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1. Introduction

The utility of three-dimensional (3D) perturbative coils on 
tokamaks for torque control has motivated exploration of a 
new set of in-vessel coils on the NSTX-U device [1]. The 
compensation of error-fields, control of magnetohydrody-
namic (MHD) modes and control of resistive modes has 
driven the installation of non-axisymmetric coils on many 
modern tokamaks. A recent desire for control of externally 
applied torques with 3D fields has initiated a reassessment 
of the proposed Non-axisymmetric Control Coils (NCC) 
coils for NSTX-U (figure 1). Such a capability would allow 
access to low-rotation regimes predicted for ITER and 
future energy producing reactors. The design of perturbative 

coils has previously been determined by a desire to control 
toroidal mode number, coupled with engineering constraints. 
This has resulted in relatively simple coils for many existing 
machines. For this work a model based approach was taken 
where the fields were optimized to a desired plasma response, 
producing a desired poloidal and toroidal spectrum. This 
optimized spectrum may then be used to determine the 
design of the coils themselves.This approach is analogous to 
stellarator design and borrows many of the stellarator tools. 
The IPECOPT code has been developed reusing many of the 
subroutines found in STELLOPT [2]. The non-linear ideal 
MHD model found in STELLOPT (VMEC) [3], has been 
replaced with the Ideal Perturbed Equilibrium Code (IPEC). 
The IPEC code solves a linear perturbed ideal MHD equi-
librium model [4]. In this work, the Neoclassical Toroidal 
Viscosity (NTV) torque as calculated by the Perturbed 
Equilibrium Non-ambipolar Transport (PENT) code [5] was 
chosen as the target quantity to optimize. The resulting tool 
has been applied to NSTX-U equilibria exploring the pos-
sibility of a new set of perturbative coils and evaluating the 
existing set.
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Three dimensional fields already play a large role in 
tokamak operations. The value of non-axisymmetric coils was 
first demonstrated through their ability to compensate error 
fields and thus avoid locked modes [6–8]. Experiments on 
DIII-D indicated that applied 3D fields were beneficial to con-
finement. The extension of 3D fields to mode control has also 
been well documented. The NSTX and DIII-D devices have 
demonstrated the ability to operate above the no-wall beta 
limit through resistive wall mode control [9–11]. Additionally, 
the use of 3D fields for edge localized mode (ELM) control 
has been extensively documented [12–14]. Control of such 
modes is crucial to ITER (and future reactors) as the associ-
ated heat loads could damage the device [15, 16]. As ITER 
will be a low rotation device, recent efforts have focused on 
slowing toroidal rotation in current devices using 3D fields 
[17]. This can be achieved through the mechanism of NTV 
torque. This work seeks to evaluate which 3D fields drive the 
most amount of NTV torque in the NSTX-U device.

Given the large number of modern tokamaks which employ 
perturbative coils, designs and implementations remain rather 
simple. Early coils were simple loops placed on the outside of 
the device in an attempt to validate locked-mode models. The 
first perturbative coil placed on DIII-D was a simple dipole 
coil, later replaced with a 6-fold picture frame coil set. Many 
machines have external coils which were easy to implement 
and allowed for correction of large error fields. These coil 
sets also led to the demonstration of ELM suppression by 3D 
fields and operation above the no-wall beta limit. Spurred by 
interest in ELM control many devices have upgraded to in-
vessel coils. These coils allow for variation of the applied field 
pitch through relative phasing of the two rows. The design 
of these coil sets were limited by engineering constraints and 
lack of modeling showing benefits of more complex coil sets. 
The exception to these examples being the TEXTOR device 
and its dynamic ergodic divertor [18]. In this work we bridge 

that gap by calculating an optimized set of normal fields which 
provide a desired plasma response.

