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The resistive wall mode �RWM� instability in high-beta tokamaks is stabilized by energy dissipation
mechanisms that depend on plasma rotation and kinetic effects. Kinetic modification of ideal
stability calculated with the “MISK” code �B. Hu et al., Phys. Plasmas 12, 057301 �2005�� is
outlined. For an advanced scenario ITER �R. Aymar et al., Nucl. Fusion 41, 1301 �2001�� plasma,
the present calculation finds that alpha particles are required for RWM stability at presently expected
levels of plasma rotation. Kinetic stabilization theory is tested in an experiment in the National
Spherical Torus Experiment �NSTX� �M. Ono et al., Nucl. Fusion 40, 557 �2000�� that produced
marginally stable plasmas with various energetic particle contents. Plasmas with the highest and
lowest energetic particle content agree with calculations predicting that increased energetic particle
pressure is stabilizing but does not alter the nonmonotonic dependence of stability on plasma
rotation due to thermal particle resonances. Presently, the full MISK model, including thermal
particles and an isotropic slowing-down distribution function for energetic particles, overpredicts
stability in NSTX experiments. Minor alteration of either effect in the theory may yield agreement;
several possibilities are discussed. © 2010 American Institute of Physics. �doi:10.1063/1.3474925�

I. INTRODUCTION

Toroidal magnetic confinement fusion devices can suffer
from instabilities of the plasma equilibrium that lead to the
disruption of the plasma current and discharge termination.
When the plasma pressure in such devices is raised above a
certain level, a kinking of the magnetic field lines theoreti-
cally becomes unstable and grows exponentially. The pres-
ence of a resistive wall in close proximity to the plasma edge
acts to slow the growth of this mode considerably, to the time
scale of the penetration of field through the wall �w, but the
wall itself does not stabilize this resistive wall mode
�RWM�.1 Fusion plasmas can operate with the ratio of
plasma pressure to magnetic pressure � above the “no-wall”
stability limit,2,3 however. An explanation of this passive sta-
bility of high � plasmas to the RWM is needed for confident
extrapolation to future devices. Effects which either dissipate
the energy of the mode or provide a force that resists the
displacement of field should be considered. In the present
work, we considered the role of kinetic effects in RWM sta-
bility, including the effects of resonances between the plasma
rotation and thermal particle frequencies and the restorative
force effect of energetic particles.

Classic theoretical models of RWM stabilization through
energy dissipation predicted a “critical” plasma toroidal ro-
tation sufficient to stabilize the mode.4 This critical rotation

has traditionally been characterized by a scalar fraction of
the Alfvén frequency at the q=2 surface of the order of
1%.5,6 In the National Spherical Torus Experiment �NSTX�,7

however, the RWM can become unstable with a wide range
of rotation profiles8,9 or it can remain stable to very low
rotation levels. Figure 1 shows an equilibrium with high
plasma rotation that is stable, which is subsequently slowed
by n=3 nonresonant magnetic braking10 to the intermediate
profile that is unstable to the RWM. Some shots, however,
make it through this intermediate rotation and remain stable
down to very low rotation �Fig. 1�. A theoretical model broad
enough to explain these results is needed.

The kinetic effects of thermal particles on the stability of
RWMs in NSTX have been previously explored.8,9 Here, we
extend that analysis to include the effects of energetic par-
ticles. Examples of energetic particles are fast ions from ei-
ther neutral beam injection or high energy alpha particles
resulting from fusion reactions. In general, the interaction of
energetic particles with plasma instabilities can lead to stabi-
lizing or destabilizing effects.11,12 Alpha particles have been
theoretically shown to make an important contribution to the
kinetic stability of the RWM �Ref. 13� and internal kink
mode14 in ITER.15 Calculations with the “MARS-K” code of
the RWM stability of a DIII-D equilibrium indicate that
beam ions can have a large effect on stability.16 In NSTX, we
find that energetic particles are generally stabilizing and that
a reduction of this particle population leads to reduced RWM
stability. A correlation between energetic particle modes and
RWM destabilization has been observed in JT-60U.17 It is
well known that energetic particle-induced modes, such as
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Alfvén eigenmodes, can lead to a loss or redistribution of the
energetic particle population.18 Therefore, a natural hypoth-
esis arises that if the energetic particles that stabilize the
RWM are lost by other mode activities, this loss might lead
to RWM destabilization. This mechanism might explain the
energetic particle mode “triggering” of RWMs in JT-60U and
help substantiate the larger hypothesis and theory of RWM
stabilization by energetic particles.

In this paper, we explored the effect of energetic par-
ticles on RWM stability by changing the energetic particle
content in marginally stable NSTX plasmas and then exam-
ining their predicted stability through kinetic stabilization
theory. This theory and the numerical codes that use it, such
as the “MISK” code,13 have been updated to include the ki-
netic effects of energetic particles. Because of their high en-
ergy, which yields larger precession drift and bounce fre-
quencies and lower collision frequencies, and because of
their different distribution function, energetic particles have a
different interaction with the mode than thermal particles do.

