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Introduction

Magnetic control in tokamaks refers to controlling the magnetic fields to
maintain or change the plasma position, shape and current.

The tokamak is a pulsed machine. In each pulse the plasma is created,
its current is ramped up to a constant reference value, and eventually the
current is ramped down and the plasma is terminated.

The magnetohydrodynamic (MHD) equilibrium continually evolves during
the ramp-up phase of the discharge. As a consequence, the plasma
response model obtained via linearization around the changing MHD
equilibrium evolves as well.

The plasma shape requirements in a practical, highly-efficient tokamak
are very stringent, and the extreme shapes that must be achieved. The
objectives of plasma shape control:

e Maintain the plasma within the containment vessel

@ Shape the plasma to satisfy certain operational objectives

o Stabilize the vertical instability
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NSTX Tokamak

@ National Spherical Torus Experiment (NSTX) at the Princeton Plasma
Physics Laboratory (PPPL) presents a unique control challenge relative
to other tokamaks in that there are no shaping control coils on the
inboard radius of the plasma.
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Figure: Poloidal Cross Section of NSTX
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Axisymmetric Plasma Response Model

@ The NSTX system, which is composed of the plasma, shaping coils, and
passive structure, can be described for a particular plasma equilibrium by
a linearized axisymmetric plasma response model.
Meele + Rele + Mg, Iy + Mgy lp = Ve

My, 1y + Ryly + Mgle + Myl = 0 (1)

M;plp —+ lep + M;;CIC + M;;VIV - Vno

e I, Iy, and I, represent the currents in the PF coils, vessel, and plasma.

o V. represents the vector of voltages applied to the PF coils, and Vo
represents the effective voltage applied to drive plasma current by
noninductive sources (no noninductive current source is considered in this
work, i.e., Vpo =0).

@ Rc, Ry, and Ry, represent the PF coils, vessel, and plasma resistances.

o M3, = Mgy, + X represents the plasma-modified mutual inductance matrix
where a,b € {c,v,p}.

o My, is the conductor-to-conductor mutual inductance.

@ X, describes a plasma motion-mediated inductance, linearized around the
plasma equilibrium. Xgp, representing changes in flux due to plasma motion,
are functions only of the equilibrium current distribution ng and vacuum

magnetic field B9,
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Axisymmetric Plasma Response Model

@ The output equation is expressed as

oy =C6lc+ C,V5IV+C,p5lp (2)
e The matrices C,, are defined as C), = 3—}; + a% %F,i” + %%, where the first

term is the “direct” response (/s € {¢, Iy, lp}). The remaining terms are
responses due to motion of the plasma.
e Rp and Z, denote the radial and vertical positions of the plasma.

@ The linearized plasma response model around a particular plasma

equilibrium is written in state space form
XxP = AxP + BuP, SyP = CéxP, (3)
with xP = [IT 1] 1]]7 and v = [V] 0 V]]T.

@ We define §yP = yP — y&, and §xP = xP — xb, where y5, and x5, are the
values of the equilibrium outputs and states from which the model is
derived.

@ The output vector yP € RP (p = 8) represents the fluxes v, yo, Y3 at the
control points, the magnetic field B, and B, at the desired X point
location, the plasma radial and vertical positions R, and Z,, and the
plasma current p.
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Singular Value Decomposition (SVD)

@ As t — « the system can reach the steady state.
y=Pu  P(s)=C(sl-A'B+D P=P(0) (4)
@ The weight matrices are introduced to the transfer matrix, and a singular
value decomposition (SVD) is carried out in input-output expression:
=Q'?PR'2=yusvT y=qQ '2PR'?y (5)

where Q € 9?5X5, R € R°*? are positive define weight matrix for tracking
error and control effort.
° The SVD is mtroduced to simplify the calculation
=s'uTqQ'?

U =VTR'2q
where U € RP*M V € R™M and S =diag[oy,0o,...,0m] € R™M.
@ The performance index and tracklng error can be expressed as:

:>}—/* — S— UTQ1/ZQ_1/2USVTR1/2[I: o (6)

e=lme(t)=r-y= Q 2US(F -y")
J=limeT(t)Qe(t) = (7"~ y") T S*(7' Zcz(r (7)

where r is the reference value and 7 = S UTQVZ?.