A parallel can be drawn between perturbative coil design 
and stellarator design, suggesting a code built upon the existing 
stellarator tools. Stellarator design begins with the choice of 
plasma shape which results in the optimum stellarator, as calcu-
lated by various metrics. Once the shape has been determined, 
codes such as NESCOIL [19] and COILOPT [20] can be used 
to determine a coil set which provides an adequate normal field 
to produce said magnetic geometry. In IPECOPT, the linear 
perturbed ideal MHD equilibrium is determined by a set of 
vacuum B-normal fields on the axisymmetric boundary. The 
vacuum harmonics serve as our free parameters in the optimi-
zation. These fields provide the desired plasma response, in 
our case NTV torque. The optimum vacuum fields may then 
be fed into the coil optimization codes to determine the opti-
mized coilset. The IPECOPT code may also be used to directly 
evaluate the optimal coil currents given a fixed coil geometry. 
In section 2 the IPECOPT code is described in detail. Section 3 
presents the results of optimizing the NSTX-U perturbed equi-
libria, with a followup discussion in section 4.

2. Method

The desire to examine the possibility of more sophisticated 
coil sets on NSTX-U motivated the development of an opti-
mizer based around the linear perturbed ideal MHD equilib-
rium code IPEC. The IPEC code has a demonstrated utility 
and predictive capability for perturbed tokamak equilibria. 
This capability includes the suppression of ELMs and calcu-
lations of NTV torque. In the case of NTV torque, the PENT 
code (equilibria calculated by IPEC) has proven useful in 

Figure 1. Depiction of the NSTX-U vessel, passive plates and 
perturbative coil. The Resistive Wall Mode (RWM) coils (blue) 
already exist on the machine, while the Non-axisymmetric Control 
Coils (NCC, red) are planned for the future.

Figure 2. Polar plot showing mapping and optimization of DIII-D 
error field correction experiment. Dots indicate amplitude of PENT 
calculated total torque, with position indicating phase and amplitude 
of applied n  =  1 C-coil field. Optimization path shows how 
IPECOPT moves through this space. Discussion of experimental 
optimization of C-coil currents is found in [29].
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predicting error field correction for the DIII-D tokamak. Such 
results motivated the notion of using a optimization technique 
for perturbative coil design, similar to what is done for stel-
larators. From such considerations the IPECOPT code was 
developed as a recoding of the STELLOPT code.

The IPEC code calculates perturbed ideal MHD equilib-
rium using an inverse representation. The code solves the fol-
lowing equation

δ δ δ∇ = → × → +→ × →
p j B j B0 0 (1)

where p is the plasma pressure, 
→
j  the current density, 

→
B  the 

magnetic field, δ denotes a perturbed quantity and the subscript 
0 denotes the underlying axisymmetric equilibrium quantity. 
The equations are solved by utilizing matrices calculated by 
the DCON stability code [21]. It is important to note that 

Figure 3. NSTX-U H-mode equilibrium utilized for torque optimization. The Low-q equilibrium has β  =  12.6% and Ip  =  2.0 [MA]. The 
High-q equilibrium has β  =  10.4% and Ip  =  1.6 [MA]. Such equilibria are representative of the enhanced capabilities in NSTX-U.

Figure 4. NSTX-U temperature and density profiles for high q-edge (Ip  =  1.6 [MA], red) and low q-edge (Ip  =  2.0 [MA], black) cases. 
Electron temperature and rotation are indicated with dashed lines. Ion temperature and density are indicated with solid lines.
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this equation neglects the effects of rotation, which is clearly 
important for stability [22]. Inclusion of flow into the linear 
perturbed model of IPEC is an ongoing area of code develop-
ment. The perturbing fields are specified in terms of poloidal 
Fourier harmonics for a given toroidal mode number (in user 
selectable straight field line coordinates). This allows the 
total or vacuum field to be specified on the plasma boundary. 
It should be noted that care must be taken to avoid normal 
field distributions which are large and may break the linearity 
assumptions of the code. Both arbitrary vacuum fields or those 
supplied by a set of discrete coils can be specified on input. 
For this work a poloidal spectrum ranging from m  =  [−12, 27] 
was considered with the underlying equilibrium truncated at 
flux 0.98. A PEST coordinate system was utilized as this has 
shown the best spectral qualities for the NSTX-U configura-
tions considered [23]. The resulting equilibrium possesses a 
finite magnetic field normal to the underlying axisymmetric 
flux surface. This field may then be used with other codes to 
evaluate various physics parameters.

