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Abstract

®

CrossMark

A model-based feedback system is presented to control plasma rotation in a magnetically
confined toroidal fusion device, to maintain plasma stability for long-pulse operation. This
research uses experimental measurements from the National Spherical Torus Experiment
(NSTX) and is aimed at controlling plasma rotation using two different types of actuation:
momentum from injected neutral beams and neoclassical toroidal viscosity generated by three-
dimensional applied magnetic fields. Based on the data-driven model obtained, a feedback
controller is designed, and predictive simulations using the TRANSP plasma transport code
show that the controller is able to attain desired plasma rotation profiles given practical
constraints on the actuators and the available measurements of rotation.

Keywords: magnetic confinement, feedback control, rotation Control, neutral beam injection,
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1. Introduction

Spherical tokamaks such as the National Spherical Torus
Experiment (NSTX [1]) are toroidal magnetic fusion devices
that have been proven experimentally to realize theoretical
expectations of efficient and compact advanced tokamak
operation, producing high plasma pressures in relation to
the pressure of the magnetic field used to create the plasma
equilibrium. In certain circumstances, these high pressures
can cause rapidly growing magnetohydrodynamic (MHD)
plasma instabilities that can lead to undesirable effects such as
reducing the plasma pressure, or even terminating the plasma
(disruption). Many of these instabilities are sensitive to the
shear, so the rotation profile plays a key role in regulating
these instabilities. The goal of the present study is to describe

0029-5515/16/036023+14$33.00

a model-based approach to controlling the rotation profile in
spherical tokamaks, and to apply the approach to a predictive
model based on experimental data from NSTX.

The effect of the rotation profile on MHD instabilities has
been well studied in recent years. For instance, greater stability
of tearing modes has been associated with increased rotation
shear [2, 3], while rotation profile shapes that lead to stronger
kinetic resonances lead to stabilization of kink/ballooning
modes and resistive wall modes [4, 5]. Furthermore, rotational
shear can affect plasma turbulence and consequently can have
an impact on transport processes and the energy confinement
performance of tokamak plasmas [6—8]. In present-day pulsed
tokamaks, plasma rotation can evolve, through normal heat
and momentum transport processes, toward profiles for which
certain MHD modes are unstable. Even if these profiles evolve
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by chance to a steady-state profile that is stable, transient
processes including edge-localized modes (ELMs), internal
transport barriers, and different heating mechanisms can alter
plasma profiles further and make them less stable, or unstable
[9]. In future large fusion-power-producing tokamak opera-
tion (e.g. the fusion nuclear science facility, FNSF [10-12]),
disruptions caused by macroscopic instabilities can generate
electromagnetic forces and heat loads large enough to damage
device components, so it is particularly important to avoid
such disruptions, for instance through control of the rotation
profile.

There is an abundant literature on plasma control such as
kinetic profile control (density and temperature) [13, 14],
burn control [13-2, 15, 17-19], toroidal current profile con-
trol [20-24], safety factor profile control [25-27], direct
control of tearing modes [28, 29] and resistive wall modes
[9, 30]. Rotation control in tokamaks has been demonstrated
using momentum input from injected neutral beams (NBI)
as an actuator [31, 32]. A new and unique aspect of the
present work is the use of non-axisymmetric (three-dimen-
sional) magnetic fields as another actuator in closed-loop
feedback control to supplement the neutral beam actuator.
Rotation alteration by non-resonant, three-dimensional
magnetic fields allows more precise, continuous control of
the plasma rotation alteration than NBI, as the momentum
delivered by the latter occurs in significantly large, discrete
increments.

The physical process creating the force on the plasma rota-
tion generated by the applied three-dimensional field, termed
neoclassical toroidal viscosity (NTV) [33-35], has been used
successfully to affect plasma rotation in a pre-programmed
manner on NSTX over a wide range of plasma operation, with
quantitative agreement of the experimentally generated torque
to theory [36]. NTV is caused by non-ambipolar diffusion of
plasma ions and electrons caused by the magnetic field comp-
onents that break the usual toroidal symmetry of tokamak
confinement field. As NTV depends on several important
plasma parameters including temperature, and the plasma
rotation itself, its use in closed-loop feedback leads to weak
nonlinearities which must be investigated to ensure successful
control. Details of such elements will be shown throughout
this work.

The present work defines a model-based algorithm for
plasma rotation control based on experimental data from
NSTX [1], that measures the rotational (toroidal) momentum
transport in the tokamak. More details about how to measure
rotation profile in real-time can be found in [36, 37]. Data-
driven modeling techniques have been successfully used in
the past to model plasma transport dynamics for active control
design in fusion reactors [20-22, 38]. A novel contribution
of this work is the development of a one-dimensional partial
differential equation model that is computationally inexpen-
sive, and may therefore implemented for real-time control.
The present simplified model of plasma momentum transport
retains the most important elements of the plasma momentum
balance, including the effects of NBI and NTV, and repro-
duces the general features of the plasma rotation evolution
measured in experiments.