Wenyu Shi (Lehigh University) Shape Control for NSTX December 13, 2011 7118



Uncertain Model for Current Ramp-up Phase

@ During the plasma current ramp-up phase, 26 scenario points from the
experimental shot #124616 from 91 ms to 391 ms are chosen to
describe the plasma equilibrium evolution.

@ A frequency response study for the family of 26 decoupled plasma
models obtained for the current ramp-up phase shows that the models do
not have a large difference in magnitude, as shown in the figure below.
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Figure: Frequency Study of Plasma Models

@ The model has the highest magnitude, denoted as Pyp.

@ The model has the lowest magnitude, denoted as Ppottom-

o The model, which has the mean magnitude, is chosen as the nominal
model, denoted as Fy.
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Uncertain Model for Current Ramp-up Phase

@ The family of plasma models can be considered as a one time-varying
state-space model, which is written as an uncertain state-space model
and formulated into a robust control framework.

@ By defining the matrices

Ay Bo __|AA; AB;
Mo = [Co Do} , AMi= [AC, AD; (8)

where AA, = A,’ — Ao, AB, = B,' — Bo, AC, = C,' — Co, AD, = D,' — D(), and

i € 1,2 refers to the top and bottom models respectively, the state-space

system matrices are now written as uncertain matrices as

2 2 2 2
A=As+> §AA B=By+> §AB; C=Co+> §AC D=Do+Y &AD;.
i=1 i=1 i=1 =
By conducting a frequency analysis of the uncertain model of the above
system, the uncertain model is proven to capture the behavior of the
family of plasma models.
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Uncertain Model for Current Ramp-up Phase

@ By using singular value decomposition and grouping terms, the matrix
AM,; is expressed as

;
am =z, v = uvDE) =l 3] ©)
@ By employing (9), the uncertainty is written as
-
L; R;
§,AM, = [W} (51l [ z} (10)

where g; is the rank of the matrix AM;. The system matrix M is finally
expressed as

2
M=Mo+z5iAMi=H11+H12AH21 (11)
where =
Hyy — [Ao BO] Hip — [L1 Lz} Hoy — [RI Zq A [51 ly O ]
Co Do Wi W R zJ 0 Sl

@ the transfer function P(s) between the output y and the input u is next
expressed as

P(s)=Fy <F,(H, A), ll) =F (Fu (H, 13/) ,A) (12)
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Control System of NSTX

@ The proposed control architecture shown in in the figure below is
composed of three loops:

e The first loop is devoted to plasma current regulation (PID controller).

e The second loop is dedicated to plasma radial and vertical position
stabilization (Adaptive PID controller).

@ The third loop is used to control the plasma shape and X-point location
(Multi-Input-Multi-Output (MIMO) robust controller).
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Figure: NSTX control system architecture
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Plasma Current & Position Control of NSTX

@ The ohmic (OH) coil is dedicated to plasma current regulation. The
proposed plasma current controller is written as
t dAl
Vor = GEAI, + Gjp/ Alpdt+Gh=—2.
0
where Al, = I, — [%" with /%" denoting the reference plasma
current. The parameters G'p, Gfp, and GIE‘,’ are the plasma
current PID gains.

@ In general, the goal of position control is to minimize the closed-loop cost
function J(k;) = ea(ke)?/2, where k. is an adjusted parameter. The error
e, is defined as ez(ke, t) = ra(t) — ya(ke, t), where ry(t) is the reference
and ya(k, t) is the system output, which will be defined below as the
actual radial and vertical positions of the plasma.

@ In order to make J; small, it is reasonable to change k. in the direction of
the negative gradient of J,, which is defined as

_ dke dJa dJy dey Ya

e P P PR T

where A is the step length, and dy,/dkc is the sensitivity derivative.