One such physics parameter is the torque related to non-
ambipolar transport as calculated by the PENT code. This 
code utilizes the magnetic fields from the IPEC calculation 
and the underlying equilibrium profile information (tempera-
ture, density and rotation) to calculate the resulting torque. 
This is achieved by solving the following drift-kinetic equa-
tion using the IPEC magnetic fields [24, 25]

R∫ ∫ ∫π ψ ω δ= − Λ ∣ϕT
n R

B
NT J xd d ¯ | ¯ db l Tl

2
0

0

2 (2)

Here n is the toroidal mode number, R0 is the major radius, 
B0 the toroidal field, N the particle number density, T the tem-
perature and ω ω= R xT M¯ / 2 /b b 0  the normalized bounce fre-
quency. The left most integral is over the toroidal flux and 
accounts for the finite beta effects. The middle integral is the 
perturbed action δJ( ¯ )l  integrated over the normalized particle 
magnetic moment (Λ  =  μ B0/E). The power of two over the 
perturbed action brings in a nonlinearity to the calculation, 
despite the linearity in the underlying equilibrium. The per-
turbed action is calculated as:

⎡
⎣⎢

⎤
⎦⎥∫δ ȷ μ δ μ ȷ ξ= − + − ∇ ⋅

∥
±J V

B
v

P E B
B
B

E Bd (2 3 ) (2 2 )
1

l l
1

 

(3)

where ȷ ψ θ α= ∇ × ∇ ⋅ ∇ −( ) 1 is the Jacobian, B is the magnetic 
field strength, v‖ the parallel particle velocity, E the energy, 
μ the magnetic moment, ±Pl

1 the Legendre polynomials and 
ξ the displacement. The normalization of this quantity gives 
δ δ=J J xT M R¯ /2l l

2 2
0
2. The right most integral in the torque 

equation is an integral over the normalized energy (x  =  E/T), 
computed as:

R
⎡⎣ ⎤⎦ω ω

σ ω ω ω ν=
+ −

− + + −
ϕ −( )x x

l nq n

* e

i[( ) ( )]

T
x

b E D i
TL

5
2

5/2

 (4)

where ν is the collision frequency, ωϕ the rotation frequency, 
ωb the bounce frequency, ωE the E  ×  B frequency, ωD the dia-
magnetic drift frequency and x the normalized energy. Here 

Figure 5. Optimization of NSTX-U normal field harmonics for torque density profile (core left, edge right). The thin black lines depict 
the various interim profiles found during the optimization while the thick black line depicts final optimized profile. Total torque values are 
around 1 Nm.

Figure 6. Torque density profiles resulting from optimization 
of normal field boundary harmonics. The 1.6 MA (red) and 2.0 
MA (black) cases are plotted for core (n  =  1) and edge (n  =  3) 
optimizations. As current is increased in NSTX-U profiles becomes 
more peaked in the core and less peaked in the edge.
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resonances arise from the term [(l  −  σ nq)ωb  +  n(ωE  +  ωD)], 
these are particles which see the same fields over and over 
again. In this formulation torque is a consequence of neoclas-
sical nonambipolar transport where momentum is exchanged 
through the electromagnetic fields. The nonlinearity of the 
torque as calculated by PENT suggested that to find the 
optimum set of fields to drive torque a non-linear optimization 
technique would be required.

The IPECOPT code was developed to optimize the choice 
of normal fields in IPEC to a set of target parameters. The goal 
of such a code is analogous to that of another well established 
stellarator optimization code STELLOPT. To this end many 
of the optimization routines (Levenberg–Marquardt [26], 
Differential Evolution [27], Particle Swarm [28], Mapping) 
were reused, significantly reducing much of the work neces-
sary to develop an optimizer. The result is a functionally paral-
lelized optimizer based around IPEC. Two types of quantities 
may be optimized in the code: the normal field boundary har-
monics, or the perturbative field coil currents. In the former, 
the optimizer directly varies the boundary harmonics, which 
can represent the total (plasma and external) or external field 
(user’s choice). In the latter case, the current amplitude and 
phasing of a given row a coils is optimized. This specification 

is necessary as the linear nature of IPEC treats each toroidal 
mode number independently. The NTV torque density profile 
was chosen as the target to fit.

