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1. Introduction

The sawtooth instability in tokamak plasmas is a periodic 
activity characterised by a fast relaxation on time traces of 
plasma parameters such as temperature and neutron rate and 
by a following slower recovery of the signal amplitude in the 
central region where the safety factor q is below unity [1]. The 
sawtooth instability has an effect on the transport of plasma 
particles as sawtooth crashes result in the reconnection of 
magnetic flux surfaces inside the q  =  1 surface. Thermal 
particles experience redistribution during the crash along the 
reconnected flux surfaces. Unlike for thermal particles, the 
behaviour of fast ions (e.g. α-particles and particles from 

auxiliary heating systems) is affected not only by the recon-
nection of magnetic fields but also by the characteristic of fast 
ions, such as the particle energy and pitch. Therefore, these 
variables need to be included in sawtooth modelling to under-
stand and to interpret quantitatively the experimental results.

The redistribution of fast ions induced by the sawtooth 
instability has been investigated in the National Spherical 
Torus Experiment Upgrade (NSTX-U) [2] experiments. 
During the 2016 experimental campaign, well-reproducible 2 
s long sawtoothing L-mode discharges were obtained [3] pro-
viding opportunities to study the fast ion transport during saw-
tooth crashes in NSTX-U. The experiment results show that 
the sawtooth-induced redistribution is different based on the 
fast ion orbit types [4]. The analysis of the experimental meas-
urements from solid state neutral particle analyser (SSNPA) 
shows that passing particles are strongly affected by sawtooth 
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crashes and redistributions are observed across the plasma 
minor radius for the whole detectable energy range. On the 
contrary, the effect of sawtooth crashes on the redistribution 
is weak for trapped particles. The measured data from fast ion 
D-alpha (FIDA) spectroscopy confirms the similar behaviour 
of fast ions. The observations from NSTX-U experiments 
are qualitatively consistent with those from conventional 
tokamaks (e.g. DIII-D [5], ASDEX-Upgrade [6–8], TEXTOR 
[9]) despite the different operation and plasma parameters such 
as lower magnetic field, smaller machine size, higher β (the 
ratio of plasma pressure to the magnetic field pressure) and 
larger q  =  1 surface. A contradictory result that passing and 
trapped particles have similar effect from sawtooth crashes is 
observed in recent MAST experiments [10].

The analysis of NSTX-U sawtoothing discharges has been 
done using the tokamak transport code TRANSP [11, 12]  
and the implemented sawtooth models: full reconnec-
tion (Kadomtsev) [13] or partial (incomplete) reconnection 
(Porcelli) model [1]. By choosing a sawtooth model and 
adjusting free parameters in the model, e.g. fast ion redis-
tribution fraction, partial reconnection fraction, TRANSP 
simulations can reproduce some global parameters such as 
neutron rate [4]. However, it is difficult to predict a set of free 
parameters to match the neutron rate since it cannot be self-
consistently evaluated. Furthermore, the agreement of global 
parameters does not ensure the agreement of estimated fea-
tures of fast ions such as the fast ion distribution functions. 
From the tangential fast ion D-alpha (FIDA) measurements 
[14, 15], it is seen that after a crash fast ions in the centre move 
outside causing the increase of fast ion population outside the 
inversion radius. However, the FIDA simulation (FIDASIM) 
[16] using the TRANSP simulation results that reproduce the 
experimental neutron rate shows a decrease of the population 
of fast ions across the whole plasma minor radius [4].

The discrepancy of fast ion distributions between the meas-
urements and the simulation may result from that the sawtooth 
models in TRANSP do not take into account the character-
istics of fast ions. Simulation works using the ORBIT code 
[17], which takes into account the fast ion properties such as 
fast particle energy and orbit type, confirm the experimental 
observation that passing particles in the core region are 
expelled and move outside the q  =  1 surface while a sawtooth 
crash does not have significant effects on trapped particles, 
in particular for the particles with energy higher than 30 keV 
[18]. Therefore, a more reliable model that includes the effect 
of fast ions energy, orbit type and other phase space variables 
is required to evaluate the behaviour of fast ions during saw-
tooth crashes more quantitatively in the TRANSP simulations.