Once the model is satisfactorily developed, a further step
consists of applying a spectral decomposition method, line-
arizing the equation about an equilibrium and projecting onto
a subspace spanned by Bessel functions, in order to obtain an
approximate linear model consisting of just 5 ordinary differ-
ential equations. The resulting reduced model is then used to
design a controller using standard techniques from optimal
control. The advantage of using a reduced-order model is that
the resulting controller is also low dimensional, so that it is
computable in real time, as well as being easier to tune and
design.

The paper is organized as follows. Section 2 describes the
data-driven model definition with details about the actuators
used, model reduction process and comparison to exper-
imental data. Section 3 describes the optimal control method
used to track a desired rotation profile, using both NTV and
NBI as actuators, and its implementation through numerical
simulation. Section 4 presents the results of the designed con-
troller on a more complete rotation model that can be found
in TRANSP, a time dependent code developed at Princeton
Plasma Physics Laboratory for both prediction and analysis of
tokamak experimental data [39, 40]. Conclusions and future
work are discussed in section 5.

2. A simplified model of the toroidal momentum
balance

2.1. Model definition

Consider the transport of toroidal angular plasma momentum
in a tokamak with the assumption of axisymmetry. To facili-
tate the analysis, an arbitrary flux surface average p € [0, 1]is
used, where p = 0 and 1 denote the center and the boundary
of the plasma, respectively.

Using the work of Goldston [41] and Callen [42], the
angular velocity of the plasma w can be described dynami-
cally by the flux surface average (-) of the toroidal momentum
equation
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The left-hand side of the equation above represents the tem-
poral change in the plasma toroidal angular momentum and
the right-hand side terms denote respectively the one-dimen-
sional fluid viscous term, pinch term, momentum loss due to
charge exchange and field ripple, and the torque inputs (i.e.
neutral beam injection and neoclassical toroidal viscosity).
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R is a major radial coordinate, 0V /Jp is the differential flux
surface volume, x, is the perpendicular (to the equilibrium
magnetic field) momentum diffusivity, 7. and 7.5 are the time
scales of the local momentum loss associated with charge-
exchange and field ripple, 7; represents the various torques
acting on the system, n; is the particle density and m; is the
particle mass for each particle species, but for simplicity, only
the main plasma ion species (deuterium) are considered in the
dynamics.

It is assumed that the plasma cross-sectional shape is
well controlled by a separate control loop; therefore (R2),
(RY(Vp)*), and OV /9p are held fixed. Curve-fits from time-
averaged values of these functions (4th (figures 1(a) and (¢)),
5th (figures 1(b) and (d)) order polynomials or cubic spline
(figure 2) interpolation depending on which one gives the
smoothest fit) from TRANSP analysis of an experimental
plasma are used as approximations. Representative data for
a plasma discharge (133 367) is shown in figures 1(a)—(c)
respectively. As it can be seen, the temporal fluctuations of
these variables are small. Hence taking the time-average
values or even the fixed values at an adequately chosen time
(t = 0.65 s) is considered to be a close approximation.

It is also assumed for simplicity that the time variation of
the mass density is small. This is a reasonable approximation,
especially towards the edge (p = 1), as seen in figure 1(d).
This assumption may later be removed allowing Y, nm; to
vary in time for more complex time-dependent systems, but
for now, it allows the density time derivative term in the left-
hand side of equation (1) to be neglected, resulting in a time-
invariant system that is more amenable to control design.

Incorporating these observations into equation (1), we
obtain a simplified diffusion equation

—1
"m<R2>8—w = (8—V] i [8—V"mX¢<R2(VP)2>g—L;] + Ing1 + INTv,

ot dp) Op| dp
@)
with boundary conditions
ow
—| =0 and w|_,=0. 3
ap o p=1 ( )

Here, Tyg1 and Inyy represent the torques arising from neu-
tral beam injection (NBI) and neoclassical toroidal viscosity
(NTV). Note that for this significant class of high confine-
ment discharges specific to NSTX, the pinch term and the
momentum loss due to charge exchange are small [43, 44]
and the momentum loss due to field ripple is not required, as
NTV is explicitly determined in this calculation. Details of the
models for Tygr and Tty are shown in sections 2.2.1 and 2.2.2.
The Dirichlet boundary condition at the plasma edge (p = 1)
is chosen to be consistent with experimental observations.

A few observations can be made about this simplified
model: first, equation (2) is parabolic, ensuring the state
operator to be negative definite (all eigenvalues are negative);
hence the system is stable, which is a desirable feature from
a control viewpoint. Second, this approach captures only the
momentum balance for rotation control and does not model
potential plasma instabilities.

1.2

(R?) [m?]

40 t
230F
Z 920t |

Figure 1. Functions describing the radial profiles of the geometrical
properties: (R?), (R*(Vp)*), 3V /dp and the mass density ) nim;
from a TRANSP analysis of plasma discharge 133 367. The shaded
region represents the value of the function spanned over time
interval (0.45-0.92) s. The time-average values are shown by the
black dashed line (— -), the fixed time values and its curve-fit are
shown by the solid blue lines (—) and the red dots (o) respectively.

