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 i g  h  l  i  g  h  t  s

A  physics-based,  control-oriented  model  describing  the  temporal  evolution  of  the  current  density  profile  in tokamaks  is  obtained  by  combining  the
magnetic diffusion  equation  with  empirical  correlations  for  the  electron  density,  electron  temperature,  and  non-inductive  current  drives.
The  resulting  first-principles-driven  control-oriented  model  is  tailored  to  the  National  Spherical  Torus  eXperiment-Upgrade  (NSTX-U)  based  on the
predictions  of  the  TRANSP  simulation  code.
The  model’s  prediction  capabilities  are illustrated  by  comparing  simulated  data  to TRANSP  predictions  for a reference  run.
Objectives  and  possible  challenges  associated  with  the  use  of  the proposed  model  for  the  design  of  both  feedforward  and feedback  controllers  are
discussed.
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a  b  s  t  r  a  c  t

Active  control  of  the  toroidal  current  density  profile  is among  those  plasma  control  milestones  that  the
National  Spherical  Torus  eXperiment-Upgrade  (NSTX-U)  program  must  achieve  to  realize  its next-step
operational  goals.  Motivated  by  the  coupled,  nonlinear,  multivariable,  distributed-parameter  plasma
dynamics,  the first  step  towards  control  design  is the  development  of a physics-based,  control-oriented
model  for  the  current  profile  evolution  in  response  to  non-inductive  current  drives  and  heating  systems.
The  evolution  of  the  toroidal  current  density  profile  is closely  related  to the  evolution  of  the poloidal  mag-
netic  flux  profile,  whose  dynamics  is modeled  by a nonlinear  partial  differential  equation  (PDE)  referred
to  as  the  magnetic-flux  diffusion  equation  (MDE).  The  proposed  control-oriented  model  predicts  the
spatial-temporal  evolution  of  the current  density  profile  by combining  the  nonlinear  MDE  with  physics-
odel-based control based  correlations  obtained  at NSTX-U  for the electron  density,  electron  temperature,  and  non-inductive
current  drives  (neutral  beams).  The  resulting  first-principles-driven,  control-oriented  model  is  tailored
for NSTX-U  based  on  predictions  by  the time-dependent  transport  code  TRANSP.  Main  objectives  and
possible  challenges  associated  with  the  use  of the developed  model  for  the  design  of  both  feedforward
and  feedback  controllers  are  also  discussed.

© 2017  Elsevier  B.V.  All  rights  reserved.
. Introduction

The National Spherical Torus eXperiment-Upgrade (NSTX-U),
ocated at the Princeton Plasma Physics Laboratory (PPPL) in

he USA, is one of the major spherical torus (ST) experimental
acilities in the world. NSTX-U is a substantial upgrade of the
ormer NSTX device, with significantly higher toroidal field and

∗ Corresponding author.
E-mail address: ilhan@alum.lehigh.edu (Z.O. Ilhan).

ttp://dx.doi.org/10.1016/j.fusengdes.2017.04.028
920-3796/© 2017 Elsevier B.V. All rights reserved.
solenoid capabilities, and three additional neutral beam sources
with significantly larger current-drive efficiency [1].

Active control of the toroidal current density profile is among
those plasma control milestones that the NSTX-U program must
achieve to realize its next-step operational goals characterized by
a high-performance, MHD-stable, plasma operation with neutral
beam heating and longer pulse durations [1]. As a first step towards

control design, the goal of this work is to convert the physics-
based model of the poloidal magnetic flux profile evolution [2],
which is related to the toroidal current density profile evolution
in the spherical torus, into a form suitable for control design. This is

dx.doi.org/10.1016/j.fusengdes.2017.04.028
http://www.sciencedirect.com/science/journal/09203796
http://www.elsevier.com/locate/fusengdes
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Fig. 1. Magnetic flux surfaces in a tokamak [8]. The helical magnetic field (�B) in a
tokamak plasma is composed of toroidal (�B�) and poloidal (�B�) fields. The poloidal

magnetic flux is defined as � =
∫ �B� · �n dAZ , where AZ denotes the area of a disc

of  radius R, and �n is  the unit vector perpendicular to the disk. Also shown are the
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3.2. Electron temperature modeling
eometric major radius, R0, and the minor radius, a.