In Sec. II, the experimental characteristics of a RWM in
NSTX are briefly presented. In Sec. III, we reviewed kinetic
RWM stabilization theory, arriving at a general form for the
perturbed potential energy due to kinetic effects, �WK, in
terms of the distribution function of the particles
considered—a Maxwellian for thermal particles or an isotro-
pic slowing-down distribution function for energetic par-
ticles. This approach is highlighted in Sec. IV by an example
showing the effect of plasma rotation and alpha particles on
RWM stability in ITER and a comparison between theoreti-
cal prediction and experimental results in NSTX. Section V
discusses changes to the model that may enable a better
quantitative agreement between the MISK calculation and ex-
perimental measurements.

II. RWM EXPERIMENTAL CHARACTERISTICS

Unstable RWM characteristics in low aspect ratio NSTX
plasmas have been documented and are briefly summarized,
with specifics for recent discharges illustrated here. Without
active feedback control, the growing n=1 RWM is typically
stationary in the laboratory frame,19 but occasionally exhibits
a period of slow toroidal rotation �rotation frequency of
�1 /�w� before terminating the plasma.3 The RWM is iden-
tified in NSTX by a variety of observations. Foremost is a

growing signal on low frequency poloidal magnetic sensors
located between the plasma and the vacuum vessel. Figure
2�a� shows the n=1 RWM amplitude, analyzed from two
arrays of 12 sensor signals above and below the midplane,
growing exponentially with a time scale �RWM

−1 �6 ms. The
present experiments, aimed to study RWM marginal stability,
targeted plasma configurations and conditions for which low-
order tearing modes are stable. This is verified during RWM
growth by ultrasoft x-ray signals that show a global collapse
in magnitude, while their phase does not show an inversion
that would indicate a tearing mode.9 A plot of the magneto-
hydrodynamic �MHD� mode spectrum from a toroidal array
of magnetic pickup loops �Fig. 2�b�� further shows no rotat-
ing mode activity, indicative of a saturated tearing instability
leading up to the time of RWM instability. In this case, the
plasma was driven unstable by an intentional change in
plasma rotation profile caused by the applied n=3 magnetic
braking fields. Once the RWM grows sufficiently, as in this
case, the plasma � and the plasma current are disrupted and
the discharge terminates due to the unstable mode. Plasmas
reaching marginal RWM stability in this paper are defined by
the equilibria that occur just before the observed instability
appears. Note that active RWM control has been demon-
strated in NSTX �Ref. 20� by maintaining a sufficiently low
n=1 RWM amplitude, greatly reducing the probability of
plasma disruption, while allowing plasma toroidal rotation to
spin the mode faster than 1 /�w, thereby converting the RMW
to a rotating kink/ballooning mode that is strongly damped in
the presence of the stabilizing plates.8

III. KINETIC THEORY OF RWM STABILITY

The energy principle for resistive wall modes neglecting
plasma inertia and kinetic effects can be written21 as

��w = − �W�/�Wb, �1�

where �W� is the sum of the plasma fluid and vacuum per-
turbed potential energies when the wall is placed at infinity
and �Wb is the sum of the plasma fluid and vacuum �Ws
when the wall is placed at a specific location b. The above
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FIG. 1. �Color online� Toroidal plasma rotation profiles for NSTX, showing
a high rotation stable case, an intermediate rotation unstable case, and a low
rotation stable case.
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FIG. 2. �Color online� Time traces for NSTX shot 130235: �a� �N; ampli-
tude of n=1 poloidal field perturbation from upper and lower RWM sensors
and �b� MHD activity spectrogram.
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expression is valid in the range when ������b, that is,
when beta is above the no-wall limit, but below the ideal
“with-wall” limit. In the above equation, � is the growth rate
of the resistive wall mode.

When kinetic effects are included, the RWM dispersion
relation takes the form13,22–24

�� − i�r��w = −
�W� + �WK

�Wb + �WK
, �2�

where the kinetic contribution, �WK, has both real and imagi-
nary parts and �r is the mode rotation frequency.

The change in the potential energy of a plasma equilib-
rium due to kinetic effects can be written �in terms of the
plasma displacement eigenfunction� as

�WK = −
1

2
� ��

� · �� · P̃K�dV . �3�

The perturbed kinetic pressure tensor, P̃K, is found by taking
a moment of the perturbed distribution function, which re-
sults from the solution of the linearized, bounce-averaged
drift kinetic equation. Substituting velocity and volume inte-
grals with integrals over particle energy, 	, pitch angle, 

=v	 /v, and magnetic flux, �, we arrive at a general expres-
sion for �WK in terms of the distribution function, f j, of the
particles j considered

�WK =

2�2

mj
3/2 �

l=−�

� � d	� d
� d�

B0
�̂�− 2


B0

B
�



��r + i� − �E�
� f j

�	
−

1

eZj

� f j

��

��D
j � + l�b

j − i�eff
j + �E − �r − i�

	5/2�H/	̂�2. �4�

One can see that �WK depends on �f /�	 and �f /��. Here,
H / 	̂ and �̂ are given by Eqs. �12� and �13� of Ref. 14, and the
first four frequencies in the denominator are the precession
drift, bounce, collision, and EB frequencies, respectively.
Summation over all bounce harmonics, l, is included, but in
practice l�4 makes �WK negligibly small. Radial force bal-
ance, neglecting poloidal rotation, implies that �E=��−��i,
where �� is the plasma toroidal rotation frequency and ��i is
the ion diamagnetic frequency. The above expression is for
trapped particles. For circulating particles, similar expres-
sions can also be derived.

