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The evolution of electromagnetic wave polarization is modeled for propagation in the major radial
direction in the National Spherical Torus Experiment with retroreflection from the center stack of
the vacuum vessel. This modeling illustrates that the Cotton–Mouton effect–elliptization due to the
magnetic field perpendicular to the propagation direction–is shown to be strongly weighted to the
high-field region of the plasma. An interaction between the Faraday rotation and Cotton–Mouton
effects is also clearly identified. Elliptization occurs when the wave polarization direction is neither
parallel nor perpendicular to the local transverse magnetic field. Since Faraday rotation modifies the
polarization direction during propagation, it must also affect the resultant elliptization. The Cotton–
Mouton effect also intrinsically results in rotation of the polarization direction, but this effect is less
significant in the plasma conditions modeled. The interaction increases at longer wavelength and
complicates interpretation of polarimetry measurements. © 2010 American Institute of Physics.
�doi:10.1063/1.3479042�

I. INTRODUCTION

Polarimetry is a powerful technique for probing mag-
netic field equilibria1 and fluctuations,2 plasma density,3 and
current density4 profiles in magnetically confined plasmas. It
measures changes in the electromagnetic �EM� wave polar-
ization caused by propagation through a magnetized plasma.
This diagnostic has been routinely used on conventional high
aspect ratio tokamaks �e.g., JET�5 and reversed field pinches
�RFP, e.g., MST�.2 However, no detailed study of polarime-
try has been performed for propagation in the major radial
direction in spherical tori. In contrast with conventional to-
kamaks and RFP, in spherical tori both magnetic field
strength and direction vary strongly in the major radial di-
rection. This work models the evolution of EM wave polar-
ization along major radial chords of varying heights with
retroreflection in the National Spherical Torus Experiment
�NSTX�,6 using Mueller–Stokes calculus. �Major radial
chords are horizontal chords radiating from the center stack
of vacuum vessel.� The motivation for this modeling is to
help the design of a polarimeter system planned for NSTX.
The Cotton–Mouton effect–elliptization due to the magnetic
field perpendicular to the propagation direction–is shown to
be strongly weighted to the high-field region in NSTX. An
interaction between the Faraday rotation �FR� and Cotton–
Mouton �CM� effects is also clearly identified. Elliptization
occurs when the wave polarization direction is neither paral-
lel nor perpendicular to the local transverse magnetic field.
Since FR modifies the polarization direction during propaga-
tion, it must also affect the resultant elliptization. The CM

effect also intrinsically results in rotation of the polarization
direction, but this effect is less significant in the plasma con-
ditions modeled. The interaction is shown to increase with
wavelength.

The interaction is present when the magnetic field has
both parallel and perpendicular components with respect to
the wave propagation direction. It complicates the interpre-
tation of polarimetry measurements, especially at longer
wavelength. Previous polarimetry studies focused separately
on FR7–9 or the CM effect.3 Recent results combining mea-
surement and modeling including both effects on JET also
assume one effect or the other is small.5,10

Most of the modeling results presented here focus on
288 GHz ��=1.04 mm� microwaves launched with linear
initial polarization in a typical neutral-beam-heated L-mode
plasma in NSTX. The millimeter wavelength used is longer
than common for polarimetry systems, but it is a good com-
promise between two competing constraints. At longer wave-
length the effects of the plasma on polarization are stronger,
allowing for more sensitive measurement of magnetic fluc-
tuations. At shorter wavelength, refraction becomes less sig-
nificant. In the following sections, the polarimetry model is
described and results are shown for modeling using a plasma
density profile from Thomson scattering measurements and a
magnetic field profile from EFIT �equilibrium fitting code�11

in NSTX.

II. POLARIMETRY MODELING DESCRIPTION

Several assumptions are made to simplify the calculation
of polarization evolution. A cold plasma model is adopted,
which excludes corrections from finite temperature effects.12

The plasma is assumed to be collisionless, so the beam
experiences no dissipation. The Wentzel-Kramers-Brillouin
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approximation13 is used, i.e., plasma parameters are assumed
to be slowly varying ��B� �� ��1 /k���B� /�z�� ,n� ��1 /k�
���n /�z���. Also cutoffs and resonances are not considered.
Only the electron response is included; the contribution from
ion motion is ignored ��pi ,�ci��pe ,�ce��, where � is
the angular frequency of the probing beam, �p=�nq2 /m�0,
�c= �q�B /m, and subscripts i and e stand for ions and elec-
trons, respectively�. Refraction is also neglected, so it is as-
sumed that the beam path through the plasma is straight and
that the beam neither diverges nor converges.