chieved by combining the magnetic flux diffusion equation with
hysics-based control-oriented models for the electron density and
emperature profiles, the plasma resistivity, and the non-inductive
urrent-drives, thereby obtaining a first-principles-driven (FPD)
odel. The resulting control-oriented FPD model needs only to cap-

ure the dominant physics that describe how the control actuators
ffect the poloidal magnetic flux evolution. Numerical simulations
f the proposed control-oriented model show qualitative agree-
ent with the physics-based transport code TRANSP [3].
The proposed FPD model can be used to design both feedforward

nd feedback controllers to regulate the current-density profile
ynamics in NSTX-U. The goal of the feedforward control design
tage is to produce actuator trajectories that can steer the plasma
o a desired operating state. The main challenge arising during
his stage is the trade-off between the complexity of the plasma
esponse model and the computational time required to solve the
eedforward control optimization. However, the uncertainty in the
PD model (and hence in the feedforward actuator trajectories)
rising from limiting its complexity can be compensated by com-
lementing the feedforward control solution with feedback control.
he proposed FPD model has already been employed for the design
f both optimal [4] and predictive [5] feedback control strategies
o add robustness to the overall current profile control scheme in
STX-U.

. Current density profile evolution model

Any arbitrary quantity that is constant on each magnetic flux
urface within the tokamak plasma can be used to index the flux
urfaces, which are graphically depicted in Fig. 1. In this work, we
hoose the mean effective minor radius, �, of the flux surface, i.e.,
B�,0�

2 = �,  as the indexing variable, where � is the toroidal mag-
etic flux and B�,0 is the vacuum toroidal magnetic field at the
eometric major radius R0 of the tokamak. The normalized effective
inor radius is defined as �̂ = �/�b, where �b is the mean effective
inor radius of the last closed flux surface. The safety factor profile

q) and the toroidal current density profile (j�) are related through

( �̂, t) = �̂2B�
R0�0

1∫ �̂
0
j�( �̂′, t) �̂′ d �̂′

, (1)

here �0 is the permeability of the free space [6]. Therefore, the

oroidal current density can be specified indirectly by the safety
actor q, which is also defined as q( �̂, t) = −d�/d� [6], where �
nd Design 123 (2017) 564–568 565

is the poloidal magnetic flux. Using � = �B�,0�
2 and �̂ = �/�b, the

q-profile can be expressed as

q( �̂, t) = −d�
d�

= − d�

2�d 
= −

∂�
∂�
∂�
∂  �̂

2�∂ 
∂  �̂

= −B�,0�
2
b
�̂

∂ /∂ �̂
,  (2)

where  (  �̂, t) is the poloidal stream function, which is closely
related to the poloidal flux � (� = 2� ).

Combining (1) and (2), it can be shown that the control of the
current density profile j�( �̂, t) is equivalent to the control of the
q-profile, which in turn is equivalent to the control of the poloidal
flux gradient profile ∂ /∂ �̂. The evolution of the poloidal magnetic
flux   is given by the magnetic diffusion equation (MDE) [7]

∂ 
∂t

= 
(Te)

�0�2
b
F̂2

1
�̂

∂
∂ �̂

(
�̂D 

∂ 
∂ �̂

)
+ R0Ĥ
(Te)

〈j̄ni · B̄〉
B�,0

, (3)

with boundary conditions:

∂ 
∂ �̂

|�̂=0 = 0,
∂ 
∂ �̂

|�̂=1 = −kIp Ip(t), (4)

where 
 is the plasma resistivity, Te is the electron temperature,
�0 is the vacuum permeability, j̄ni is any source of noninductive
current density, B̄ is the magnetic field, 〈 〉 denotes a flux-surface
average, D ( �̂) = F̂( �̂)Ĝ( �̂)Ĥ( �̂), where

F̂ = R0B�,0
RB�(R, Z)

, Ĝ =
〈
R2

0

R2
|∇�|2

〉
, Ĥ = F̂

〈R2
0/R

2〉 ,

are geometric factors pertaining to the magnetic configuration of a
particular plasma equilibrium, Ip(t) is the total plasma current, and
kIp = �0R0/

[
2�Ĝ(1)Ĥ(1)

]
.