Note that previously,9 �WK had been formulated in terms
of ����d� instead of ��−2
B0 /B�d
, where �=sgn�v	�
and �=B0 /B�1−
2�. That formulation had forced f to be
symmetric about 
=0, but that restriction is lifted in Eq. �4�.
This will be important for future consideration of energetic
particles with anisotropic distribution functions.

A. Thermal particles: Maxwellian distribution function

Using a Maxwellian distribution function in Eq. �4�
leads to the familiar form of �WK for trapped thermal par-
ticles, as in Eq. �8� of Ref. 14. The contribution to RWM
stabilization in NSTX from thermal particles, including
trapped thermal ions and electrons and circulating thermal
ions, has been previously considered in detail.8,9 Resonances

between thermal particle �primarily trapped ion� precession
drift or bounce frequencies and the Doppler-shifted mode
rotation frequency provide the kinetic dissipation of energy
that can help stabilize the RWM. This stabilization will be
discussed further in the context of ITER and NSTX analysis
in Sec. IV.

B. Energetic particles: Slowing-down
distribution function

Energetic particles provide both a fluid contribution to
the pressure that is typically destabilizing and a stabilizing
kinetic contribution similar to the one described by Van Dam
et al.25 in the limits of large diamagnetic and precession drift
frequencies. For thermal particles, the Doppler-shifted mode
frequency, �E−�r, can resonate with ��D� or �b in the de-
nominator of Eq. �4�, causing �WK to be large and complex.9

However, �D�	 and �b�
	, so for energetic particles �D,
�b��E. Therefore, energetic particles are not in an energy
dissipation mode-particle resonance, and the contribution to
�WK from energetic particles is mostly real and approxi-
mately independent of ��. In the absence of drift reversal,
the kinetic effects of energetic particles are stabilizing and
have been shown to suppress the internal kink.26 In this pa-
per, we considered the ideal plasma resistive wall mode that
generates a perturbation in the plasma similar to an ideal
kink/ballooning mode. The modes are related to a character-
istic difference that the RWM eigenfunction is necessarily
coupled to the conducting structure of the device. The stabi-
lizing effect of energetic particles on the RWM is therefore
similar to that examined for the internal kink. It is a real
restorative force that arises from conservation of magnetic
flux enclosed by precessional drift orbits when �D is large.26

In other words, energetic particles make the magnetic flux
more rigid and resistant to change by the RWM. Similarly,
research that has examined various physical effects �e.g., ro-
tation shear, passing particle effects, and anisotropy� on in-
ternal kink stabilization27,28 is applicable to the RWM. A
typical difference for neutral beam heated plasmas is that the
differential rotation between the plasma and the mode is
large for the RWM and is small for the internal kink, which
changes the evaluation of stabilizing resonances. In the MISK

code, both fluid and kinetic contributions are included and
the overall effect is found to be stabilizing for the RWM.
These results are also consistent with those of Hu et al. for
both the RWM �Ref. 13� and the internal kink.14

We will now choose a simple isotropic form for f for
energetic particles that facilitates straightforward calculation
of �WK with the MISK code, but other forms of f�	 ,
 ,��
could be used in Eq. �4� as well, so long as they provide
smooth derivatives �f /�	 and �f /��. We will return to this
point in Sec. III B 2.

For trapped energetic ions, a simple Lorentzian slowing-
down distribution function has the form16

fa�	,�� =
3na

8
2�
�ln�1 + 	̂c

−3/2��−1 �ma/	a�3/2

	̂3/2 + 	̂c
3/2 �5�

for 	 up to the maximum energy, 	a. Here, 	̂=	 /	a and
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	̂c = �3
�

4
�2/3�ma

mi
��mi

me
�1/3�Te

	a
� . �6�

Note that the subscript a will be used throughout this paper to represent energetic particles, in general, and later � will be used,
more specifically, for alpha particles.

Substitution of Eq. �5� into Eq. �4� results in

�WK
a =

�

4 �
l=−�

� � d	̂� d
� d�

B0
na	a�̂a�2


B0

B
��� 	̂1/2

	̂3/2 + 	̂c
3/2d	̂�−1 	̂5/2

	̂3/2 + 	̂c
3/2 �H/	̂�2

� 3
2 	̂1/2

	̂3/2 + 	̂c
3/2 ��E − �r − i�� +

	a

eZa
� 1

	̂3/2 + 	̂c
3/2

d	̂c
3/2

d�
−

1

na

�na

��
− � f

a�����D
a � + l�b

a − i�eff
a + �E − �r − i��−1. �7�

Equation �7� is the same as Eq. �19� of Ref. 14, but inte-
grated over 
 instead of �, and with the addition of colli-
sionality, �eff

a �usually negligible for energetic particles�,
bounce frequency, and summation over l. Also,

� f
a = �� 	̂1/2

	̂3/2 + 	̂c
3/2d	̂� d

d�
��� 	̂1/2

	̂3/2 + 	̂c
3/2d	̂�−1� . �8�

The relationship between pa, na, and 	a for this distribu-
tion function is through Eq. �6� and the following:

pa =� fa�2

3
	�d3v

= 	ana
2

3
�� 	̂3/2

	̂3/2 + 	̂c
3/2d	̂��� 	̂1/2

	̂3/2 + 	̂c
3/2d	̂�−1

, �9�

as in Ref. 16. One must specify two of these three unknowns.
Presently, two types of energetic particles will be considered:
alpha particles and beam ions.

