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HIGHLIGHTS

e A physics-based, control-oriented model describing the temporal evolution of the current density profile in tokamaks is obtained by combining the
magnetic diffusion equation with empirical correlations for the electron density, electron temperature, and non-inductive current drives.

® The resulting first-principles-driven control-oriented model is tailored to the National Spherical Torus eXperiment-Upgrade (NSTX-U) based on the
predictions of the TRANSP simulation code.

® The model’s prediction capabilities are illustrated by comparing simulated data to TRANSP predictions for a reference run.

® Objectives and possible challenges associated with the use of the proposed model for the design of both feedforward and feedback controllers are
discussed.
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Active control of the toroidal current density profile is among those plasma control milestones that the
National Spherical Torus eXperiment-Upgrade (NSTX-U) program must achieve to realize its next-step
operational goals. Motivated by the coupled, nonlinear, multivariable, distributed-parameter plasma
dynamics, the first step towards control design is the development of a physics-based, control-oriented
model for the current profile evolution in response to non-inductive current drives and heating systems.
The evolution of the toroidal current density profile is closely related to the evolution of the poloidal mag-
netic flux profile, whose dynamics is modeled by a nonlinear partial differential equation (PDE) referred
to as the magnetic-flux diffusion equation (MDE). The proposed control-oriented model predicts the
spatial-temporal evolution of the current density profile by combining the nonlinear MDE with physics-
based correlations obtained at NSTX-U for the electron density, electron temperature, and non-inductive
current drives (neutral beams). The resulting first-principles-driven, control-oriented model is tailored
for NSTX-U based on predictions by the time-dependent transport code TRANSP. Main objectives and
possible challenges associated with the use of the developed model for the design of both feedforward
and feedback controllers are also discussed.
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1. Introduction

The National Spherical Torus eXperiment-Upgrade (NSTX-U),
located at the Princeton Plasma Physics Laboratory (PPPL) in
the USA, is one of the major spherical torus (ST) experimental
facilities in the world. NSTX-U is a substantial upgrade of the
former NSTX device, with significantly higher toroidal field and
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solenoid capabilities, and three additional neutral beam sources
with significantly larger current-drive efficiency [1].

Active control of the toroidal current density profile is among
those plasma control milestones that the NSTX-U program must
achieve to realize its next-step operational goals characterized by
a high-performance, MHD-stable, plasma operation with neutral
beam heating and longer pulse durations [1]. As a first step towards
control design, the goal of this work is to convert the physics-
based model of the poloidal magnetic flux profile evolution [2],
which is related to the toroidal current density profile evolution
in the spherical torus, into a form suitable for control design. This is
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Fig. 1. Magnetic flux surfaces in a tokamak [8]. The helical magnetic field (B) ina

tokamak plasma is composed of toroidal (B¢) and poloidal (By) fields. The poloidal
magnetic flux is defined as W = [ By -7idAz, where A; denotes the area of a disc

of radius R, and 7 is the unit vector perpendicular to the disk. Also shown are the
geometric major radius, Ry, and the minor radius, a.

achieved by combining the magnetic flux diffusion equation with
physics-based control-oriented models for the electron density and
temperature profiles, the plasma resistivity, and the non-inductive
current-drives, thereby obtaining a first-principles-driven (FPD)
model. The resulting control-oriented FPD model needs only to cap-
ture the dominant physics that describe how the control actuators
affect the poloidal magnetic flux evolution. Numerical simulations
of the proposed control-oriented model show qualitative agree-
ment with the physics-based transport code TRANSP [3].

The proposed FPD model can be used to design both feedforward
and feedback controllers to regulate the current-density profile
dynamics in NSTX-U. The goal of the feedforward control design
stage is to produce actuator trajectories that can steer the plasma
to a desired operating state. The main challenge arising during
this stage is the trade-off between the complexity of the plasma
response model and the computational time required to solve the
feedforward control optimization. However, the uncertainty in the
FPD model (and hence in the feedforward actuator trajectories)
arising from limiting its complexity can be compensated by com-
plementing the feedforward control solution with feedback control.
The proposed FPD model has already been employed for the design
of both optimal [4] and predictive [5] feedback control strategies
to add robustness to the overall current profile control scheme in
NSTX-U.