As a demonstration of the code’s capabilities an error 
field scan experiment in DIII-D was replicated by the code. 
In this demonstration, error fields were included in the IPEC 
modeling through the SURFMN code [30] and phase and 
amplitude of the C-coil’s n  =  1 field was allowed to vary. The 
SURFMN code provides an approximate model of the error 
field in DIII-D. This is input into the plasma response model 
to get the true error field. The IPECOPT code was then run in 
mapping mode with total torque as calculated by the PENT 
code being output. The mapping mode in IPECOPT allows a 
gridded N-dimensional search of parameter space to be per-
formed. Figure 2 depicts the phase and amplitude scan which 
was mapped (two dimensional space). The optimizer was then 
run in Levenberg mode starting from a poor initial condition 
(100 [A],∼310° phase) and targeting a zero torque density 
profile. The resulting path the optimizer took through the 
two-dimensional space of coil current amplitude and phase is 
over plotted. The results suggest fair agreement between the 
optimized choice of coil currents and the experimental value, 
given the approximation made using a SURFMN vacuum 

Figure 7. Optimized normal magnetic field for the n  =  1 low q (upper left), n  =  1 high q (lower left), n  =  3 low q (upper right) and n  =  3 
high q (lower right) equilibria. Here the poloidal angle is measured from the outboard mid-plane (0°). The total field (vacuum  +  plasma 
response) is plotted. The normal field is plotted in Gauss [G].
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error field and fixed rotation and species profiles. It should 
also be noted that the optimization agreed with the mapping. 
This demonstrates that the optimizer is working correctly.

As the IPEC code requires an underlying equilibrium, 
optimization of the NSTX-U perturbative coil set began by 
choosing two modeled NSTX-U equilibria to work with. 
Figure 3 depicts the two equilibria used in this analysis. These 
equilibria are representative of high (Ip  =  1.6 [MA]) and low 
edge-q (Ip  =  2.0 [MA]) configurations and of the larger cur-
rent drive scenarios expected in the experiment. In this work 
both the Fourier harmonics of the normal field spectrum and 
proposed coil set were examined. Attention was paid to n  =  1 
and n  =  3 toroidal field spectrums examining both the pos-
sibility of driving core and edge torque densities. The PENT 
code required species density and rotation profiles (figure 4). 
It should be noted that the profiles were held fixed so the pos-
sibility of transport response in experiment remains.

3. Results

In this work optimization of the applied normal fields to the 
NSTX-U equilibrium indicated that an ability to drive core 
torque with applied n  =  1 fields and edge torque with n  =  3. 
This result held for both the optimization of the applied 
normal field spectrum and optimization of the NCC and 
RWM coil currents. The n  =  1 fields did not appear capable 
to driving edge torque. Targeting core torque in the optimi-
zation the n  =  3 fields did drive a broad torque (somewhere 
between edge and core torque profiles), but at reduced effi-
ciency (lower total torque for a given applied field strength). 
These results suggest that, with the full NCC coils and the 
RWM coils, torque profile control in NSTX-U should be pos-
sible. These optimizations significantly extend the utility of 
the proposed NCC coil set.