In this work, we have extended the previous work [18] by 
implementing the newly developed kick model [19, 20] into 
the ORBIT code. The kick model computes the probability 
matrix of change of fast ion energy and angular momentum in 
the presence of sawtooth instability in the ORBIT calculation. 
By using the probability matrix as an updated input param-
eter for NUBEAM module [21, 22] in TRANSP, the effect of 
phase space variables on the modelling of sawtooth-induced 
fast ion transport can be included in time dependent simula-
tions. TRANSP simulation results using the kick model show 

features of sawtooth-induced fast ion redistribution that are 
not found from the conventional sawtooth models. In addition, 
from the FIDASIM results, the comparison with experimental 
observations are carried out. The preliminary test results con-
firm that energy, canonical angular momentum, pitch should 
be included in the modelling to describe the behaviour of fast 
ions in sawtoothing discharges.

The rest of this paper is organised as follows. The exper-
imental scenario of the NSTX-U discharge is summarised 
in section 2 with the main diagnostics for fast ions and the 
simulation tools applied in this work. The applied perturba-
tion model and an example of kick model application will be 
discussed in section 3. The sensitivity of the choice of mode 
amplitude is also investigated. In section 4, the comparison of 
TRANSP simulation results using different models are shown 
and the comparison with experimental measurements and 
theor etical prediction will be discussed in section 5. Finally, 
the conclusion follows in section 6.

2. Experimental scenario and simulation tools

Simulations have been performed based on the NSTX-U 
L-mode sawtoothing discharge #204163, a center-stack lim-
ited L mode plasma with a flat-top plasma current Ip  of 700 
kA and a toroidal magnetic field BT of 0.65 T at the magn-
etic axis (R0 ∼ 1.05 m). The experimental scenario is dis-
played in figure 1. The time trace of plasma current Ip  shows 
the ramp up (up to about 300 ms) and flat-top phases. The 
injected neutral beam power PNB of 1.1 MW with the injected 
energy of 72 keV is applied from a perpendicular beam source 
(1B) with tangency radius of 60 cm from the ramp-up phase 
to the end of discharge. The sawtooth activities with period 
of 30–40 ms are seen from the repetitive drop of neutron rate 
and the spikes on magnetic fluctuations from Mirnov coils. 
Electron temper ature Te (blue) and density ne (red) profiles 
averaged over 10 ms before (solid) and after (dashed) a crash 
at 1353 ms are shown in figure 1(e). Due to the crash, Te and ne 
profiles drop inside the q  =  1 surface near the major radius R 
of 130–135 cm (normalised minor radius  ∼0.4) while slightly 
increase outside the inversion radius.

As the sampling times of diagnostics are comparable to the 
sawtooth periods (16 ms for Thomson scattering system [23] 
and 10 ms for charge exchange recombination spectroscopy 
(CHERS) [24]), available profile data cannot fully reflect the 
effect of sawtooth crash. Therefore, the measured profile data 
are re-processed through conditional average to reconstruct 
the evolution of profiles during sawtooth cycles on a finer time 
grid. Profiles are first re-scaled based on a 100 ms running 
average at each radial point to remove their long-time-range 
evolution. Then the conditional average is performed on the 
profile variation to infer the characteristic time-scale for pro-
file recovery. Finally, experimental data are used to constrain 
the reconstructed profile at each sawtooth crash based on the 
inferred recovery time-scale. Once the typical recovery time 
is determined, the profile reconstruction is based on a two 
parameter fit of the available data, where the fitting param-
eters are the amplitude of the density/temperature drop and 
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the average value (offset) of density/temperature for each spe-
cific sawtooth event. For events for which not enough profile 
data are available, the amplitude of the drop is instead con-
strained from SXR data, rescaled to match the drop for events 
with sufficient density/temperature time points.

The fast ion diagnostics used in this work include neu-
tron detectors, solid state neutral particle analyser (SSNPA) 
arrays [25, 26] and fast ion D-alpha (FIDA) spectr oscopy 
[14, 15]. The neutron detector has been used for the 
measurements of the volume-integrated neutron flux. On 
NSTX-U about 90% of neutrons are produced by beam-
target (thermal) reactions, thus the drops in neutron rate 
can indicate changes of thermal and/or fast ion profiles 
during sawtooth crashes. The SSNPA diagnostic measures 
neutral particle fluxes generated from charge exchange 
(CX) reactions between fast ions and neutrals. The FIDA 
diagnostic measures the Doppler shifted D-alpha emission 
of re-neutralised fast ions from CX reactions with beam 
injected neutrals or background cold neutrals. The FIDA 
system consists of toroidally viewing t-FIDA and vertically 
viewing v-FIDA for mostly detecting signals from passing 
and trapped particles, respectively. The SSNPA and FIDA 
diagnostics can have active and/or passive signals that use 
CX reactions with injected beam neutrals and background 
neutrals. The active signals originate near the intersection 
of the diagnostic sightlines and the injected neutral beam 
footprint. The passive signals mainly come from the plasma 
edge since the background neutral density is usually a few 
order higher in the edge region than in the core.