3. Control-oriented modeling of plasma parameters

In this section, empirical models are developed based on both
physical observations and simulations for the electron density and
temperature profiles, the noninductive current sources, and the
plasma resistivity for a general NSTX-U operating scenario in order
to close the magnetic diffusion equation model (3) and to obtain a
control-oriented FPD model of the poloidal flux profile evolution.
It is important to emphasize that the models developed in this sec-
tion are not designed for physical understanding, rather they are
meant to capture the dominant physics that describe how the con-
trol actuators affect the plasma properties, and hence the current
density profile evolution.

3.1. Electron density modeling

The electron density profile ne( �̂, t) is modeled as

ne( �̂, t) = nprofe ( �̂)un(t), (5)

where nprofe ( �̂) is a reference profile and un(t) regulates the
time evolution of the electron density. Note that nprofe is
obtained by evaluating the experimental or simulated ne pro-
file at a reference time trne , i.e., nprofe ( �̂) = ne( �̂, trne ), and the
electron density regulation term un(t) is obtained from un(t) =∫ 1

0
ne( �̂, t) ∂V

∂  �̂
d �̂/

∫ 1
0
nprofe ( �̂) ∂V

∂  �̂
d �̂, where V denotes the volume

enclosed by a magnetic surface. This model assumes the control
action employed to regulate the electron density weakly affects
the radial distribution of the electrons.
In the formulation of the electron temperature model, we
assume a tight coupling between the plasma electron and ion
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pecies, i.e., Te( �̂, t) ≈ Ti( �̂, t) and ne( �̂, t) ≈ ni( �̂, t), where Ti( �̂, t)
nd ni( �̂, t) are the ion temperature and density profiles, respec-
ively. This assumption could be eliminated if necessary at the
xpense of a slightly more complex model. The electron temper-
ture profile is modeled as

e( �̂, t) = kTe ( �̂)
Tprofe ( �̂)
ne( �̂, t)

Ip(t)
√
Ptot(t), (6)

here kTe ( �̂) is a constant, Tprofe ( �̂) is a reference profile, and Ptot(t)

s the total power injected into the plasma. Note that Tprofe ( �̂) is eval-
ated at a reference time trTe , i.e., Tprofe ( �̂) = Te( �̂, trTe ). The constant

Te ( �̂) is expressed as kTe ( �̂) = ne( �̂, trTe )/
[
Ip(trTe )Ptot(trTe )1/2

]
.

The total power injected into the plasma, Ptot(t) is expressed
s Ptot(t) = Pohm(t) + Paux(t) − Prad(t), where Pohm(t) is the ohmic
ower, Paux(t) is the total auxiliary heating/current-drive (H&CD)
ower and Prad(t) is the radiated power. The ohmic power is

odeled as Pohm(t) ≈ 2�R0Ip(t)
2/

∫ 1
0

1

( �̂,t)

dS
d �̂
d �̂, where S denotes

 magnetic surface within the plasma. The total auxiliary H&CD
ower is expressed as Paux(t) =

∑nnbi
i=1 Pnbii (t), where Pnbii (t) is the

ndividual neutral beam injector powers, and nnbi is the total
umber of neutral beam launchers. The radiative power den-
ity losses are modeled in [6] as Qrad = kbremZeff ne( �̂, t)2

√
Te( �̂, t),

here kbrem = 5.5 × 10−37 W m3/
√

keV is the Bremsstrahlung radi-
tion coefficient and Zeff is the effective atomic number of the
ons in the plasma, which is assumed to be a constant in space
nd time. The radiated power is then expressed as Prad(t) =
1

0
Qrad( �̂, t) dV

d �̂
d �̂. Note that, if necessary, sources of radiation dif-

erent from Bremsstrahlung radiation could also be included in the
odel.