(14)
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Plasma Position Control of NSTX

@ The output is expressed as y; = Paug, Where ug = kcKpjpea. The goal is
to make ya(ke,t) = ra(t) by choosing the optimal value k. The optimal
reference is ry = Pak;Kpipea = (ki /kc) PakcKpipea = (K /ke)ya- The
adjusted parameter k. is therefore expressed as

pa) (rakc)

. . aya_ k*
kc_leaakc Aeg—"2— Ik, k*

where v is the adaptive gain. Using (15), the proposed radial position
controller is then written as

u/L U/L
AVply =AVpls = AVPFSR = Vg, (16)

Vi, = ker (G ARp + G / ARpdt + G dAdR” ) (17)

where kg = v,ARpR,’ff denotes the radial adjusted parameter.
@ The proposed vertical position controller is written as

A V.{-;’FZ =A VPFS 2 =Vz,()) (18)

AZ,
Vz, () = (1Y kez(GP AZp + G "/AZP+ GZ d P) (19)
. 0
where kg, = vaZpZ’e’ denotes the vertical adjusted parameter

—@afa = V€34, (15)
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Design of the Shape Controller for Ramp-up Phase

@ The control goal is to design a k x k feedback controller K, where k is the
number of significant singular values, that can stabilize the system and
keep the tracking error e = ry — yi small. The corresponding block
diagram of the system is shown below.

Figure: Shape Control System Design Structure
@ The weight functions Wy (s) and W,(s) are parameterized as
s 2 2
-+ Whi S+ WpA
M
Wo(s)=Kp | = | Wu(s) =Ky | 5o
S+ Wp1Aq 1A + Wpp

and the coefficients M;, A;, wy;, for i € 1,2, as well as K, and K, are
design parameters defined based on frequency-domain specifications.
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Design of the Shape Controller for Ramp-up Phase

@ The closed-loop transfer function from the external input r; to the external
outputs [Z] Z]] " is defined as

TZI‘ - FU(NvA)7 (20)

where N = F;(P*,K), and P* is the transfer function from [uf r:T ui™]T to
vl Z] Z] e;T]7. We seek a controller K(s) that robustly stabilizes the

system and minimizes the H.. norm of the transfer function T,(N,A), i.e.,
min{| Tzr(N, A)[[-=min(sup &[Tzr(N, A)(jo)]) (21)
K(s) K(s) o

where & represents the maximum singular value.
@ The DK-iteration method, which combines H., synthesis and u analysis,
can be used to obtain an iterative solution.
@ K step: Synthesize an H.. controller for the scaled problem,
ming [|[DN(K)D~||_ with fixed D(s).
e D step: Find D(jw) to minimize 5(DND~") at each frequency with fixed N.
o Fit the magnitude of each element of D(jw) to a stable and minimum-phase
transfer function D(s) and go to step 1.
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Design of the Shape Controller for Ramp-up Phase

@ The robust stability is determined by the structured singular value
U(Ni1(jo)) = 1/min{ky|det(/ — kpNi1A) =0} (22)
where Ny is the transfer function from ua to ya. The system is robustly
stable for all allowable perturbations if and only if u(Nj1(jo)) < 1,Vo.

Siructured Singular Valuey
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Figure: Structured Singular Value u versus Frequency
@ Finally, the overall plasma shape and Xpt location controller is written as
K(s)= ,L_:/Ez; =R 2VsK(s)S; UL Q12 (23)
The contribution to the coil voltages is written as
Vshape = [AVELE, AV, VUL AVIIE AVpes, )T = 2 {K(s)E
Shape — [A PF1As A PF1Bs A PF2 PF3s PFSS] =2 { (3) (S)}
where .#~" denotes the inverse Laplace transform.
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Simulation Results During Current Ramp-up Phase

@ Figure (a) shows the time responses for the plasma radial and vertical
positions.

@ Figure (b) (top) shows the time evolution of the plasma current, and the
tracking error is less than 0.5%. The components of magnetic field at the
desired X-point are shown in Figure (b) (bottom).

@ Figure (c) (top) shows both the flux at the X-point and the flux at the three
control points (y1, y», and y3), and the flux at the control points tracks
the flux at the X-point. Figure (c) (bottom) shows the tracking errors.

Flux Evolution

Plasma Radial Posiion 10t Plasma Gurent & Plasma Curent Reference

Flux [Wo]

Figure: (a) Plasma radial and vertical position; (b) Plasma current and magnetic field;
(c) Magnetic flux & flux error at the control points
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Simulation Results During Current Ramp-up Phase

@ A series of four plasma boundary shapes at different times are shown in

the figure below. The blue circles represent the control points, the blue
asterisk represents the actual location of the X-point, and the red asterisk

represents the reference location of the X-point.
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Figure: Plasma Boundary at 80 ms, 160 ms, 240 ms and 320 ms
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