In order to test the dependencies of fast ion redistribution 
during sawtooth crashes on the fast ion phase space vari-
ables, the ORBIT code [17] has been used in conjunction with 
the reduced kick model [19, 20]. ORBIT is a Hamiltonian 
guiding-centre code for analysing energetic particle transport 
induced by instabilities in tokamak plasmas. In this work, we 

have applied m  =  1, n  =  1 mode magnetic field perturbations 
to represent sawtooth instability. The kick model evaluates 
transport probability matrices to represent the fast ion trans-
port by instabilities. Using the estimation from the ORBIT 
code in the presence of sawtooth instability, the kick model 
computes the probability matrices that represent the change 
of particle’s energy (∆E) and canonical angular momentum 
(∆Pζ) around a certain position in phase space (E, Pζ ,µ0, the 
magnetic moment) during their orbiting over a certain time 
interval. Note that the change of µ0 is not computed as it is 
assumed to be constant.

The resulting probability matrix p (∆E,∆Pζ |E, Pζ ,µ0) 
from the kick model can be used as input for time dependent 
transport simulations, such as TRANSP [11, 12] used for 
this work. TRANSP is a transport code that enables time 
dependent integrated interpretative/predictive simulations of 
tokamak discharges. The implemented Monte Carlo module 
NUBEAM [21, 22] computes the dynamics of energetic par-
ticles. The kick model results are used as an updated input 
value to the NUBEAM module to include the effects of saw-
tooth instability. NUBEAM uses p (∆E,∆Pζ |E, Pζ ,µ0) and 
the given mode amplitude to update the evolution of fast ion 
E, Pζ , which affects the fast ion distribution functions, den-
sity, etc.

To compare fast-ion distribution functions predicted using 
kick model and the standard sawtooth models, synthetic fast 
ion diagnostic signals are calculated by the FIDASIM code 
[16] and compared with the experimental FIDA and SSNPA 
signals. The FIDASIM code models neutral beam deposition 
and can predict active and passive FIDA and SSNPA diag-
nostic signals, treating all relevant atomic physics such as 
charge-exchange, atomic excitation and ionisation processes. 
The main inputs are plasma equilibrium, neutral beam param-
eters (geometry, power waveform), fast ion distribution and 
plasma profiles.

Figure 1. Experimental scenario for NSTX-U discharge #204163. (a) Plasma current in ramp-up and flat-top phase. (b) Time trace 
of injected NB power of 1.1 MW from beam source 1B. (c) Measured neutron rate in flat-top phase where sawteeth were detected. (d) 
Magnetic fluctuations from Mirnov coils. (e) Example of electron density (red) and temperature (blue) profiles reconstructed through 
conditional average before (solid) and after (dashed) a sawtooth crash at t  =  1353 ms.
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3. ORBIT modelling with kick model

The ORBIT code has been used to investigate the character-
istics of fast ion redistributions and to compute the transport 
probability matrix in the presence of sawtooth instability. The 
sawtooth instability is represented by a linearised radial dis-
placement ξ (see [18]). In the ORBIT code the magnetic per-
turbation is described using a scalar function α and only the 
radial component of perturbed field is considered in this work. 
Thus the radial profile of ξ has been converted into α using 
the relation between them [27] (See equations (1a) and (1b)) 
and the radial component of applied perturbed magnetic field 
is shown in equation (1c)

δB⃗ = ∇×
(
αB⃗

)
, (1a)

αmn (ψp) =
m/q − n
mg + nI

ξmn (ψp) , (1b)

δB⃗ ·∇ψp =
∑

m,n

mg + nI
J

αmn (ψp) cos (nζ − mθ − ωt) , (1c)

where B⃗  and δB⃗ are the equilibrium and the perturbed magn-
etic field, respectively, (m, n), (θ, ζ) and (g, I) are the poloidal 
and toroidal mode numbers, angles and current functions, 
respectively, q is the safety factor, ψp is the poloidal flux, J is 
the Jacobian and ω  is the mode frequency. In this work, a con-
stant ω  value of 10 kHz, the average frequency in lab frame 
during sawtooth cycles, is applied.