.3. Plasma resistivity modeling

The resistivity 
 scales with the electron temperature as

( �̂, t) = ksp( �̂)Zeff

Te( �̂, t)3/2
, (7)

here ksp( �̂) =
[

( �̂, tr
 )Te( �̂, tr
 )3/2

]
/Zeff is a constant that is

valuated at a reference time tr
 .

.4. Noninductive current-drive modeling

The total noninductive current-drive in NSTX-U is produced by
he auxiliary neutral beam launchers and the bootstrap current, and
s expressed as

〈j̄ni · B̄〉
B�,0

=
nnbi∑
i=1

〈j̄i · B̄〉
B�,0

+ 〈j̄bs · B̄〉
B�,0

, (8)

here j̄i is the noninductive current density generated by the indi-
idual neutral beam injectors, and j̄bs is the noninductive current
ensity generated by the bootstrap effect [9].

.4.1. Neutral beam injection current-drive
We model each auxiliary noninductive-current source as the

ime-varying source power multiplied by a constant deposition
rofile in space and the efficiency of the source. Therefore, the
oninductive toroidal current density provided by each individual

eutral beam injector is modeled as

〈j̄i · B̄〉
B�,0

( �̂, t) = knbii ( �̂)jdep
nbii

( �̂)

√
Te( �̂, t)

ne( �̂, t)
Pnbii (t), (9)
nd Design 123 (2017) 564–568

where i = [1, 2, . . .,  nnbi], knbii ( �̂) is a normalizing profile, jdep
nbii

( �̂)

is a reference profile for each current-drive source, and the
term

√
Te/ne represents the current-drive efficiency. Note that

jdep
nbii

( �̂) is evaluated at a reference time trnbi , i.e., jdep
nbii

( �̂) =[
〈j̄i · B̄〉/B�,0

]
( �̂, trnbi ). The constants knbii ( �̂) are expressed as

knbii ( �̂) = ne( �̂, trnbi )/
[√

Te( �̂, trnbi )Pnbii (trnbi )
]

.

3.4.2. Bootstrap current-drive
The bootstrap current is directly related to the inhomogeneity of

the magnetic field strength B ∝ 1/R, and is associated with trapped
particles [9]. From [10], the bootstrap current model is

〈j̄bs · B̄〉
B�,0

( �̂, t) = R0

F̂

(
∂ 
∂ �̂

)−1

×
[

2L31Te
∂ne
∂ �̂

+
{

2L31 + L32 + ˛L34
}
ne
∂Te
∂ �̂

]
, (10)

where L31, L32, L34, and  ̨ are functions of �̂.

4. FPD model of poloidal magnetic flux profile evolution

By substituting the simplified physics-based models for the elec-
tron density (5), electron temperature (6), plasma resistivity (7),
and noninductive current-drives (8)–(10) into the MDE  (3), space
and time functions can be separated. As a result, the MDE  takes the
control-oriented form

∂ 
∂t

= f
u

1
�̂

∂
∂ �̂

(
�̂D 

∂ 
∂ �̂

)
+
nnbi∑
i=1

fiui + fbsubs

(
∂ 
∂ �̂

)−1

, (11)

with boundary conditions ∂ 
∂  �̂

|�̂=0 = 0 and ∂ 
∂  �̂

|�̂=1 = −kIpuIp , where

the spatial functions f
, fi, and fbs can be expressed in terms of
the various model reference profiles and coefficients. The dif-
fusivity (u
), interior (ui, ubs) and boundary (uIp ) control terms
are nonlinear combinations of the physical actuators defined as
u
(t) = un(t)3/2Ip(t)−3/2Ptot(t)−3/4, ui(t) = Pnbii (t)Ip(t)

−1Ptot(t)
−1/2,

ubs(t) = un(t)3/2Ip(t)−1/2Ptot(t)−1/4, and uIp (t) = Ip(t). Simulation
and/or experimental data can now be utilized to identify the
model reference profiles and constants in the simplified physics-
based models (5)–(10) to tailor the FPD model (11) to a scenario of
interest in NSTX-U.