Optimizations were performed targeting a step function 
like torque density profile. The choice of this profile was moti-
vated by a lack of a-priori knowledge of what the torque den-
sity profile should look like. This motivated targeting a simple 
profile which biased the optimization either towards edge or 
core torque density. The amplitude of the target was chosen to 
be consistent with estimates of NBI torque in NSTX-U [31]. 
This worked well with the n  =  1 simulation initially showing 
a edge biased profile which becomes increasingly core biased 
as the optimization progresses (figure 5). The highly localized 
spikes present in the torque density are attributed to resonant 
response at the low order rational surfaces. Experimental evi-
dence suggests that one should be skeptical of fine scale detail 
in this profile. In a loose sense the spikes are a measure (or 
rather artifact) of resonant field drive. From their reduction 

in amplitude it can be inferred that the optimization was both 
fitting the torque density profile and minimizing the amount 
of unnecessary resonant field drive. The n  =  1 case shows that 
some level of resonant field drive is necessary to drive torque 
deeper in the plasma, while near the edge resonant behavior is 
decreased. So without explicitly minimizing the resonant field 
drive, resonant fields were minimized. It should be noted that 
explicit minimization of low order resonances is possible but 
left to future work.

Optimization of the applied normal field Fourier har-
monics indicated that torque density profiles could be cre-
ated which were distinctly localized to the core or edge of the 
plasma. These optimizations were performed using the modi-
fied Levenberg–Marquardt method in IPECOPT. This method 
requires that the number of targeted parameters exceeds the 
number or free parameters (in these optimization the 40 har-
monics). Figure 6 depicts the resulting torque density profiles 
for each equilibrium examined. The n  =  3 profiles are peaked 
around the ρ  =  0.8 region of the plasma. The simulations sug-
gest that as q increases in the edge region, the ability to drive 
edge torques does not change significantly. It would appear that 
as q increases the edge torque profile becomes slightly more 
peaked. Core torque optimizations suggest a greater sensitivity 
to equilibrium changes. The low q case had a torque density 
profile peaked inside of ρ  =  0.5, while the high q case had a 
much broader torque profile. Both n  =  1 cases indicate signifi-
cantly reduced edge torque when compared to the n  =  3 cases.

The magnetic field which produced these profiles shows 
distinct features (figure 7). Each equilibrium suggests field 
strengths which are attainable with modern in-vessel coil 

Table 1. Coil current optimization showing phase and amplitude of applied fields.

n  =  1 Core n  =  1 Edge n  =  3 Core n  =  3 Edge

Upper NCC 1260 A-t @  −17° 7850 A-t @  −123° 577 A-t @  −10° 2060 A-t @  −95°
RWM 2040 A-t @ 36° 656 A-t @ 167° 1800 A-t @ 54° 1080 A-t @ 109°
Lower NCC 1810 A-t @ 94° 5640 A-t @ 45° 573 A-t @ 10° 2520 A-t @ 79°

Note: Note that the n  =  1 edge optimization failed to achieve a interesting torque profile. In addition, the n  =  1 edge optimization has coil current amplitudes 
greater than possible in experiment. Phase with respect to RWM coil phasing.

Figure 8. Torque profiles obtained from optimization of NCC and 
RWM coil currents. The n  =  3 waveform indicates an ability to 
drive both an edge torque and a broad torque peaked at ρ  =  0.5. 
Target total torque for these runs was  ∼0.5 Nm.

Plasma Phys. Control. Fusion 57 (2015) 104001
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systems. In each case the perturbations appear to be pitch 
non-resonant. This supports the previous statements that the 
optimizer was attempting to minimize resonant field drive. 
Both simulations exhibit a strong response near the x-points, 
which is attributed to plasma response. The large n  =  1 field 
amplitude on the inboard side of the plasma are also attributed 
to plasma response. These results suggest that significant core 
and edge torques may be generated by coils located in the low 
field regions, motivating the optimization of the planned NCC 
and existing RWM coil currents.

A set of optimizations were then preformed where the as 
designed coils currents were varied in the RWM and NCC 
coil sets. The IPEC code requires that only one toroidal mode 
number be considered at a time. In the linear limit toroidal 
modes are independent. Thus a waveform in each coil row was 
chosen such that its fundamental harmonic (n  =  1 or n  =  3) 
was preserved. The resulting parameter space was 6 dimen-
sional as the phase and amplitude of each coil row were varied 
(upper NCC, RWM and lower NCC). The optimizations indi-
cated reasonable coils currents for all but the n  =  1 edge case 
(table 1). This case also failed to produce a meaningful torque 
profile. This is attributed to penetration of the n  =  1 fields into 
the plasma, amplification near the q  =  2 and q  =  3 surface and 
difficulties localizing the response near the edge.