A key parameter in the model is the diffusion coefficient
X¢» Which we take to be constant in time in (2). There are no
direct measurements of Xo inside the tokamak, but TRANSP
is able to reconstruct a value for x, for an experiment where w
is measured. Figure 2 shows the deduced X, from a particular
run (plasma discharge number 133775). This run is identical
to the plasma discharge number 133367 except that it does
not have an applied non-axisymmetric field, and therefore
Tnrv = 0. This feature is very important because each dis-
sipation effect needs to be considered separately from each
source in the model. The data driven model will use the x,,
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Figure 2. The momentum diffusivity coefficient x,, is calculated
through TRANSP analysis of plasma discharge 133775. The shaded
region represents the value of the function spanned over time
interval (0.45-0.92) s. The time-average values and its curve-fit are
shown by the circles and the solid line respectively.

of discharge (133775) as its momentum diffusivity coefficient
reference.

The approach here is as follows: given a range of desired
profiles that the operator wishes the system to reach and sta-
bilize, take the simplified model (2) that relies on different
models of n m, NTV and NBI torques from a representative
class of plasma discharge (x;, modeled from plasma discharge
133775), linearize the model around an equilibrium whose
basin of attraction contains the range of desired profiles
and use the linearized model to design a controller that will
attempt to match any target shape within this range.

2.2. Actuator models

In order to control the toroidal momentum of the plasma in a
spherical tokamak, we consider the use of two actuator mech-
anisms, namely, the neutral beam injection (NBI) and the
neoclassical toroidal viscosity (NTV). The neutral beams are
the main sources of momentum for the plasma and the NTV
actuator is primarily used as a source of drag on the plasma.
For NSTX, Tyg; is strongest in the plasma core, whereas Tty
is strongest closer to the edge of the plasma. The momentum
diffusivity x, allows transport of the momentum across these
plasma regions on the momentum diffusion timescale of about
0.1 s in NSTX H-mode plasmas.

2.2.1. Neutral beam injection (NBI). In NSTX, neutral beam
injection is the main method to produce positive torque to
increase plasma rotation, which is achieved by injecting
high-speed neutral atoms into the center of the plasma. Neu-
tral atoms are able to cross the confining magnetic field of
the tokamak without being deflected, and are ionized in the
plasma via collisions with ions and electrons. The fast ions
that are generated are also confined in the magnetic field and
are able to exchange their energy to plasma ions and elec-
trons. Typical injection acceleration voltages are in the range
of 50 keV to 130 keV and for comparison, in NSTX, the peak
plasma ion thermal temperature reaches up to 1.5 keV. Figure 3
shows the planned neutral beam injection for the present
upgrade of NSTX. In the present study, we consider the three

Figure 3. Illustration of the neutral beam injection (NBI) devices
for NSTX-U with an inside view from the top of the tokamak (top)
and outside view (bottom).

neutral beam sources injected from the injector shown on the
left of the figure. Furthermore, for simplicity, we model the
three sources as a single torque input, as we describe below.
A differential-equation model is introduced to relate the
input power to the generated torque. First, we approximate the
NBI torque as a product of the spatial average of the torque,

T}\IBI(t)EavngNBI(t, p), and a function, Fygi(p), that repre-
sents the spatial profile

Taei(t, p) = Tusi()Fasi(p), 4)

where the spatial profile of the torque is taken to be a Gaussian
function (based on TRANSP analysis of NSTX discharge
133367) written as

2
FxBi(p) = ansi CXP(— p2 ) (5)
20N
Figure 4(a) shows the deduced profile Fyp of the torque
generated by the neutral beams, where the parameters
angr = 7.9090 and ong; = 0.2219 were determined by a least-
squares fit to the time-averaged data.
In our model, the spatial average of the torque Tygi(t) is
related to the power input, Pygi(?), by a first-order lag:
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Figure 4. (a) Spatial profile for the neutral beam torque (Fxgp)
for plasma discharge 133367. The shaded region represents the
values for times ranging from 0.45 to 0.92 s: time averaged values
(——); values at the fixed time t = 0.6 s (- -); and the fit (5) (—).
(b) Spatial average of the torque generated for the same plasma
discharge (7xg1), showing the TRANSP analysis (black) and the
model (6) (red), with 7yp; = 0.01's and rinp; = 2 x 1076

OTver |, T\ei

= rnpiPngi(?),
o - NBIPNBI(?) (6)

where 7yp; is the approximate slowing down time of the fast
neutral beam particles to impart energy to the bulk plasma and
kNB1 1S a scalar used to normalize the neutral beam power Pyg;.
7ng1 depends on the collisionality and can affect the response
time of the beam power actuator. For values of 7yp; between
10 and 30ms, the impact that the actuator has on the con-
trol does not change significantly. By fitting equation (6) with
TRANSP analysis of figure 4(b), 7ng; is set to 0.01 s.