Using the given magnetic perturbation, the kick probability 
matrix has been calculated in the ORBIT code for each saw-
tooth crash. Note that for the kick model application, the mode 
amplitude is fixed in time so that only just before and after a 

crash cases are considered. The time dependent mode ampl-
itude in TRANSP will be discussed in section 4. One example 
of the kick model application from a time slice (1353 ms) is 
shown in figure 2. In figures 2(a)–(d), the canonical angular 
momentum (Pζ) and the ratio of the magnetic moment to the 
particle energy (µB0/E) are used for the horizontal and the 
vertical axes, respectively. The black dashed lines indicate 
the boundary of orbit type classification defined using the 
Hamiltonian equation of motion and the conservation of Pζ 
[28]

E = ρ2
∥B2/2 + µB + Φ,

Pζ = gρ∥ − ψp,
 (2)

where ρ∥ = v∥/B the normalised parallel gyro radius, Φ the 
electrostatic potential. Note that the right curve indicates 
the boundary near the magnetic axis and the black arrow in 
figure 2(d) indicates the real space direction from the magn-
etic axis to the edge.

Figures 2(a) and (b) represent the averaged root-mean-
square of the particle energy change due to a sawtooth crash 
in terms of phase space variables. For two different energy 
ranges (∼30 and  ∼65 keV), passing particles are clearly 
affected by a crash while for trapped particles a sawtooth 
crash has less effect on higher energy case. As the critical 
energy for the redistribution [29] of trapped particle is about 
30 keV (discussed in section 5) for this plasma, the change in 
phase space is limited for higher energy. On the other hand, 
since the critical energy of passing particles is much higher 
than the neutral beam injection energy (∼70 keV), most of 
passing particles are redistributed by sawtooth instability.

From figures 2(c) and (d) one can infer the redistribution 
of fast ions with different orbit type and energy. These fig-
ures show the balance of the averaged positive and negative 

Figure 2. (a) and (b) The averaged root-mean-square of the particle energy change due to a sawtooth crash. (c) and (d) The balance of the 
averaged positive and negative energy kicks at each location. The black dashed lines are the boundary of different orbit types. (e) and (f ) 
Calculated probability matrices from the kick model for two energy cases at a certain location on the fast ion phase space (Red crosses in 
(c) and (d)).
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energy kicks at each location. Note that from the relation 
between ∆E and ∆Pζ  (∆Pζ/∆E ∼ n/ω), the positive (nega-
tive) energy kicks correspond to positive (negative) Pζ kicks. 
In addition, from equation (2), one can infer ∆Pζ ∝ −∆ψp. 
The phase space location where ∆E is mostly negative is dis-
played with blue colour while red indicates mostly positive 
change of energy on average. Using the relation between 
∆E,∆Pζ and ∆ψp, one can picture in the real space that par-
ticles are expelled from near axis (blue region near the axis 
boundary, positive ∆ψp) or move inside (red outside the q  =  1 
surface, negative ∆ψp) during a crash based on their initial 
position with reference to the inversion radius (green region 
between the blue and red). The detail of kick probability for 
the redistribution of fast ions are shown in figures 2(e) and (f ) 
(red crosses from the blue and green regions in figures 2(c) 
and (d)). The probability is calculated for a time step of 80 µ
s in the ORBIT modelling. As the chosen phase space loca-
tion is in blue region in figure 2(c), the variations of Pζ and 
E for lower energy passing particles near the magnetic axis 
in real space are mostly negative; this indicates that particles 
are expelled from the centre due to a crash. For the higher 
energy case, the averaged positive and negative probabilities 
are balanced. In this case as the same Pζ and E position is 
shifted in phase and real space, particles are located near the 
inversion radius so that passing particles have similar prob-
ability to move inside and outside the q  =  1 surface. Unlike 
passing particles, the probability matrices for trapped par-
ticles are expected to be mostly positive (larger red area in 
figure 2(c)) although the change in (Pζ , E ) is lower for higher 
energy particles.

In the perturbation model, the nominal mode amplitude is 
a free parameter. The mode amplitudes of each crash can be 

determined by comparing the relative change of neutron rate 
drops with measurements. The relative change of neutron rate 
drops from ORBIT results is evaluated using the calculation 
of D–D reaction rate [18]

∆neut_rate =

∑N0
k nd0,kS0,k

√
E0,kdVk −

∑Nf
k ndf ,kSf ,k

√
Ef ,kdVk

∑N0
k nd0,kS0,k

√
E0,kdVk

.

 (3)
The deuterium density nd is evaluated from the conditionally 
averaged ne and the plasma volume element dV , the reaction 
cross section  S and the particle energy E are computed in 
ORBIT code. Using the ORBIT-estimated mode amplitudes, 
the relative change of neutron rate drops can reproduce the 
measured ones as shown in figure 3(a).