The polarization of an EM wave changes as it propa-
gates through a magnetized plasma due to plasma birefrin-
gence and optical activity. The plasma features a pair of fast
and slow characteristic modes �i.e., EM waves that propagate
with their polarizations unchanged� whose phase velocities
and polarizations are determined by local plasma parameters
at any position along the wave path �Fig. 1�a��. The two
modes are generally elliptically polarized with orthogonal
polarization directions and opposite handedness. The
fast mode has a major axis perpendicular to B� � and right-
handedness with respect to B� �. �� and � are defined with
respect to the propagation direction.� An EM wave of any
polarization may be represented as some combination of this
pair of characteristic modes. The combined polarization is
sensitive to the relative phase of its two components, so a
difference in their phase velocities causes the polarization to
change. The FR and CM effects are two well-known special
cases. In FR, where the wave propagates parallel to a mag-
netic field, the characteristic modes are circularly polarized.
For the CM effect, where the wave propagates perpendicular
to a magnetic field, the fast and slow modes, which are lin-
early polarized, are the extraordinary and ordinary modes,
respectively.

The modeling presented here uses the Mueller–Stokes
calculus.14 The ellipse representing the polarization of a
single-frequency EM wave is characterized by two param-
eters, elliptization angle � and polarization direction angle 	
�Fig. 1�b��. The polarization state of the wave can be mapped
by the Stokes vector s� �Eq. �1�� to a point on a unit sphere in
an abstract space referred to as the Poincaré sphere.
For instance, alignment of s� with the s3 axis corresponds to
circular polarization, while a vanishing s3 component corre-
sponds to linear polarization in the laboratory frame. As a

wave propagates through a magnetized plasma, its polariza-
tion changes and the corresponding Stokes vector traces out
a trajectory on the Poincaré sphere. Each small step of the
trajectory results from a small rotation of the Stokes vector
around an axis given by the vector 
� which is determined
everywhere along the wave path by local plasma parameters
�Eq. �2��. The z coordinate indicates position along the wave
path and c is speed of light in vacuum.
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The origin of the interaction between the FR and CM effects
can be seen clearly from the preceding geometrical descrip-
tion of the polarization evolution. Both the FR and CM ef-
fects are directly related to the components of 
� . A nonvan-
ishing 
3 gives rise to FR by causing a rotation of s� about
the s3 axis. This corresponds to a rotation of the wave polar-
ization ellipse in the laboratory frame. A nonvanishing 
1 or

2 gives rise to the CM effect by causing a change in s3 and
therefore in the ellipticity of the wave polarization ellipse.
However, the way in which s3 changes clearly depends on
the direction of s� relative to 
� , which can be influenced by
FR.

The interaction may also be seen from the differential
expressions relating changes in � and 	 to the FR and CM
effects15
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where � is the relative phase between the x and y compo-
nents of the wave electric field. Equations �3� and �4� assume
the coordinate system illustrated in Fig. 1�b� where the x axis
is aligned with B� �. Equation �3� shows the sensitivity of
elliptization to 	. FR modifies 	, so it affects elliptization.
The second term on the right hand side of Eq. �4� shows that
the CM effect also intrinsically causes polarization rotation.
For the modeling performed in this paper, where the radial
views studied are well above the plasma midplane �i.e.,
�0.1 m�, this contribution to the total polarization rotation
is small �
15%�. This is because throughout the majority of
the wave path, either the absolute elliptization angle is small
�i.e., ����45°� or the CM effect is much weaker than the FR
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FIG. 1. �Color online� �a� Fast �solid line� and slow �dashed line� charac-
teristic modes. The fast mode has a major axis perpendicular to B�

� and
right-handedness with respect to B� �. � and � are defined with respect to the
propagation direction. �b� Polarization properties are characterized by � �el-
liptization angle, where right/left handedness are represented by + /− sign�
and 	 �polarization direction angle�; their ranges are also shown.
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�i.e., �d��CM���d	�FR��. The following discussion will focus
on the impact of FR on elliptization. It should be noted that
along the chords close to the midplane where FR is weak the
rotation caused by the CM effect can be dominant.

III. MODELING RESULTS AND DISCUSSION

The modeling results discussed here are obtained in a
typical neutral-beam-heated L-mode plasma �shot no.
124764, 0.325 s� �Fig. 2�, which has a major radius of R0

=0.85 m and a minor radius a=0.67 m. The density profile
is centrally peaked with a maximum of n0=4.7�1019 m−3 at
Raxis=1.0 m. The electron plasma and cyclotron frequencies
are fpe=61.4 GHz and fce=10.5 GHz on axis.