2. Current density profile evolution model

Any arbitrary quantity that is constant on each magnetic flux
surface within the tokamak plasma can be used to index the flux
surfaces, which are graphically depicted in Fig. 1. In this work, we
choose the mean effective minor radius, p, of the flux surface, i.e.,
7134,,0,02 =@, as the indexing variable, where & is the toroidal mag-
netic flux and By is the vacuum toroidal magnetic field at the
geometric major radius Ry of the tokamak. The normalized effective
minor radius is defined as p = p/ pp, where pj, is the mean effective
minor radius of the last closed flux surface. The safety factor profile
(g) and the toroidal current density profile (j,) are related through

N P*By 1

q(p, t) = = ) (1)
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where 1 is the permeability of the free space [6]. Therefore, the
toroidal current density can be specified indirectly by the safety
factor g, which is also defined as q(p, t) = —d®/dWV [6], where W

is the poloidal magnetic flux. Using & =T[B¢'O,02 and p = p/pp, the
g-profile can be expressed as
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where ¥(p, t) is the poloidal stream function, which is closely
related to the poloidal flux W (W =2m1)).

Combining (1) and (2), it can be shown that the control of the
current density profile jy(p, t) is equivalent to the control of the
g-profile, which in turn is equivalent to the control of the poloidal
flux gradient profile dyr/dp. The evolution of the poloidal magnetic
flux v is given by the magnetic diffusion equation (MDE) [7]
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with boundary conditions:
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where 7 is the plasma resistivity, T, is the electron temperature,
J4o is the vacuum permeability, j,; is any source of noninductive
current density, B is the magnetic field, () denotes a flux-surface
average, Dy (p) = F(p)G(p)H(p), where
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are geometric factors pertaining to the magnetic configuration of a
particular plasma equilibrium, I,(t) is the total plasma current, and

ki, = 1oRo/ [272G(1)A(1)].
3. Control-oriented modeling of plasma parameters

In this section, empirical models are developed based on both
physical observations and simulations for the electron density and
temperature profiles, the noninductive current sources, and the
plasma resistivity for a general NSTX-U operating scenario in order
to close the magnetic diffusion equation model (3) and to obtain a
control-oriented FPD model of the poloidal flux profile evolution.
It is important to emphasize that the models developed in this sec-
tion are not designed for physical understanding, rather they are
meant to capture the dominant physics that describe how the con-
trol actuators affect the plasma properties, and hence the current
density profile evolution.

3.1. Electron density modeling

The electron density profile ng(p, t) is modeled as
ne(p, £) = nb" (Phun(t), (5)

where nP™(p) is a reference profile and un(t) regulates the
time evolution of the electron density. Note that nf™® is
obtained by evaluating the experimental or simulated n. pro-
file at a reference time t, , ie., 2 (p) = ne(p, tr,,)» and the
electron density regulation term uy,(t) is obtained from un(t) =
fo] ne(p, t)g% dp/ fo] n'g”’f(p)g% dp, where V denotes the volume
enclosed by a magnetic surface. This model assumes the control
action employed to regulate the electron density weakly affects

the radial distribution of the electrons.
3.2. Electron temperature modeling

In the formulation of the electron temperature model, we
assume a tight coupling between the plasma electron and ion
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species, i.e., Te(p, t) ~ Ti(p, t) and ne(p, t) ~ n;(p, t), where T;(p, t)
and n;(p, t) are the ion temperature and density profiles, respec-
tively. This assumption could be eliminated if necessary at the
expense of a slightly more complex model. The electron temper-
ature profile is modeled as

2" (p)
ne(P, t)
where kr,(p) is a constant, " () is a reference profile, and Pror(t)

is the total power injected into the plasma. Note that T"" (p) is eval-
uated at areference time t,,. ,i.e., TP (p) = To( . tr;, ). The constant