To verify the feasibility of the estimated mode amplitude, 
kick probability matrices are evaluated for each sawtooth 
crash using the mode amplitudes and are applied to TRANSP 
simulation. Due to the limited number of input parameter 
in TRANSP, only one matrix at a certain time slice is used 
for all sawtooth crashes. The different mode amplitudes for 
all crashes are normalised by the mode amplitude of chosen 
time slice. In TRANSP, the probability matrix and the nor-
malised mode amplitudes are used as input data. More details 
of TRANSP simulation will be discussed in section  4. The 
evaluated neutron rate (red) is shown in figure 3(b) with the 
experimental data (blue). Unlikely to the relative change of 
neutron rate drop using the estimated mode amplitudes, the 
resultant neutron rate does not reproduce the experimental 
measurements but is over-estimated (the change of neu-
tron rate at each sawtooth crash is larger than the measured 
one). A possible explanation would be the uncertainties for 
the estimation of mode amplitudes. As the calculation of the 

Figure 3. (a) Mode amplitude can be determined by the comparison of the simulated relative change of neutron rate before and after a 
crash with the measurement. (b) The neutron rate from TRANSP simulation (red) using a kick probability matrix with normalised mode 
amplitudes is over-estimated compared to the measured neutron rate (blue). (c) Deuterium density accounts for most of the relative 
change of neutron rate. Thus the uncertainties in deuterium density estimation should be reduced to have more accurate mode amplitude 
calculation.

Nucl. Fusion 59 (2019) 086007
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relative change of neutron rate drops is based on the reaction 
rate between thermal and fast particles, most of contribution 
of the estimated value comes from the thermal plasma den-
sity (figure 3(c)). As previously mentioned, the profile data 
are re-processed through conditional average. Due to the pro-
cess, thermal particle profile can have uncertainties that may 
cause an incorrect estimation of the relative change of neutron 
rate drops. For more accurate simulations, the time resolution 
of plasma density and temperature measurements should be 
increased to reduce the uncertainties.

Therefore, in the rest of this work, a fixed nominal mode 
amplitude has been used for the probability matrix calcul-
ation. The default value of the nominal mode amplitude ξ0 
of 7.5 cm has been taken from the previous work [18]. Since 
this value has also been estimated based on the same analysis 
with uncertainties (comparison of the relative change of neu-
tron rate drop), it is worth to have sensitivity tests of given 
mode amplitude using ξ0 = (7.5, 5, 10 cm). The probability 
matrices with the three ξ0 values are computed and are applied 

to TRANSP simulations. First, the neutron rate has been com-
pared (figure 4(a)). Despite about 30% change of the nominal 
mode amplitude in kick model calculation, the resultant neu-
tron rates are almost the same. The differences of neutron rate 
between ξ0 = 7.5 cm and other cases (figure 4(b)) are less 
than 5% and therefore show the weak dependence on mode 
amplitude.

Since the neutron rate is not sufficient to investigate the 
effect of mode amplitude, another test using fast ion distribu-
tions has been carried out. The difference of fast ion distri-
bution functions before and after a crash at the normalised 
radius of 0.55 (outside the inversion radius) for ξ0 = 7.5 cm 
case is shown in figure 5(a). The number of fast ions along the 
entire energy range are integrated at each pitch values to com-
pare three cases. As shown in figure 5(b), the change of fast 
ion distribution before and after a crash are almost the same. 
For ξ0 = 5 cm case, the difference is about 10%–15% and as 
the mode amplitude increases the difference becomes smaller 
(saturation of the effect of increasing mode amplitude). 

Figure 4. (a) Neutron rate from TRANSP simulation using kick probability matrix with ξ0 = 7.5 cm (blue), 5 cm (red) and 10 cm (green). 
All three cases are almost the same. (b) The differences in simulated neutron rate between ξ0 = 7.5 cm and 5 cm (red) and ξ0 = 7.5 cm and 
10 cm (green) are less than 5%. The mode amplitude in kick model may have little effect on the TRANSP simulations.

Figure 5. (a) The difference of fast ion distribution before and after a sawtooth crash evaluated outside the inversion radius for ξ0 = 7.5 cm 
case. (b) The difference of distribution functions for three ξ0 cases are integrated over the all energy range. The 1D distribution functions 
(function of pitch) are within 10%–15% difference so that in this work, the mode amplitude is fixed to 7.5 cm.

Nucl. Fusion 59 (2019) 086007
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Therefore, one can conclude that for this scenario the results 
from the kick model are not very sensitive to the assumed 
mode amplitude. For the rest of simulations in this work, the 
fixed nominal mode amplitude of ξ0 = 7.5 cm has been used 
for the kick model application in ORBIT.