1. Alpha particles

In burning plasmas, alpha particles are important con-
tributors to the plasma beta. For alpha particles,
	�=3.52 MeV everywhere, by definition, and the distribu-
tion is isotropic with respect to pitch angle, so Eq. �5� is a
good representation for f�. Then a balance of the alpha par-
ticle production and slowing-down rates defines the alpha
particle density profile14

n� = c��s��v�ne
2/4. �10�

Therefore, 	� and n� are specified, and p� is obtained from
Eq. �9�. The alpha pressure profile is then integrated over the
volume to find ��. In the above equation, c� is an adjustable
constant used to obtain the desired �� /�tot for testing in the
model. Note that the above balance contains some implicit
simplifications �such as nD=nT=ne /2� that can affect the cal-
culated magnitude of n�.29 Also, the alpha particle pressure is
subtracted from the total equilibrium pressure to obtain the
thermal pressure, which is used in the calculations of the
thermal components of �WK.

2. Beam ions

In present day machines, energetic particles are typically
supplied by neutral beams. Instead of using a simple balance
such as Eq. �10�, for beam ions na and pa, profiles are speci-
fied as inputs to MISK. Then, Eqs. �6� and �9� are used to find
	a, which is now a function of � rather than a constant, and
is not allowed to be larger than the neutral beam input en-
ergy. For example, the profiles of hot ion density and pres-
sure shown in Figs. 3�a� and 3�b� were obtained from
“TRANSP” �Ref. 30� for NSTX plasma 121090 @ 0.601 s.
The calculated 	a is shown in Fig. 3�c�.

The isotropic slowing-down distribution function used
�Eq. �5�� is accurate for fusion alpha particles but is not
consistent with expectation and the internal model of TRANSP

for beam ions. However, by using the density and pressure
profiles from TRANSP, first order properties, such as �a and
the total stored energy in beam ions, are consistent. Efforts to
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include the effects of beam ion anisotropy will be discussed
further in Sec. IV B 2.

IV. CALCULATION WITH THE MISK CODE

The ideal �W contributions to the energy principle �Eq.
�2�� have been theoretically developed for years.21 In the
present work, NSTX experimental equilibria calculated with
“EFIT” �Ref. 31� are input to “PEST,”32 which is used to cal-
culate the ideal terms and provide input to MISK. MISK has
been previously used to calculate �WK for NSTX cases with-
out energetic particles.8,9 For trapped thermal ions, this cal-
culation follows Eq. �4�, with f taken to be Maxwellian. Also
included are trapped electrons and circulating thermal ions,
with analogous equations that differ somewhat in detail,14,33

and Alfvén layers at the rational surfaces that are treated
separately and analytically. Here, we extend that calculation
to include trapped energetic ions with a slowing-down f , as
was discussed in Sec. III.

A. ITER

The stability of the RWM in ITER, including the kinetic
effects of thermal particles, was previously calculated with
the MARS-K code33 and with both thermal and alpha particles
using the MISK code.13 Here, we have updated the MISK cal-
culation to operate on the present ITER scenario 4 equilib-
rium with �N=2.96 �above the n=1 no-wall ideal MHD sta-
bility limit, �N,no-wall

n=1 =2.5�, and we explored the dependence
of stability on energetic particles by scaling �� /�tot, and on
rotation by scaling ��. The �� profile is taken from Polevoi
et al.34

1. The effect of plasma rotation

Figure 4 shows a representative scaled plasma rotation
profile ��� /��

Polevoi=0.8� and the resulting �E profile, com-
pared to representative �b and −��D� profiles for thermal
ions. When the plasma rotation is 0.8 times the value of
Polevoi et al., �E and −��D� are in resonance over the range
of 0.6�� /�a�0.8. This causes the denominator of Eq. �4�
to be reduced, leading to higher �WK. Therefore, we should
expect to see increased stability with this rotation level. This
is illustrated in Fig. 5, which shows the contours of MISK

calculated RWM growth rates for this ITER scenario 4 equi-

librium on a plot of �� /�tot from 0 to 0.25 versus
�� /��

Polevoi. Included in this calculation are the effects of
Alfvén layers at the rational surfaces, circulating thermal
ions, and trapped electrons, thermal ions, and alpha particles.
Using Eq. �10� with c�=1 and ne, Te, and Ti from the ITER
scenario 4 equilibrium, we find that the expected �� /�tot

=0.187. The effect of alpha particle pressure on RWM
growth rate will be discussed in the next subsection, but to
see the effect of rotation on stability, we can look at a hori-
zontal slice at �� /�tot=0.187. Here, we see the precession
drift resonant stabilization centered at �� /��

Polevoi=0.8. Simi-
lar stabilization is seen in NSTX at low rotation.9 Below
�� /��

Polevoi=0.8, the resulting �E is lower and therefore be-
tween the stabilizing precession drift and l=1 bounce reso-
nances, while above 0.8, �E is higher and between the pre-
cession drift and l=−1 bounce resonances �see Fig. 4�.