Te(p, t) = kr, (D) ="

Ip(£)A/ Pror(1), (6)

kr,(P) s expressed as kr, () = ne(p t, )/ [In(tr, Pra(tr, )2

The total power injected into the plasma, Ps(t) is expressed
as Prot(t) = Popm(t) + Paux(t) — Praq(t), where Pypn(t) is the ohmic
power, Pgux(t) is the total auxiliary heating/current-drive (H&CD)
power and P,y4(t) is the radiated power The ohmic power is
modeled as Pyp,(t) ~ 27Roly(t) /fo n ;t ; dp, where S denotes
a magnetic surface within the plasma. The total auxiliary H&CD
power is expressed as Pgux(t) = Z"”b‘ nbi; (£), where Py (t) is the
individual neutral beam injector powers, and n,; is ‘the total
number of neutral beam launchers. The radiative power den-
sity losses are modeled in [6] as Qrqq = KphremZegrNe( 0, t)2 Te(p, t),
where kpyem =5.5 x 10737 Wm?3/vkeV is the Bremsstrahlung radi-
ation coefficient and Z is the effective atomic number of the
ions in the plasma, which is assumed to be a constant in space
and time. The radiated power is then expressed as P 4(t) =

fol Qraa(P, t)cd’—‘gd,b. Note that, if necessary, sources of radiation dif-

ferent from Bremsstrahlung radiation could also be included in the
model.

3.3. Plasma resistivity modeling

The resistivity 1 scales with the electron temperature as

_ ksp(:b)zeff (7)
CT(p. )P

where kgp(p) = /Zeff is a constant that is

(1., )Te(p 1)
evaluated at a reference time ¢, .

3.4. Noninductive current-drive modeling

The total noninductive current-drive in NSTX-U is produced by
the auxiliary neutral beam launchers and the bootstrap current, and
is expressed as

I Mpbi =
(lni'B> — Ui' Ubs (8)
Bro B,,,,O B¢ 0

Where]_',» is the noninductive current density generated by the indi-
vidual neutral beam injectors, and jj,, is the noninductive current
density generated by the bootstrap effect [9].

3.4.1. Neutral beam injection current-drive

We model each auxiliary noninductive-current source as the
time-varying source power multiplied by a constant deposition
profile in space and the efficiency of the source. Therefore, the
noninductive toroidal current density provided by each individual
neutral beam injector is modeled as

(7,‘~B)(,\ -dep Te(ﬁ, t)

Byo P, t) = knpi, (D) p; (P)mpnbii(t)» 9

where i =[1,2, ..., nyp], knpi(P) is @ normalizing profile, ]nbz (»)
is a reference profile for each current-drive source, and ‘the
term \/Fe/ne represents the current-drive efficiency. Note that

gg‘l’(p) is evaluated at a reference time ¢, ie., ]ﬂi’f(p):

[(), B)/B¢ 0] P, tr,,). The constants kp;,(p) are expressed as

K (P) = el )/ | /TelPo b Pt

3.4.2. Bootstrap current-drive

The bootstrap current is directly related to the inhomogeneity of
the magnetic field strength Boc1/R, and is associated with trapped
particles [9]. From [10], the bootstrap current model is

R -1
(jbs'B> ~ Ro 31#
22 (o, )= = ==
Byo (0, 1) F (3/‘?)

{2531 T.

dTe.
-~ +{2E31 + L3 +Oll:34}ne ) (10)
ap ap

where £31, £33, £34, and « are functions of p.