Figure 4(b) shows the solution of equation (6) with Pxgy
fixed to 6 MW, compared with the neutral beam torque pre-
dicted by TRANSP analysis, which uses a more elaborate
Monte Carlo model.

2.2.2. Neoclassical toroidal viscosity (NTV). Tokamaks
usually have error fields or magnetohydrodynamic (MHD)
activities present and these imperfections break the toroidal
symmetry of the magnetic field and result in enhanced neo-
classical toroidal plasma viscosity which then increases the
rate of toroidal flow damping. The result will be a change of
the edge rotation and shear.

For the current one-dimensional toroidal momentum
model, we aim to model the momentum loss due to the neo-
classical toroidal viscosity in the toroidal average sense and
base our model on the work done in [36] from which we can

Figure 5. Model representation of the three-dimensional coils
(highlighted in blue) used to create the magnetic field that produces
NTV in the NSTX device.

design the NTV torque as the bilinear product of the coil
(figure 5) current squared (I*) with the toroidal momentum
w as follows

TNTV(I’ P) =-K G(P) (R2> Iz(t) (.U(t, ,0)’ (7)

where K is a constant and G is a Gaussian function.

The present model will focus on the torque generated by
the n = 3 applied field ‘configuration’, in which the current
reverses direction in each of the six neighboring coils. Other
applied field configurations are possible (e.g. configurations
with dominant n =2 component) and have experimentally
produced effective NTV as well [4].

The approach in our model is to approximate the general
shape of Inv/w by a time-invariant spatial profile and a time-
evolution of a scalar current, similar to the way Typ was
treated. The resulting model has the form

InTV(E, P) 2
— = =-G I(1),
ot p) Nrv(p) I5(F) (8)

where

Gnrv(p) = K (R*) G(p), 9

and G(p) is a Gaussian function centered towards the edge
(= 0.7,0 = 0.1). Figure 6 shows the current that flows into
the coils for the plasma discharge 133367. We notice that the
current is kept constant after 0.6 s. It should be noted that
for control design, the actuator input will be 2(¢). Using the
experimental rotation profile, the modeled NTV torque is
shown in figure 7.

2.3. Testing and comparing the model

2.3.1. Discretization of the model. In order to numerically
simulate the partial differential equation (2), we use a spec-
tral method, projecting onto suitably chosen basis functions,
to obtain a system of ordinary differential equations. In part-
icular, we write

N
w(p, 1) = Y an()p,(p),

n=1

(10)
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Figure 6. Coil current /(¢) for plasma discharges 133367: the green
line represents the model from CHERS data and blue lines represent
the smoothed data.
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Figure 7. 3D representation of the NTV torque model (7) where
w is taken from experimental measurements of ‘fixed’ plasma
discharge 133367, and 7 is as shown in figure 6.

where the basis functions are given by
©.(p) = Jo(kup), n=1,...,N, (11)

where J denotes the Bessel function of the first kind and &,
denotes the n-th root of Jy. With this choice of basis func-
tions, the expansion (10) automatically satisfies the boundary
conditions (3), both at p = 0 (since J,(0) = 0) and at p = 1
(since Jo(k,) = 0). Furthermore, the basis functions satisfy the
orthogonality relation

(D Oy =0, form = n, (12)
where the inner product is defined by
1
o) = [ ot s ap.
Note that 2 is linear in w, and can be written as
Owldt = L(w, Tnpr, INTV), (13)

where L is a differential operator linear in each argument.
Inserting the expansion (10) into (13), taking inner products
with ¢,,, and using the orthogonality relation (12) then gives

. X (L Taen TNTv(©,))s ©)
am=>

<90m’ Sam>

which is a set of N coupled ordinary differential equations for
the coefficients a,,.
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Figure 8. Two rotation measurements with NBI and NTV actuators
activated at = 0 s and 7 = 0.5 s respectively, comparing TRANSP
analysis with fixed background (black), with the model 2, with

N = 4 Bessel functions (red).

2.3.2. Comparison model versus TRANSP. The parameters
in the model (2) are determined from TRANSP analysis of
plasma discharge 133367, as described in section 2. Figure 8
shows the comparison of the model with the TRANSP analy-
sis (prediction of plasma discharge 133367), showing the rota-
tion at two values, p = 0.1346 and 0.5498. Given two points
of measurements of rotation (outputs), one near the core, the
other one towards the edge of the tokamak (more details in the
next section); the model and TRANSP are first run with only
the NBI actuator on (6 MW), then at r = 0.5 s, the NTV actua-
tor is turned on for both models with the same value.

Figure 8 shows these rotation measurements for the simpli-
fied model (red) compared against TRANSP analysis (solid
black line) when the NBI and NTV actuators are activated
at t =0 s and r = 0.5 s respectively. The blue dashed line
shows the steady values reached when only NBI is activated.
It shows that the model is a good approximation of the
TRANSP analysis model.

