo load (W))0.67
=0.0133 (Pcryo load (W))0.67

35 Heat rejection
0.0083 PHeat rejection (MW)
Same

36 Chemical control
11
11

Subsystem
ITER/Supercode (M$)
FIRE/Firesale (M$)

4 Power Supplies



4.1 Coil power supply



411 TFC Supplies



4111 Transformers
0.000059*(PTF (W))0.7
Same

4112 Breakers
NTF*0.000001*(Itf (A) VTFdump)0.7
00

4113 Resistors
0.00053 Wmtf (W) +0.005*NTF/2
0

4114 I&C 
0
0

4115 Bussing
0.0283*LTFbus (m) ITF (kA)
Same

412 PFC Power Supply



4121 Main Power Supplies
0.211 PpeakPF (MVA)
Same

4122 I&C
0
0

423 Bussing
0.109*Ipeak (kA) LPFbus (km)
Same

41324 Burn power supplies
=0.000049 N PFckts*(Pres, PF (W)) /NPFcoils)0.7
Same

4125 Breakers
1.62 NPF (Icondpf)0.7
0

4126 Resistors
0.1 WmPF (GJ)
0

4127 AC Breakers
0.81 NPFckts
Same

42 Heating Power Supplies
62
0

43 Electric Plant Equipment



431 Switch yard
12.3
12.3

432 High Voltage Xformers
0.000001 (24 (P total pulsed (kW))0.9+ 

4.5 Ptotal facility (kW))
Same

433 Low Voltage Network
0.01 Plow voltage (MW)
Same

434 Diesel Backup
2.43 NDiesel generators
Same

435 Auxiliary Power
0.8
0.8

44 Instrumentation and Control
79
20

Subsystem
ITER/Supercode (M$)
FIRE/Firesale (M$)

5 Heating, Current drive



51 ECH cost
3.6 P ECH (MW)
Same

52 ICRH cost
2.5 P ICH (MW)
Same

53 NBI cost
2.5 P NB (MW)
Same

5.5 Diagnostics
148
45

6 Site Facilities



6.1 Land
0
0

6.2 Buildings



6.21 Reactor Building
0.0005 Vnuclear building (m3)
Same

6.2.2 Inactive assembly
1.73 (WmPF (GJ)+ WmTF (GJ))
Same

6.2.3 Active Maint. Bldgs
0.698*PFacility heat removal (GW)
Same

6.2.4 Tritium Bldg.
 0.00179 VTritium building (m3)
Same

6.2.5 Electrical Equip. Bldg.
0.00148 VElec equip bldg (m3)
Same

6.2.6 Other Bldgs
0.00167 (V cryogenic bldg +104)
Same

6.3 Hot Cell Equip
0
0

6.4 Radwaste Mgmnt Equip.
54.3
54.3

6.5 Fluid supply & discharge syst
80
4

6.6 General Test Eqp.
24
5

Grand Total
6017
729.2

One can't help but notice that many of the costing equations in the Supercode; and, by extension, in Firesale don't look terribly convincing, even though all of the bottom lines match the line item costs in ITER. In order for the FIRE costs to be credible, it is necessary to improve the costing equations by linking them, as soon as possible, to our own best database of recent costs, quotations and budgetary estimates.  When revisions are made, this document should be extended to include the data on which new costs are based.
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