4. Application of kick model to time dependent 
transport simulations

The calculated kick probability matrix has been applied to 
time dependent TRANSP simulations to test the improve-
ment of the modelling for the fast ion redistribution induced 
by sawteeth. The sawtooth crash time is identified from the 
measurements of the soft x-ray and is given as an input param-
eter for the simulations. The modification of thermal plasma 
temperature and density profiles during sawtooth cycles is 
included in the conditional averaged input profiles. For the 
target discharge, the motional Stark effect (MSE) measure-
ments were not available thus the q profile and its temporal 
evolution are evaluated by solving the poloidal field diffusion 
equation using a fixed boundary equilibrium code TEQ [30]. 
Note that kick model is applied only for fast ion transport so 
that the modification of q profile is described by the conven-
tional sawtooth models (full [13] and partial [1] reconnection 
models).

The prediction of fast ion redistribution is described 
based on the chosen model. Using the result from ORBIT/
kick modelling, NUBEAM module has an additional input of 
∆Pζ ,∆E to take into account the phase space variables for 
the sawtooth-induced redistribution. Although the probability 
matrices are computed for each sawtooth crash, due to the 
limit of number of input data in TRANSP and for simplicity, 
only one matrix (from 1353 ms) is used for all the crash times. 
As previously discussed, ORBIT-estimated mode amplitudes 
brought over-estimated neutron rate drops due to uncertain-
ties. Thus the fixed nominal mode amplitude of ξ0 = 7.5 cm 
is applied for the probability matrix calculation in ORBIT/
kick modelling and the normalised mode amplitudes for 
each crash time in TRANSP are determined using the rela-
tive change of measured neutron rate drops (normalised by 
the amplitude at 1353 ms). The normalised mode amplitude 
at 1353 ms is shown in figure 6 with the sawtooth crash time 

(red dashed line) and other normalised amplitudes in the inset. 
It is assumed that the perturbation is applied just before the 
crash since the probability matrix is computed based on the 
equilibrium before the crash time. This assumption may not 
correctly reflect the physics of sawtooth instability that the 
effect of sawtooth on the fast ion redistribution mostly occurs 
during the ‘fast phase’ after a crash. As discussed in [18], the 
time dependent mode amplitude can be applied to kick model 
in the ORBIT code and the effect of sawtooth can be included 
more accurately. However, in this work, the main idea of using 
a reduced kick model is to simplify the calculation considering 
reduced number of parameters. More detailed approach which 
covers the physics may be needed for the further study. Fast 
ion redistributions can also be described in TRANSP using 
conventional sawtooth models with chosen free parameters. 
The simulation results using different models are compared 
in the following.

In figure 7, the time traces of neutron rate from TRANSP 
simulations using different models are shown. On the upper 
panel, blue, red and green lines indicate the measured neutron 
rate, TRANSP simulation results without fast ion redistribu-
tion and with kick model, respectively. On the bottom one, 
blue curve is the same and purple and light blue ones are full 
and partial reconnection cases. In this work, the fraction of 
fast ion redistribution is set to 20% and 50% for the full and 
partial reconnection cases, respectively. A partial reconnec-
tion fraction of 50% is used. Note that the free parameters are 
determined to match the measured neutron rate. The measured 
neutron rate is normalised to have the same averaged value 
as TRANSP simulations between 360 and 440 ms, where no 
MHD activity has been detected.

The neutron rate from the TRANSP simulation in which 
the effect of sawteeth on fast ions is suppressed (red) is com-
parable with the measured one (blue). This indicates that the 
change in the thermal plasma profile has the most contrib ution 
to the neutron rate drop. The application of kick model (green) 
brings slightly better agreement but the effect of fast ion redis-
tribution on the neutron rate drop is not significant. Using the 
conventional sawtooth models, the neutron rate similar to 
the reference case can be produced with a proper set of free 
parameters; the fraction of fast ion redistribution, the partial 
reconnection fraction. Since these free parameters cannot be 
self-consistently determined, predictive modelling for saw-
tooth-induced fast ion redistribution is demanding using the 
conventional models.