Figure 9 shows how the simplified model performs for a
different plasma discharge (133743), at conditions different
from those for which the model was calibrated. Projecting the
simplified model onto 40 Bessel modes yields little improve-
ment over using only 4 modes so we use N = 4 modes for the
rest of the modeling. The relative error between the reduced
model and experimental data (which is the difference between
the experimental and the model rotation divided by the mean
of the spatial average of the experimental rotation data) is also
shown in the same figure.

For all the models, the initial condition is set to be the
experimental rotational frequency at time ¢t = 0.4 s after the
start up (¢ = 0) and when the plasma reaches the H-mode.

An exact plasma model is not a major concern as feedback
control can be performed to tolerate errors in the model. The
key is to ensure the model does not deviate drastically from
the actual profile in order to prevent control system instabili-
ties from dominating plasma physics dynamics.

This simplified model (derived plasma discharge 133367)
has been extensively validated against other plasma dis-
charges in NSTX analysis (showing here 133743). The error
remains acceptable starting with less than 25% for the exper-
imental data 133743 where the original model was maintained
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Figure 9. Comparison of the rotational frequency w for plasma
discharge 133743, comparing TRANSP analysis (left), with the
simplified model (2), projected onto N = 40 Bessel modes, and
N = 4 Bessel modes. Also shown is the relative error between
TRANSP and the reduced model (N = 4).

the same, only the density and the input torques were updated.
Figure 10 shows how the simplified model performs for
another different plasma discharge (133751). The error does
not exceed 30% for other experimental comparisons.

The overall behavior of the plasma is captured qualitatively
very well using the simplified model of equation (2) with a
fixed background.

3. Linear plasma rotation control

The purpose of this section is to demonstrate that standard
model-based control techniques may be used to guide an
experimental plasma rotation profile to track a desired refer-
ence. Some approaches on how controllers can be designed to
achieve a desired profile with a reasonable response time are
presented in the following sections.

Recall that the two actuators available to the controller are
the (NBI) beam power and the coil current producing NTV.
In this case, a state-space realization is derived and linear quad-
ratic regulators are used to design a feedback controller that is
optimal in minimizing a prescribed quadratic cost function.

3.1. State space realization

In order to be able to use linear control tools, a state-space
realization of equation (2) shifted around a steady state has
to be built. Let @ be the steady state reached for the given
beam power P and coil current I. The linearization around this
steady state profile can be written as

w(t, p) = w(p) + W', p), (14)
() =1+1I(), (15)
Papi(t) = P+ P(1), (16)

where ', I' and P’ are the respective perturbations to the
equilibria @, I and P. By plugging in these equations into
equations (2) and (6) and by linearizing equation (7) and sim-
plifying, we obtain

TRANSP N =14 Relative Error
| x10* ]

R 5 e
i ;
8:? \\‘;X\\I 0:05

p

Figure 10. Comparison of the rotational frequency w for plasma
discharge 133751, comparing TRANSP analysis (left), with the
simplified model (2), projected onto N = 4 Bessel modes. Also
shown is the relative error between TRANSP and the reduced

model (N = 4).
Q( W' ) B (011 6112)( W' )
Ot \I\st 0 axn)\Tye
(I7)
n by 0 (1/ 2)
0 bp)\P
where

~1
ary = ;l(av) i(a—v(nm)X¢(R2(Vp)2>aip)

nm(R |\ 0p ) 0p\ dp
Faei(p) 1
— KG(p)(RO |ay, = =21 = b =
(p) )0}012 e —

_mKG(P)(R2>WOb22 = KNBI
Let x = (ag, aj, ...,a,, Tpi(t)) be the (r + 1) Bessel coeffi-
cients of the projection of the partial state w on the r chosen
Bessel functions, let u = (I’%, P’)cRP be the perturbed
input, and y € R? be the perturbed output (sensor measure-
ments from their equilibrium values). This system of equa-
tions can be represented in the standard state-space form:

X = Ax + Bu, (18)

y = Cx, (19)

by using the spectral decomposition described in section 2.3.
AeRU+DX0+D B RE+D>xr and C € R7*C+D are respec-
tively called the dynamics, control and sensor matrices. Here,
there are two actuators (p = 2), one power input for the neu-
tral beams and another one for the coil current producing the
NTYV. The outputs y correspond to the sensor measurements
of the plasma toroidal rotation. Here, two measurements
are taken, one near the core and one towards the edge of the
plasma (g = 2).

3.2. Non-zero target state

Once the state-space realization is obtained, the goal is to
force the shape of the plasma rotation profile to reach a target
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state x; such that the sensor output y matches a reference
signal y,. In the final implementation, all one should have to
prescribe is y, (e.g. plasma rotational frequency values at cer-
tain locations). The target state x; and the corresponding input
u,y are found by solving equations (18) and (19) at steady state
(X = 0 = Axyg + Buy and y; = Cxy). We then solve for x; and
uy by writing in matrix form

xa\_ (A BY'(0), _(F

Uy Cc 0 I Ya E Y-
Note that for this case, there is always a unique solution,
since the number of inputs equals the number of outputs

(p=¢g=2), A is invertible, and there are no transmission
zeros at steady state.