We have also performed calculations for ITER scenario
4 equilibria with linear rotation profiles of the form ��

=�0�1−� /�a�. This analysis was done to make connection
with the previous work that examined earlier ITER equilib-
ria, also with alpha particles.13 Qualitatively similar behavior
was observed in that case, with intermediate rotation stability
in between low and high rotation instability. Using the same
linear profiles here, we have also obtained similar results to
the �� /��

Polevoi case, although the maximum stability at
�� /�tot=0.187 was greater, with ��w=−0.14 rather than
�0.05. In addition, MARS-K was recently used to examine the
role of rotation in ITER stability, using both perturbative and
self-consistent methods and using the same rotation fre-
quency profile as that of Polevoi et al., but without including
alpha particles.33 In that study, however, �E was scaled, as
opposed to �� here, which makes a direct comparison diffi-
cult. We can note, however, that as �E→0 in the MARS-K

case, predicted stability increases, which is consistent with
the picture presented here, in Fig. 4, that the �� profile that
causes �E�−��D� �over a portion of the profile� increases
stability.
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2. The effect of energetic particles

In addition to scaling the expected rotation level, we can
now explore the effect of alpha particles on ITER RWM
stability by using c� to scale �� /�tot in MISK. Figure 5 indi-
cates that a sufficient population of alpha particles is required
to stabilize the RWM for this ITER equilibrium at plasma
rotation speeds from 0 to 1.8 times that predicted by Polevoi
et al. Without any alpha particles, the plasma is predicted to
be unstable regardless of the rotation. As the alpha particle �
is increased, the growth rate decreases, eventually passing
into a stable region. Above 23% alpha particle �, the calcu-
lation predicts that the plasma is stable to the RWM regard-
less of the rotation level. At the expected level of �� /�tot

=0.187, this ITER equilibrium is predicted to just attain mar-
ginal stability with ��=��

Polevoi �Fig. 5�. Note that adding
alpha particles is stabilizing at any rotation level and does
not affect the thermal particle precession drift resonant sta-
bilization that occurs at �� /��

Polevoi=0.8, as discussed above.
Presently, only thermal and alpha particles are considered in
this analysis. ITER beam ions should be included in future
studies, as they may be important as well.35

B. NSTX

Dedicated experiments were conducted in NSTX to ex-
amine the predictions of the kinetic model of RWM stability
applied to ITER in the previous section. Here, we again ex-
amined the effect of plasma rotation and energetic particles
in the context of that model.

1. The effect of plasma rotation

NSTX discharges with intermediate rotation profiles can
have weakened stability to the RWM due to those profiles
being in-between the stabilizing precession drift and bounce
frequency resonances in kinetic theory.9 Kinetic theory can
also explain why high rotation and low rotation discharges in
NSTX can be stable to the RWM. Figure 1 shows an ex-
ample of each of these cases. In Fig. 6, we compare the �E

profiles �calculated from ��� for these two cases to the pre-
cession drift and bounce frequency profiles for thermal ions
calculated from experimental data.9 The high rotation case
�Fig. 1�a�� has �E��b over the outer half of the flux sur-
faces. This means that the mode is in resonance with the
l=−1 bounce harmonic of the thermal ions, which dissipates
the energy of the mode, keeping it stable. Mathematically, in
the denominator of Eq. �4�, �E−�b�0, leading to large
�WK. In the low rotation case �Fig. 1�b��, the mode is in
stabilizing resonance with the precession drift frequency
��E�−��D�� of the thermal ions.

2. The effect of energetic particles

In a dedicated experiment, a series of discharges was
performed in NSTX where the plasma current and magnetic
field were scaled over a wide range, but their ratio was kept
constant �therefore keeping the q profile roughly constant,
with the objective of maintaining the same ideal plasma sta-
bility�. Altering the confining field by changing Ip scanned

the confinement of energetic particles in the plasma, and
therefore the equilibrium energetic particle density.

The fast ion D-alpha �FIDA� diagnostic for NSTX �Ref.
36� measures part of the distribution and gives relative den-
sity profiles of the energetic particles. Unfortunately, FIDA
has an increasing signal to noise ratio as the plasma density
increases during the shot, necessitating analysis early in the
shot rather than the preferred time just before the unstable
RWM that terminates the discharge. Despite these limita-
tions, however, the FIDA results shown in Fig. 7�a� show
that a change from Ip=0.8 to 1.1 MA in these plasmas made
a significant difference in the energetic particle density. The
TRANSP computed pa profiles in Fig. 7�b� show a similar
trend to the FIDA measurements. The discharges from the
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FIG. 6. �Color online� Comparison of frequency profiles vs normalized �
for two shots from NSTX: �a� with high rotation stability and �b� low rota-
tion stability.
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scan of energetic particle pressure shown in Fig. 7 �and oth-
ers� translate into a range of �a /�tot of 17%–31% computed
by “TRANSP” just before the unstable RWM.