The n  =  1 core and n  =  3 edge torque drive results from 
before were recovered (figure 8). This suggests that the full 
NCC coil set (along with the RWM coils) are adequate for 
core and edge torque control. A more interesting result came 
from an attempt to drive core torque with an n  =  3 field. 
This resulted in a relatively broad torque profile somewhere 

between the previous results. While this profile had approxi-
mately half the peak torque density of the other profiles, it also 
has the lowest applied coil currents. In addition, this profile 
has resonant structures which were greatly reduced as com-
pared to the n  =  3 and n  =  1 cases.

The sensitivity of these calculations to rotation profile is 
shown in figure  9. In the optimized n  =  1 NCC/RWM coil 
configuration the rotation profile has been scaled down and 
PENT used to recalculate the torque. The profiles become 
more peaked around the ρ  =  0.5 surface as rotation decreases. 
However, the total torque remains fixed, even when the rota-
tion has fallen to half it’s original value. Once the rotation 
drops to the one quarter the original value, the torque becomes 
much more core peaked, although the total torque is now less 
than half the original value. This suggests that the calculation 
of torque will be robust to variations in the rotation profile. 
The question of equilibrium robustness to variations in rota-
tion is beyond the scope of this work.

4. Discussion

In this work, the first optimizations of perturbed tokamak equi-
libria are presented for NSTX-U, in which NTV torque serves as 
the target quantity. The optimizations were preformed numeri-
cally by the IPECOPT code using a Levenberg–Marquardt 
method. This code is based upon the STELLOPT optimizer 
and utilizes IPEC for perturbed linear ideal MHD equilibria. 
The NTV torque was calculated by the PENT code allowing 
for target NTV torque density profiles to be specified. A torque 

Figure 9. Torque profiles showing sensitivity of profiles to rotation profile. Percentages indicate scaling factor of the original equilibrium 
(no re-optimization of profiles). Total torque indicated in legend.
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density scan experiment on DIII-D was replicated with the 
code using modeled error fields. These numerical results were 
similar to experimental measurements, suggesting that these 
codes were capable of modeling experiment. Additionally, 
mapping of the two-dimensional parameter space of this test 
problem confirmed that the optimization process was correctly 
finding the minimum of said space. Optimization of the applied 
Fourier spectrum in NSTX-U suggested a pitch non-resonant 
perturbing field to drive NTV torque. Here n  =  1 fields drove 
core torque and n  =  3 fields drove edge torque. An optimization 
of the coil currents for the planned NSTX-U NCC coil along 
with the existing RWM coils was then preformed. This cor-
roborated the capabilities of these coils to drive similar torque 
profiles. Additionally, the n  =  1 was shown to be ineffective in 
driving edge torque, while the n  =  3 was capable of driving a 
very broad torque profile. These are the first simulations of this 
type and suggest that more sophisticated approaches to coils 
design be explored in the future.

It is left to future work to explore more detailed possibili-
ties with this and other codes. While the DIII-D example did 
suggest that the codes could predict experimental results, the 
example shown is far from conclusive. These results suggest a 
future set of experiments in NSTX-U taking advantage of the 
NCC coils. Such experiments could help us better understand 
the effects of profile response on the predicted torque profiles 
and our ability to infer torque profiles from measurements of 
rotation. The IPECOPT code will also be extended to include 
additional targets such as flux surface overlap parameters. The 
IPEC code itself is capable of outputting the eigenvectors asso-
ciated with island formation. It is then possible to significantly 
reduce the Fourier space of the problem by working with 
orthogonal modes rather than directly with Fourier harmonics. 
This would make it possible to directly target the least-reso-
nant mode. Overall, IPECOPT provides an extendable tool for 
prediction of perturbed equilibrium effects in tokamaks.
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