(20)

3.3. Control design

Once the target states (x4, uy) are established, the control-
lers are designed based on the reduced model dynamics, then
applied to the full-dimensional linearized model, and finally
tested on the original nonlinear model to determine if the con-
troller can suppress disturbances and reach the desired profile
in the vicinity of the equilibrium.

3.3.1. Full-state feedback control design. When the reduced-
order model (in Bessel basis) is obtained, a feedback control
law can be constructed as

u=uy—Kx—x4) = —Kx+ Fy,, 21)
where K is the feedback control gain to be determined from
control design and F = F, + KF; is the feedforward gain.
Therefore, the resulting closed-loop system can be written as

X =(A—BK)x + BFy,,

y = Cx. (22)

In order to design the controller from equation (21), we have
to choose the gains K. A standard linear control technique
(linear-quadratic regulators) is used in order to determine
those gains while minimizing a quadratic cost function of the
form:
[o ¢}
J= f (xTOx + uTRu)dt, (23)
1o

where O > 0 and R > 0 are symmetric matrices chosen by the
control designer. Q will be chosen to be equal to g CTC where
g is aconstant and R is a2 x 2 diagonal matrix, which reduces
equation (23) to

o0
J= f (gy"y + u"Ru)dt.
1

0

24

The input u, from equation (21), that minimizes J is
obtained by setting

K=—-R'B"P, (25)

where P is a positive-definite, symmetric matrix that solves the
algebraic Riccati equation: PA + ATP — PBR'BTP + Q = 0.
This equation is solved numerically using standard routines in

x10*

—
o

< Measurement
channels

Equilibrium
Initial shape
— — Des. shape 1
Des. shape 2
Des. shape 3

o

Rotation profiles [rad/s]
ot

Figure 11. Rotation profiles: definition of the initial profile,
equilibrium profile wy used for the linearization and the desired
profiles to reach w,. The measurement points r are the intersections
of the different profiles with the measurement channels

MATLAB. For more details about the method, see standard
references such as [45, 46]. It should be noted that the feedfor-
ward gain F depends on the matrices A, B, C and K.

Figure 11 defines our initial profile, the equilibrium pro-
file used for the linearization and the targeted profile where
the measurements are done. In this paper we use ¢ = 10*
and R = I by inspection of the magnitude of our inputs and
outputs.

3.3.2. Observer-based feedback control design. The feed-
back law (21) we designed in the previous section requires
knowledge of the full state x. However, in an actual experi-
ment, we cannot measure the state directly; we measure only
the outputs y. However, we may reconstruct an estimate of
the state from the available sensor measurements using an
observer. A standard linear observer reconstructs a state esti-
mate X, with dynamics given by

£ =A% +Bu+ L(y — C%)

= (A —LC)X + Bu+ Ly, (26)

where the matrices A, B and C are the same as those in the
model (22), and L is a matrix of gains chosen such that the
state estimate converges quickly relative to the system’s
dynamics. Using our linear model, we design an optimal
observer (Kalman filter) to find L. We introduce two zero-
mean Gaussian white noise processes, w the process dis-
turbance and v the sensor noise, with respective covariance
matrices W and V, into equations (18) and (19) to obtain

X=Ax+Bu+w, 27)

y=Cx+. (28)

Then the covariance of the error in the state estimate is mini-
mized (assuming the noise models are correct) by setting

L=PCTv, (29)
where P is a positive-definite, symmetric matrix that solves the
algebraic Riccati equation: AP + PAT — PC'V=ICP + W = 0.
This equation is solved numerically using standard routines in
MATLAB. For more details about the method, see standard ref-

erences such as [45,46]. In this paper, weuse W = diag(104lr, 0)
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Figure 12. Global schematic of the controller that combine a feedforward (F), a LQR (K), an observer, an integrator (K;) and an anti-

windup (AW).

and V = 1. The observer generates an estimate of the state
from the physics model as represented by the state matrix,
the inputs and outputs, and once combined to the feedback
controller it forms a linear quadratic Gaussian compensator.

3.3.3. Integrator, actuators saturation and anti-windup
design. Because the primary goal is tracking the desired
rotation profile, we want to minimize the steady state error
between the output (measured) and the target profile. One way
to handle such issue is to use integral action, introducing a
new state variable z that is the integral of the error:

=y —y=y—Cxr

The overall system can be then written as

()= (6 ) (©)er (1)

with a new feedback law designed as

(30)

(3D

u= (—K K,)(’Z‘) + Fy; = ug + K(xg — x) +K1f(yd -y
(32)

where the gains K and K; can be determined through the
MATLAB command LQI which solves an algebraic Riccati
equation with an extended state that includes the integrator.
A drawback of integral control is that if the actuator values
are limited to some range u € [Umin, Umax] (as they are in our
case), then the integrator can accumulate error when the actu-
ator is ‘saturated’, resulting in poor transient performance, a
phenomenon known as ‘integrator windup’. We avoid these
effects by using a standard anti-windup scheme (see, e.g.
[46, 47]), in which one feeds back the difference between the
desired value of u and its actual (possibly saturated) value, as
shown in the diagram in figure 12.