For each condition, unstable RWMs were found by
slowing the plasma rotation to the correct range for instabil-
ity with n=3 nonresonant magnetic braking.10 These RWMs
were identified and diagnosed in the manner described in
Sec. II.

In the present theoretical model, energetic particles add
an additional stabilizing term to ��w but they do not shift the
range of the plasma rotation resulting in weakened stability,
as was discussed in Sec. III B and will be shown in the
following figures. Figure 8�a� shows the contribution to �WK

as a function of scaled experimental plasma rotation for ther-
mal trapped ions compared to energetic trapped ions for
NSTX shot 121083 @ 0.475 s, which has a �a /�tot=0.176,
according to TRANSP. This shot experimentally goes unstable
at this time, so ��

expt is the marginally stable rotation profile.
As expected, the contribution from energetic particles is sig-
nificant and mostly real, but is nearly independent of ��, as
opposed to the obvious resonances displayed in the thermal
ion traces. As discussed in Sec. III B, ����D , �b for ther-
mal particles, but ����D , �b for energetic particles. The
slight decrease of �WK with �� for energetic particles is due
to the slowly increasing importance of the �� term in the
denominator of Eq. �7� ��� also appears in the numerator,
but its influence there is comparatively smaller�.

The effect of adding energetic particles to the calculation
is to decrease the growth rate, as seen in Fig. 8�b�. At the
experimental rotation, the predicted growth rate goes from
near zero to ��w�−0.25 when isotropic energetic particles
are included. The predicted stabilizing effect of energetic
particles, in addition to being nearly independent of rotation
and collisionality, roughly scales with the energetic particle
pressure. Figures 8�c� and 8�d� show the analogous plots for
NSTX shot 121088 @ 0.460 s, which has a higher �a /�tot of

0.312. The contribution to Re��WK� from the energetic par-
ticles is correspondingly larger, and ��w at the experimental
rotation is reduced by �0.4.

The computed result showing that isotropic energetic
particles add significant stabilizing effect is seemingly at
odds with what is observed in experiments—namely, that
unstable RWMs can be found in discharges with a wide
range of �a /�tot. We are now investigating improvements to
the present model that will bring quantitative agreement with
experiments �an agreement between the observation of an
unstable RWM for a certain plasma equilibrium and the cal-
culation of a zero or slightly positive predicted growth rate
for that equilibrium�. We start by examining the effect of
switching to a more realistic anisotropic distribution func-
tion.

Presently, only trapped beam ions with an isotropic dis-
tribution are considered. The isotropic beam ions are spread
evenly across pitch angle, so that if 
s �between 0 and 1� is
the separatrix pitch angle between trapped and circulating
ions, then the trapped beam ion fraction is simply equal to

s. If we instead considered an anisotropic distribution func-
tion directly from TRANSP �Ref. 37� or one with an analytical
Gaussian form35 fb�	 ,� ,
�= fa�	 ,��C�	 ,��e−�
 − 
0�2/�
2

,
where C is a normalization factor, then depending on the
center, 
0, and width, �
, of the Gaussian, a higher or lower
percentage of beam ions might be trapped than the isotropic
case would estimate.

This correction to the beam ion calculation could be sig-
nificant, but it depends on the particular details of the neutral
beams for the machine being considered. For NSTX, there
are three separate beam sources, with possibly different en-
ergies, each having distinct full, half, and one-third energy
components, and each can deposit particles on a particular
surface at two different 
0 angles �on the outboard and in-
board sides of the surface�. Efforts are underway to precisely
model the anisotropic energetic particle distribution function
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FIG. 8. �Color online� �a� MISK calculated real and imaginary �WK for trapped thermal ions and for trapped energetic ions vs scaled experimental plasma
rotation for NSTX shot 121083 @ 0.475 s ��a /�tot=0.176�, and �b� the resulting normalized growth rates with and without including energetic particles in the
calculation. The lower solid line is for isotropic beam ions, while the dashed line is for a simple model of anisotropic beam ions with a lower trapped fraction.
�c� and �d� are the analogous plots for NSTX shot 121088 @ 0.460 s ��a /�tot=0.312�.
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as computed by “TRANSP” for NSTX as a linear combination
of such Gaussian forms.

For now, a test of the role of anisotropy is performed by
considering the simpler anisotropy model with constants

0���=0.75 and �
�	 ,��=0.25, which puts a lower per-
centage of particles in the trapped range of 
 around zero.
This calculation has been included in Figs. 8�b� and 8�d�. As
expected, the lower trapped fraction leads to lower stability
than the isotropic case �roughly half as much for this simple
example�. While this improved physics model of the ener-
getic particle distribution moves the result closer to the ex-
perimental result, this change alone is not sufficient to bring
quantitative agreement between the experimental observation
of an unstable RWM and the calculated growth rate. Further
improvements to the MISK model are presently being tested
to explain the small difference in the growth rate ����w

=0.15–0.35� to bring the model to marginal stability. These
will be discussed in Sec. V.