The modeling shows that the magnitude of the elliptiza-
tion angle increases most rapidly when the wave is in the
high-field region �R
Raxis� �Fig. 3�. This stands in contrast
with conventional tokamaks. Elliptization is sensitive to the
strength of the perpendicular magnetic field �Eq. �3��, of
which the toroidal magnetic field BT is a significant compo-
nent. BT varies approximately inversely with major radius in
both conventional tokamaks and spherical tori, but in spheri-
cal tori, the variation is much stronger because of their rela-

tively low aspect ratio. For instance, in NSTX �R0 /a
�1.27� BT varies from 0.2 T at the outer edge �R=1.6 m� to
2 T close to the center stack �R=0.2 m� �Fig. 2�c��.

Modeling shows that the evolution of the elliptization
depends strongly on the polarization direction in the high-
field region. Figure 4 shows the dramatically different ellip-
tization evolution for two waves launched in the midplane
with launch angles of 0° and 45°. This dependence is ex-
pected since elliptization is strongly weighted to the high-
field region and sensitive to 	 �Eq. �3��. For a chord in the
midplane, the polarization direction in the high-field region
is determined by the launch angle since FR is very weak
there �B� � is weak in the midplane�.

Of particular interest, the modeling shows that FR can
play a significant role in elliptization. Chords away from the
midplane can have significant B� �, so FR can substantially
change the polarization direction of the wave before it enters
the high-field region. Figure 5 compares the elliptization
evolution of a wave launched with horizontal linear polariza-
tion both with and without the influence of FR. The final
elliptization of the wave is very different for the two cases.
The modeled chord is 0.1 m above the midplane, where �B� ��
reaches a maximum of 0.024 T along the chord. For the case
without FR, B� � is simply set uniformly to zero along the
chord. The impact of FR on elliptization identified here is a
primary element of the interaction between the two effects.
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FIG. 2. �Color online� �a� Density profile of a typical neutral-beam-heated
L-mode plasma for modeling. �shot no. 124764, 0.325 s�. �b� Toroidal �solid
line� and vertical �dashed line� magnetic fields along major radius in the
midplane �they vary little with height near the midplane�. �c� Horizontal
�i.e., radial� magnetic field along major radius 0.1 m above, below �dashed
lines�, and in the midplane �solid line�.
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FIG. 3. �Color online� Evolution of elliptization angle ��� along chord in
midplane for waves with horizontal linear polarization at launch �i.e., in
toroidal direction�. Vertical solid line indicates plasma center �i.e., peak
density�. The mirror is mounted on the center stack. �f =288 GHz, �
=1.04 mm�.
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midplane for waves with horizontal �solid line� and 45° �dashed line� linear
polarizations at launch. Zero elliptization �i.e., linearly polarized� is high-
lighted on the grid. �f =288 GHz, �=1.04 mm�.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
−8

−6

−4

−2

0

2

R (m)

(
° )

mirror

χ

with FR

without FR

FIG. 5. �Color online� Evolution of elliptization angle ��� for waves with
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with �solid line� and without �dashed line� FR. FR is eliminated by setting
B� � =0 along the chord. �f =288 GHz, �=1.04 mm�.
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Modeling shows a significant wavelength dependence in
the strength of the impact of FR on elliptization. Both the FR
and CM effects are expected to become stronger with in-
creasing wavelength �Eqs. �5� and �6��. However, it is not
obvious whether the impact of FR on elliptization should
become more or less significant as the wavelength increases.
To assess this, the change in the final value of � caused by
including FR is calculated �Fig. 6�. The change �� is nor-
malized by the difference between the maximum and mini-
mum final values of � without FR. This normalization factor
serves as a measure of the strength of the elliptization effect.
Figure 6 shows that the relative effect of FR on elliptization
increases with wavelength.

The interaction complicates the interpretation of polar-
imetry measurements if both the FR and CM effects are
large. For instance, this is the case for the planned
“48,57 �m poloidal polarimeter” in ITER16 if the CM effect
is large enough to be used as an alternative plasma density
measurement. Under these conditions, the common practice
of simply integrating either Eq. �5� or Eq. �6� to obtain the
approximate total polarization rotation or elliptization,5 re-
spectively, is no longer valid. Also, the interpretation of an
array of chord measurements used to characterize the
equilibrium1,17 becomes more complicated. The profile of ro-
tation of polarization direction versus chord impact param-
eter is affected by the interaction, leading to a change in both
the zero crossing and slope.

IV. CONCLUSION

The modeling presented here shows that the CM effect is
strongly weighted to the high-field region of NSTX. An in-

teraction between the FR and CM effects is clearly identified.
Since FR modifies the polarization direction as the wave
propagates, it must also affect the resultant elliptization. The
CM effect also intrinsically results in rotation of the polar-
ization direction, but this is less significant to the modeling
results presented here. The interaction identified here is
shown to increase in significance with wavelength. Care has
to be taken in interpreting the polarimetry measurement if
both effects are large.
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