Figure 12 shows the schematic of the overall controller,
combining the feedback law (21) with the observer (26), the
integrator (30) and the anti-windup approach described above.

4. Simulation results

The goal of the simulations is to test the controller first on the
simplified reduced-order model, and then on a higher fidelity
model (TRANSP) that is closer to the actual experiment. The
desired profiles shown in figure 11 will be targeted in both
cases and the results will be compared to see the effectiveness
of the controller described above.

4.1. Actuator constraints

Both actuators (NTV coil current and NBI beam power)
have constraints that need to be satisfied when applied
on the real device (NSTX). Some of these constraints are
made for the safety of the operations, some of them reflect
the practicability and the feasibility of some requests to
the device. The constraints will be added to the dynamics
equations.

The coil current will be constrained between 0 and 3000
amperes. The coil current response is fast compared to the
dynamics of the system that it can be assumed to be applied
instantaneously.

Although we have so far been treating the NBI actuator
as a single source outputting between 2 and 6 MW of power,
it is actually composed of 3 beams. Each beam can either be
on and produce 2 MW of power or off and produce 0 MW.
In addition, each beam can only be switched on or off a max-
imum of 20 times per plasma discharge to prevent device
fatigue issues, and there is a refractory period of 10ms after
each switch during which the beam cannot be switched again.
Due to diagnostic considerations, one NBI source is typically
always on, and so the overall injected power is considered to
be between 2 and 6 MW here.

These physical restrictions constrain the model and con-
troller to be discrete and to use Pulse Width Modulation
(PWM) for the beam power actuation in order to obtain con-
trol requested values between 2 and 6 MW.
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Figure 13. Time evolution of the rotation in the model as it evolves
toward the target values and its estimate at 4 different times. The
green profile is the targeted rotation profile. The red profile is the
estimated state. The blue profile is the actual state. Points S; and S;
indicate the locations of the sensors.

4.2. Simulation without PWM

The discretized controller is first applied to the reduced-order
model, considering only the constraint of saturation for both
actuators. It is thus considered that any values of beam power
between 2 and 6 MW and coil current between 0 and 3000
Amps can be applied instantaneously.

Figure 13 shows the rotation profile, comparing the actual
profile, the desired profile, and the profile estimated by the
observer. Four different times are shown: 0.5 s (at which time
the controller is turned on), 0.51 s, 0.52 s and 0.57 s respec-
tively. The two sensors locations are indicated in the figure,
and it can be noticed that the targeted profile is reached in less
than 0.1 s.
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Figure 14. Time evolution of the rotation measurement at the two
sensor points. The dashed lines represents the desired measurements
at these latter locations.
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Figure 15. Time evolution of the coil current and the overall beam
power and its saturation, needed to reach the 1st desired profile

Figure 14 shows the time evolution of the rotation meas-
urement focused at the two sensor points located at the core
and towards the edge of the plasma only. The outputs track the
desired values well after about 50 ms.

Figure 15 represents the requested inputs (coil current and
overall beam power) needed to reach the desired profile of
figures 13 and 14. It can be noticed that the current does not
saturate whereas the beam power does.

Because the initial profile (figure 13(a)) before turning
the controller on, is above the targeted profile (figure 13(d)),
and the difference between the two profiles is higher towards
the core of the plasma (where the beam power acts), the con-
troller tries to first push the power down starting from 6 MW
at the initial state before controlling, up to 2 MW when it hits
saturation. The green dashed line in figure 15 shows how the
controller would apply the beam power if no saturation was in
effect. During the rapid decrease of the beam power, the con-
troller increases the coil current in order to increase the drag
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Figure 16. Comparison of the rotation measurements when PWM
is applied for both the reduced-order model (green lines) and the
TRANSP predictive model (blue lines). The red dots represents the
cycle times (every 0.015 s).

and forces rapid deceleration towards the edge of the plasma.
The controller and the actuators, when they can be activated
instantaneously, enable the rotation profile to reach its target
about 2 times faster (about 60 ms) than the momentum diffu-
sion time (about 100 ms).

4.3. Computational approach for TRANSP

In order to predict the toroidal rotation for NSTX, the
TRANSP code running in predictive mode is used for a given
beam power and coil current. It also takes as inputs the time
histories of the plasma boundary shape, plasma current, elec-
tron and ion (Chang—Hinton model [48]) temperature and
density profiles and the momentum diffusivity coefficient.
The actuator commands needed for closed-loop rotation
control simulations are entered into the TRANSP code, which
serves as a plasma simulator for testing the present controller.
For more details on the TRANSP implementation, see [49].

4.4. Simulation with PWM

The discretized controller is now applied to the reduced-order
model and the TRANSP predictive model, considering all the
constraints listed in section 4.1 for both actuators. The main
difference with section 4.2 will be that instead of applying the
exact beam power numerical value as requested by the con-
troller, each of the 3 beams will be modulated individually
while satisfying all the constraints.