Besides the quantitative magnitude of �, another impor-
tant comparison between the model and the experiment is to
examine the effect of energetic particles on the plasma rota-
tion for marginal stability. Figure 9 shows an illustrative ex-
ample in which representative Re��WK� and Im��WK� terms
are made smaller than in Fig. 8�a�, so that without energetic
particles, the example plasma is unstable over a wider range
of ��. One can see that if plasma rotation is decreasing dur-
ing a shot, it will reach the point of marginal stability at a
relatively high level if the energetic particle pressure is low.
As the pressure of the energetic particles is increased �mod-
eled here by constant Re��W� in Fig. 9�a��, the effect is to
reduce the plasma rotation level necessary for stability �see
arrows in the figure�.

For the NSTX discharges shown in Fig. 7, the rotation
profiles at the time of RWM instability are plotted in Fig. 10.
When looking at the extremes �the solid lines�, a clear dif-

ference between higher rotation at the lowest energetic par-
ticle content and lower rotation at the highest energetic par-
ticle content is evident. This is also true for the intermediate
Ip values �with the exception of Ip=0.8 MA� if �� is con-
sidered at R�1.3 m, where it is changed most. However, a
simple monotonic decrease was not obtained for all points
across the entire �� profile. This is most likely due to the
sensitivity of stability to the evolution of plasma parameters
and the change of the decreasing plasma rotation profile with
time.

The physical model presented here for RWM stabiliza-
tion can therefore represent NSTX experimental results
qualitatively. In addition, as illustrated in Fig. 9, quantitative
agreement would be produced if further improvements of the
physics model yield a modest increase in ��w from thermal
particles. The experimental changes in energetic particle con-
tent have an effect on the marginal rotation, but they are not
enough to push these NSTX plasmas from the upper �un-
stable� region of Fig. 9 fully into the lower �stable� region.
This model is also consistent with DIII-D experiments where
the energetic particle content is higher than in NSTX, and
although the RWM growth rate is altered by changing
plasma rotation, the plasma remains stable to the RWM,
which would indicate that DIII-D plasmas are fully into the
blue region of Fig. 9�b�.

V. ASSESSMENT OF QUANTITATIVE AGREEMENT
BETWEEN THE MODEL AND EXPERIMENT

The addition of isotropic energetic particles to the ki-
netic stability calculation for RWMs in NSTX has lead to
results that are qualitatively consistent with experimental ob-
servation but farther from a quantitative match. Figures 8�b�
and 8�d� show that the predicted ��w at �� /��

expt is negative
��0.28 and �0.52�, while in the experiment the RWM goes
unstable at these rotation levels. These results can be consid-
ered to be not too far from agreement, however, since the
mismatch is on the same order as the change in stability by
slightly increasing or decreasing the plasma rotation. In the
following subsections, we will first discuss three possible
factors in moving toward a quantitative match between MISK

calculations and experiments: the perturbative nature of the
calculation, the sensitivity of the calculation to inputs, and
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FIG. 9. �Color online� An illustrative example of the effect of energetic
particle content on the marginal plasma rotation. The different curves denote
increasing energetic particle content �upward in frame �a� and downward in
frame �b��.
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the zero banana width approximation. Finally, further pos-
sible changes to the physical model will be discussed.

A. Perturbative versus self-consistent approaches

The MISK code takes a perturbative approach that differs
from the self-consistent MARS-K code.38 There are two main
differences between the two approaches:38 whether the RWM
eigenfunction � is changed or unchanged by the kinetic ef-
fects and whether � and �r are nonlinearly calculated.

First, the self-consistent approach calculates the RWM
eigenfunction along with the kinetic calculation, while the
perturbative approach assumes that the marginally stable � is
unchanged. There is reason to believe that the kinetic effects
of thermal particles have very little impact on �, from com-
parisons of fluid and self-consistent RWM eigenfunctions for
DIII-D �Ref. 38� and ITER �Ref. 33� equilibria. However, it
is possible that the kinetic effects of energetic particles could
change � somewhat.16

Second, the RWM growth rate and real rotation fre-
quency appear on both sides of the dispersion relation in Eq.
�2� �since they appear on the right side in �WK�. In practice,
when running MISK, � and �r are usually set to zero in the
equation for �WK since they are small compared to other
frequencies of the problem. However, it is also possible to
iterate the calculated values of � and �r from the left-hand
side of Eq. �2� back into the right-hand side until conver-
gence is reached. To do this, a value of �w=5 ms �a typical
global scalar wall time from the 3D “VALEN” code� is used.
Note that this time is representative of the RWM inverse
growth time in experiments ��RWM

−1 =6 ms in Fig. 2�. We
have performed such an iteration for each calculation point
�including isotropic energetic particles� in a scan of the
scaled experimental rotation profile �characterized by
�� /��

expt�. Figure 11 shows a reproduction of that calculation
on a stability diagram of Im��WK� versus Re��WK�. Contours
of constant ��w, which are calculated by Eq. �2�, form circu-
lar arcs on this diagram. In the shaded region, ��0 and the
code predicts instability. The solid line and points are the
original calculation, while the results of the iterated nonlin-
ear inclusion of � and �r are shown by the dashed line and
open symbols. The change is negligible.