From figure 7, it seems that the conventional models can 
be used to describe the fast ion redistribution in sawtoothing 
plasmas. However, although the simulated neutron rates using 
the different models are comparable to the measured one, 
detailed features are not similar. Several profiles related to 
the fast ion evolution 2 ms before (solid) and after (dashed) a 
crash at 1353 ms from kick model (blue), full (red) and partial 
(green) reconnection cases are compared in figure  8. Since 
the kick model does not affect the q profile, full reconnec-
tion model is applied as a default setting. As the central value 
of the q profile from partial reconnection stays below unity 
after a crash, the profile before crash is more relaxed com-
pared to the profile from full reconnection. The estimated fast 

Figure 6. Normalised mode amplitude at 1353 ms shows the input 
data of mode amplitudes for all sawtooth crash times (inset) in 
TRANSP.
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ion density profiles in figure 8(b) clearly show the difference 
among the models. The post-crash profile from the kick model 
demonstrates the effect of sawtooth on the redistribution. The 
central density drops while density outside inversion radius 
increases. Note that the inversion radius is inside the q  =  1 
surface location. Full and partial reconnection cases have 
similar fast ion density profiles. After a crash, density profile 
at the centre is slightly diminished but the difference is small 
as the redistribution fraction is small. Since more than half of 
fast ions are not modified by the sawtooth crash (redistribution 
fraction  <50%), the post-crash profile keeps almost the same 
shape. Similar difference can be seen in the NB driven current 
density profile (figure 8(c)).

The fast ion distribution functions just outside the q  =  1 
surface (ρψ,N = 0.55) before and after a sawtooth crash 
shown in figure 9 also illustrate the difference between applied 

models. Figures 9(a) and (b) are the fast ion distributions from 
the kick model before and after a crash while figures 9(c) and 
(d) are the partial reconnection case. Note that full and partial 
reconnection cases have similar distribution functions thus 
only partial reconnection case is shown here. The kick model 
results confirm that the sawtooth crash redistributes fast ions 
in both radius (as shown in figure 8(b)) and energy, in par-
ticular the low energy passing and trapped particles. Passing 
particles with larger pitch decrease about 20%–30% while 
trapped/passing particles with pitch around 0.5 increase about 
50%. This may indicate that passing particles change their 
orbit type and become trapped particles as discussed in [18]. 
However, as seen in figure 2, particles move around the inver-
sion radius and that can result in the change of the local dis-
tribution of fast ions. Therefore, for the precise analysis, the 
tracking of particles and the change of orbit type are required. 

Figure 7. (a) Neutron rates from the measurements (blue), without fast ion redistribution (red) and kick model (green). It is confirmed 
that the main contribution to the change of neutron rate comes from the variation of thermal plasma. Using the kick model, the neutron 
rate shows better match but both cases are in a good agreement with the measurements within errorbar. (b) Neutron rates from the 
measurements (blue), full (purple) and partial (yellow) reconnection cases. By adjusting free parameters, the conventional sawtooth models 
can provide neutron rates close to the experimental value.

Figure 8. (a) Safety factor q (b) fast ion density (c) fast ion driven current profiles from each model (blue—kick model, red—full 
reconnection, green—partial reconnection) before (solid) and after (dashed) a crash. Using kick model, clear effect from a sawtooth crash is 
seen on the profiles. Since kick model does not affect q profile, full reconnection is assumed.
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In addition to the increase of the lower energy (<40 keV) in 
the lower pitch range (0–0.5), the number of higher energy 
particles is extended as well as the increase of counter passing 
particles (pitch !  −  0.5). On the other hand, the distributions 
from partial reconnection do not have a significant variation. 
The number of the low energy passing particles with pitch  ∼1 
decreases but no clear change in trapped particles. Similar to 
the kick model case, particles with middle pitch range become 
more but compared to the kick model case, the increment is 
much smaller. In addition, as previously discussed, trapped 
particles (pitch ∼ 0) with higher energy over  ∼40 keV are 
not affected by sawtooth as the distribution function does not 
change much for both case.

5. Comparison with the experimental measure-
ments and theory

5.1. Comparison with measurements: FIDA and SSNPA

As discussed in section 4, the kick model takes into account the 
phase space dependence of fast-ion transport during sawtooth 

crashes. It can result in some different features in fast-ion 
distribution that are not observed with the conventional saw-
tooth models, as shown in figures 8 and 9. In order to validate 
the improvement from the kick model, the simulation results 
are compared with the experimental measurements [4]. The 
fast-ion distribution functions calculated by TRANSP with 
different sawtooth models are used as inputs to the synthetic 
diagnostic code FIDASIM [16]. Figure 10(a)–(d) shows the 
measurements and simulations of the tangentially-viewing 
FIDA (t-FIDA) diagnostic, which is mainly sensitive to passing 
particles, before and after sawtooth crashes. For the exper-
imental data, only the data from tangentially-viewing FIDA 
system is shown although the FIDA diagnostic on NSTX-U 
has both tangentially- and vertically-viewing FIDA systems 
(t-/v-FIDA). In these sawtooth discharges, the v-FIDA data is 
available only for the outer channels (Rmaj ! 110 cm) and the 
change of v-FIDA signal during sawteeth is within the exper-
imental uncertainties. The experimental data and the errors 
bars in figure 10(a) are averaged over seven sawtooth cycles 
to get better statistics. In the three simulations, kick model, 
full and partial reconnection sawtooth models are applied 