4. FPD model of poloidal magnetic flux profile evolution

By substituting the simplified physics-based models for the elec-
tron density (5), electron temperature (6), plasma resistivity (7),
and noninductive current-drives (8)-(10) into the MDE (3), space
and time functions can be separated. As a result, the MDE takes the
control-oriented form

Nppi -1
al/, fﬂuﬂlba ( > Dur+fbsubs< w) ) (11)

with boundary conditions = 1/’ \p 0=0 and &

the spatial functions f;, f,, and fps can be expressed in terms of
the various model reference profiles and coefficients. The dif-
fusivity (up), interior (u;, ups) and boundary (uy,) control terms
are nonlinear combinations of the physical actuators defined as
(£ = un(EPPIp(6)3PPeo(£) 314, ui(t) = P (OIp(6) ™ Pror(£) /2,
Ups(£) = un(£)>2Ly(6) 12 Peor(£)"14, and  uy,(t) = Ip(t). Simulation
and/or experimental data can now be utilized to identify the
model reference profiles and constants in the simplified physics-
based models (5)-(10) to tailor the FPD model (11) to a scenario of
interest in NSTX-U.

|p 1 = —kj,uy,, where

5. FPD model tailored to NSTX-U

Although NSTX-Upgrade was completed in 2015, plasma sce-
narios relevant to this work have not been achieved yet. Therefore,
predictions by the physics-oriented transport code TRANSP [3]| have
been used to tailor the proposed FPD model to the geometry and
actuators of NSTX-U.

There are 6 neutral beam launchers in NSTX-U, hence, n,;; =6
in (8). Note that for simplicity, all model reference profiles and

coefficients, nf" (p), TZ™ (D), ot (), kr,(P), ksp(P), and kupi (D)

are evaluated at the same reference time, tr=4s. Therefore, t, =
tre = try, =try =ty = 4s. The physical inputs used during the
simulations carried out based on both the FPD model and TRANSP
are shown in Fig. 2(a). The parameters related to the mag-
netic configuration of the plasma equilibrium and the reference
profiles and coefficients for the various models are shown in
Fig. 2(b)-(f). Finally, Fig. 3 compares FPD-model-predicted and
TRANSP-predicted n.(p), Te(p), n(p), and q(p) profiles at various
instants.
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Fig. 2. (a) Physical inputs applied during the simulations based on both the FPD model and TRANSP (current in MA, power in MW, and uj, is dimensionless). (b)-(f) Model
parameters tailored to NSTX-U: (b) Magnetic equilibrium configuration parameters F(p), G(), and A(), (c) bootstrap current coefficients £31(p), £32(p), £34(p) and (D),
(d) electron temperature coefficient kz, (10'® m~3 A-' W-2) and plasma resistivity coefficient ks, (10-8 2mkeV3/?), (e) reference electron density n?"” (p) and electron

temperature T?" () profiles, and (f) reference neutral beam current deposition profiles for individual beamsjigf‘([)).
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Fig. 3. Comparison of the TRANSP predicted and FPD model predicted (a) electron density ne(p), (b) electron temperature Te(p), (c) plasma resistivity n(p), and (d)—(f)
comparison of the safety factor q(p) profiles at various instants. Figures (a) and (b) share the same legend as that provided for Figure (c).

As can be seen from Fig. 3(a), the FPD model and TRANSP show
perfect agreement in predicting the n, profile because they share
the same model. Although Fig. 3(b) and (c) show that the FPD
model captures the main dynamics affecting the evolution of the
T and n profiles for the purposes of control design, the observed
mismatches could be improved at the expense of adding more
complexity to the present model for Te. Finally, as can be seen
from Fig. 3(d)-(f), the TRANSP-predicted and FPD-model-predicted
q profiles seem to show the level of agreement that is needed for
control design purposes.

6. Conclusions and future work

In this work, the nonlinear magnetic-diffusion PDE has been
coupled with empirical models for the electron density, electron
temperature, plasma resistivity and noninductive current drive

(neutral beams and bootstrap) to produce a first-principles-driven
(FPD) control-oriented model of the current profile response in
NSTX-U. Simulations based on the FPD model carried out in just
a few seconds provide good agreement with TRANSP predictions
that take several hours, indicating that the accuracy level provided
by the FPD control-oriented model is adequate for control design
purposes. Although it is always possible to improve the prediction
accuracy by adding more complexity to the T, and n models, a
more important next-step goal is to refine the FPD model using
actual experimental data once NSTX-U begins producing mean-
ingful plasmas. This would improve prediction accuracy for more
reliable design and testing of various control algorithms.
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