At the beginning of each duty cycle, the controller sets the
requested power. During the duty cycle, the beams switch on
and off at most once to minimize the number of switches.
Because of this and the 10ms refractory period, the exact
requested power cannot always be met.

Durations greater and smaller than 10 ms are chosen to
compare output results for different duty cycle durations.
The longer the duty cycle, the better for the device because it
means less commands switches so less fatigue, but a longer
duration introduces a longer controller lag which impairs
performance.

Figure 16 compares the rotation measurements when the
PWM controller is applied to both the reduced-order model
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Figure 17. Time evolution of the coil current (a) and the overall
beam power (b). The cycle time is 0.015 s.
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Figure 18. Comparison of the rotation measurements when PWM
applied for both the reduced-order model (green lines) and the
TRANSP predictive model (blue lines). The red dots represents the
cycle times (every 0.006 s).

and the TRANSP predictive model in order to reach two
targets, one at t = 0.5 s, and the other starting at r = 0.7 s.
Before t = 0.5 s, both models are not controlled (open loop),
the measurements are already shown to be the steady-state
values shown in figure 8. At # = 0.5 s, the controller is turned
on (closed loop), and the goal is to reach the first target profile
measurement points defined by the two red dots in figure 11.
At t=0.7 s, the target profile changes to the second one
which is defined by the two blue dots in figure 11. The green
line represents the reduced-order model outputs, the blue line
represents the TRANSP model. The oscillations are due to the
modulations that occurs on each of the beam power source.
The total beam power is represented in figure 17(b). The coil
current in this case (figure 17(a)) changes to compensate for
when the beam power is too high in order to decrease the
toroidal rotation and thus limit the rotation overshoot. In
this example, the duty cycle duration is 15ms which gives a
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Figure 19. Time evolution of the coil current and the overall beam
power (cycle time 0.006 s).
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Figure 20. The rotation measurements for the TRANSP predictive
model (blue lines). The control is activated at 0.5 s.

reasonable amplitude of oscillation while reaching both tar-
gets within the momentum diffusion time (0.1 s).

Figures 18 and 19 represent the same quantities as in
figures 16 and 17 respectively, but for a different duty cycle
duration (6 ms) which is smaller that the the 10 ms refractory
period. The resulting rotation measurements are more oscilla-
tory but the amplitude is better damped. The trade off is that
we have to activate the controller more often and thus form-
ulate more requests to the real device.

The reduced-order model in both cases is very close to the
TRANSP which again shows that the simplified model gives
us a good qualitative approximation of the TRANSP rotation
prediction model.

A more peaked profile represented in figure 11 by the third
blue desired shape is finally tested. Figure 20 shows the rota-
tion measurements when the PWM controller is applied to
the TRANSP predictive model in order to reach this target
starting at ¢ = 0.5 s. The corresponding total beam power is
represented in figure 21(b) and the coil current in figure 21(a).
We can see that this case uses a much higher coil current
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Figure 21. Time evolution of the coil current (a) and the overall
beam power (b) for the third target (cycle time 0.006 s).

quantity (about 1.6 kA) in order to push the rotation profile’s
tail down while keeping the plasma core rotation high.

5. Summary and conclusions

A simple reduced-order model has been developed to cap-
ture the rotational toroidal momentum balance for the NSTX
device. This model was utilized to control the plasma about
its desired profile with the neutral beam injection and the
neoclassical toroidal viscosity. The output from the model
have been compared with analysis from a predictive model of
NSTX and were found to be in good agreement. Based on this
simplified model, a complete feedback control design using
optimal control techniques as shown above and enables con-
trolling the plasma about a desired profile. This reduced-order
controller was then tested using the NSTX predictive model
and enabled the rotation profile to reach the desired profile.

Generally, broader toroidal rotation profile brings more
stability to the plasma [4] and local rotation shear can affect
MHD modes [2]. In the new upgrade of the device, NSTX-U, three
additional NBI sources (figure 3) will provide significantly dif-
ferent torque profiles which can affect a broader region of the
plasma, specifically towards the edge and can change the shear
locally. In this case, the controller can use these added beam
sources allowing significantly greater control of plasma insta-
bilities. Furthermore, while only the n = 3 applied field con-
figuration was considered for the NTV actuator, it is possible
to include different applied field spectra which can change the
NTV torque profile. For example, an n = 1 field configuration
can allow a deeper penetration of this torque profile which will
expand the capability of rotation control.

The present controller was designed using models tuned
to match experimental data. A next step could be to develop
control-oriented models directly from simulations. This
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capability would have a large impact: fewer experiments
would be needed to calibrate the models/controllers, and
more importantly, one could predict actuator requirements
(e.g. amplitude, bandwidth, latency), and any inherent perfor-
mance limitations for future machines such as FNSF. These
control-oriented models such as those being developed using
TRANSP for NSTX-Upgrade will be tested for their robust-
ness in producing greater range of target profile shapes.
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