B. Sensitivity of the code to inputs

Figure 11 also gives a rough indication of the effect of
errors in measured quantities on the calculation. For ex-
ample, if the measured �� was off by 10%, the result would
shift along the plotted line to �� /��

expt=0.9 or 1.1. Uncer-
tainties in the code calculation, meanwhile, manifest them-
selves as shifts in the locations of the points in Fig. 11. For
example, a significant sensitivity in the calculation is the
width of the Alfvén layers, �q. A value of �q=0.2 was cho-
sen as the smallest value that consistently eliminates issues
in the numerical calculation.9 A value of �q=0.25 eliminates
more surfaces than necessary, which reduces �WK and in-
creases ��w, while �q=0.15 brings numerical error into the
calculation from near the rational surfaces, reducing ��w.
This range of �q=0.15–0.25 is indicated by the projected
range of ��w from �0.37 to �0.12 for the “1.0” point in Fig.
11. Sensitivities of the code calculation of this order are close
but not large enough to explain the quantitative difference
between the theoretical prediction including isotropic ener-
getic particles and the experimental marginal point.

C. Zero banana width approximation

Another limitation of the present approach is that MISK

uses a zero banana width approximation, i.e., the orbits of
particles are considered to be confined into a single surface
in �. This approximation is used for thermal particles and
has been previously validated by the benchmarking of
“MARS” results �which make the same approximation� to re-
sults from the “HAGIS” code �which does not�.24,38

It has not been investigated yet what effect this approxi-
mation has on the resulting energetic particle �WK in NSTX.
However, since the RWM is a global mode, not localized to
particular surfaces like a toroidal Alfvén eigenmode, the ef-
fect of the thin orbit approximation may be minimal since
particles that stray from their surfaces experience the mode
in much the same way as those that do not.

Recently, it has been shown that accounting for the ex-
cursion of circulating anisotropic energetic particles away
from single � surfaces leads to an additional term in �WK

that can be destabilizing.39 Currently, MISK does not include
these factors �circulating particles, � excursion, and correct

 asymmetry�, but they are being considered to determine
the importance of this theorized effect for NSTX.

D. Possible further changes to the physical model

Kinetic stability of the RWM calculated by MISK for
NSTX equilibria, with isotropic energetic particles included,
qualitatively captures the dependence of stability on plasma
rotation seen in experiments but quantitatively overestimates
that stability by an amount comparable to the variation of
��w due to rotation effects. Altogether, we believe that if the
eigenfunction does not change much and �w is not extraordi-
narily low, the differences between the perturbative and the
self-consistent approaches should be minor. However, a com-
parison between the self-consistent and the perturbative ap-
proaches for a DIII-D equilibrium including energetic par-
ticles, with the MARS-K code, does show major differences
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between the approaches,16 so the issue remains unresolved.
The sensitivity of the code to input parameters does not seem
to be able to fully explain the quantitative difference. Here,
we describe other possible reasons for the discrepancy and
work to improve the model toward quantitative agreement
and predictive capability.

First is an improved model of the anisotropic distribution
of beam ions, as described in the previous section. In addi-
tion to this, special attention must also be paid to the theo-
retical formulation of Eq. �4�, as the combination of high
beta and an anisotropic distribution function leads to an im-

portant additional term to f̃: −��B̃	 /B���f /���.
Improvements to the theory of RWM stabilization in

general and the thermal particle portion specifically are also
possible. For example, the perturbative approach utilizes the
dispersion relation in Eq. �2� that neglects plasma inertia. In
the future, we plan to include this term, which could be
important in high rotation plasmas. We have also neglected
the electrostatic contribution13 to �WK, which is always a
destabilizing effect, and may be significant for NSTX. Fi-
nally, the collision frequency in Eq. �4� is energy dependent,
but not pitch angle dependent; a Lorentz collision operator
could be used.

VI. CONCLUSION

Plasma rotation and energetic particles are known to
have important effects on the stability of MHD modes in
tokamaks. Within the framework of kinetic stability theory of
resistive wall modes, an expression for �WK in terms of the
distribution function of the particles being considered was
developed. An isotropic slowing-down distribution function
was used in MISK code calculations of �WK for alpha par-
ticles and for beam ions. For both alpha particles in ITER
and beam ions in NSTX, predicted energetic particle stabili-
zation is roughly in proportion to �a /�tot and nearly indepen-
dent of plasma rotation, so the nature of the thermal particle
resonances is not affected by including energetic particles.
Finally, the use of the perturbative approach and sensitivities
to inputs are shown to be unlikely sources of quantitative
discrepancy between the calculation and the experiment.
However, as results including energetic particle effects are
not far from quantitative agreement with experiment, consid-
eration of terms previously considered to be small in the
theory may bring close agreement with the high-beta plas-
mas presently under consideration in NSTX.
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