5. FPD model tailored to NSTX-U

Although NSTX-Upgrade was  completed in 2015, plasma sce-
narios relevant to this work have not been achieved yet. Therefore,
predictions by the physics-oriented transport code TRANSP [3] have
been used to tailor the proposed FPD model to the geometry and
actuators of NSTX-U.

There are 6 neutral beam launchers in NSTX-U, hence, nnbi = 6
in (8). Note that for simplicity, all model reference profiles and
coefficients, nprofe ( �̂), Tprofe ( �̂), jdep

nbii
( �̂), kTe ( �̂), ksp( �̂), and knbii ( �̂),

are evaluated at the same reference time, tr = 4 s. Therefore, tr =
trne = trTe = tr
 = trnbi = 4 s. The physical inputs used during the
simulations carried out based on both the FPD model and TRANSP
are shown in Fig. 2(a). The parameters related to the mag-
netic configuration of the plasma equilibrium and the reference

profiles and coefficients for the various models are shown in
Fig. 2(b)–(f). Finally, Fig. 3 compares FPD-model-predicted and
TRANSP-predicted ne( �̂), Te( �̂), 
( �̂), and q( �̂) profiles at various
instants.
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Fig. 2. (a) Physical inputs applied during the simulations based on both the FPD model and TRANSP (current in MA,  power in MW,  and un is dimensionless). (b)–(f) Model
parameters tailored to NSTX-U: (b) Magnetic equilibrium configuration parameters F̂(  �̂), Ĝ( �̂), and Ĥ( �̂), (c) bootstrap current coefficients L31( �̂), L32( �̂), L34( �̂) and ˛( �̂),
(d)  electron temperature coefficient kTe (1010 m−3 A−1 W−1/2) and plasma resistivity coefficient ksp (10−8� m keV3/2), (e) reference electron density nprofe ( �̂) and electron
temperature Tprofe ( �̂) profiles, and (f) reference neutral beam current deposition profiles for individual beams jdep

nbii
( �̂).
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ig. 3. Comparison of the TRANSP predicted and FPD model predicted (a) electro
omparison of the safety factor q( �̂) profiles at various instants. Figures (a) and (b) 

As can be seen from Fig. 3(a), the FPD model and TRANSP show
erfect agreement in predicting the ne profile because they share
he same model. Although Fig. 3(b) and (c) show that the FPD

odel captures the main dynamics affecting the evolution of the
e and 
 profiles for the purposes of control design, the observed
ismatches could be improved at the expense of adding more

omplexity to the present model for Te. Finally, as can be seen
rom Fig. 3(d)–(f), the TRANSP-predicted and FPD-model-predicted

 profiles seem to show the level of agreement that is needed for
ontrol design purposes.

. Conclusions and future work
In this work, the nonlinear magnetic-diffusion PDE has been
oupled with empirical models for the electron density, electron
emperature, plasma resistivity and noninductive current drive
sity ne( �̂), (b) electron temperature Te( �̂), (c) plasma resistivity 
( �̂), and (d)–(f)
the same legend as that provided for Figure (c).

(neutral beams and bootstrap) to produce a first-principles-driven
(FPD) control-oriented model of the current profile response in
NSTX-U. Simulations based on the FPD model carried out in just
a few seconds provide good agreement with TRANSP predictions
that take several hours, indicating that the accuracy level provided
by the FPD control-oriented model is adequate for control design
purposes. Although it is always possible to improve the prediction
accuracy by adding more complexity to the Te and 
 models, a
more important next-step goal is to refine the FPD model using
actual experimental data once NSTX-U begins producing mean-
ingful plasmas. This would improve prediction accuracy for more
reliable design and testing of various control algorithms.
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