Figure 9. The distribution of fast ion at ρψ,N = 0.55 (a) and (b) from kick model before and after a crash and ((c) and (d)) from partial 
reconnection (50% reconnection fraction, 50% fast ion redistribution). From kick model, the population of passing particles with high pitch 
decreases while that of trapped particles increases. For the partial reconnection case, passing particles have the same behaviour but no clear 
change of trapped particles is found.

Figure 10. The comparison of simulated t-FIDA spatial profiles with (a) experimental FIDA data before and after a sawtooth crash using 
(b) kick model (c) full reconnection and (d) partial reconnection. All profiles are averaged over three time steps (1, 3, 5 ms) before and after 
a crash. (e) The change of profiles after a crash is shown for the experimental and simulation results. Using kick model, qualitative features 
of the fast ion distribution modification due to a sawtooth crash are reproduced.
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respectively for comparison. The simulations calculate the 
FIDA spatial profile 1, 3, 5 ms before (blue solid) and after 
(red dashed) the sawtooth crash at 1353 ms and then average 
over these three time slices since the temporal resolution of 
FIDA diagnostics is 10 ms. Note that the error bars of simula-
tions are not displayed since the variations between those time 
slices are negligibly small.

Despite the relatively large level of error bars, one can 
clearly see the effect of sawtooth instability on the fast ion 
distribution function from the t-FIDA measurement: some 
fast ions are redistributed from the central region to the 
region outside inversion radius after the crash. Since all the 
three simulations have similar neutron rate drops and use the 
same thermal plasma profiles as input, one may expect that 
the fast-ion distributions would also be similar. However, this 
is not the case. Figure  10(b) shows that the t-FIDA signal 
from the simulation with kick model decreases in the central 
region and increases at the region outside the inversion radius 
after the sawtooth crash. The simulated t-FIDA signals from 
the other two conventional sawtooth models shows a weak 
depletion across the whole minor radius without any sign of 
increase in the edge. It should be mentioned that the relative 
measurements are more accurate than absolute FIDA meas-
urements. The measured FIDA profile is generally broader 
than the simulated FIDA profile even in the absence of saw-
teeth, which is also observed on NSTX [31]. Thus it is worthy 
to compare the experimental change of FIDA signals due to 
sawtooth crashes with simulations. Although the error bars of 
the experimental change are large, one can qualitatively com-
pare the averaged values. As shown in figure 10(e), the kick 
model exhibits a similar trend as the experimental change 
till the region near the sawtooth mixing radius, but nearly 
zero in the edge region. Although the kick model shows an 
increase of FIDA signal near 120–130 cm, it does not see the 

large increase in the edge region as observed in the exper-
imental data. This discrepancy can be resulted from the shape 
of magnetic field perturbation (no perturbation outside the 
q  =  1 surface) as well as from the large fraction of redistribu-
tion of the centrally located passing particles. The changes 
of FIDA signals predicted by the other two conventional 
sawtooth models stay below zero within the mixing radius 
and have the similar trend as the kick model case near the 
edge region. The simulations suggest that taking the phase 
space variable into account can improve sawtooth model-
ling to describe fast ion transport more reliably. In addition, 
it also shows that the match of neutron rate is not a sufficient 
prerequisite to test sawtooth models since fast ion transport 
in phase space and resulted fast ion distribution could be be 
different. Note that the redistribution fractions of fast ion for 
full and partial reconnection are set to 20% and 50%, respec-
tively. With higher fractions, the change of FIDA signal may 
be similar to kick model but the neutron rate would show a 
larger discrepancies with respect to the measurements, with a 
large over-estimate of the neutron rate drops.

The FIDASIM simulations for the synthetic SSNPA diag-
nostic are also performed to compare with the experimental 
SSNPA measurement. From the experiments, a significant 
increase of t-SSNPA signals (mainly passive signal from CX 
reactions near the plasma edge between passing fast ions and 
background neutrals), a small increase of p-SSNPA signals 
(mainly passive signal from trapped fast ions near the plasma 
edge) and a very weak reduction of r-SSNPA signals (domi-
nated by active signal from reactions between trapped fast 
ions and neutrals from neutral beam injection in the plasma 
core) have been observed after each sawtooth crash. Since the 
relative change of t-SSNPA signal is a few times larger than 
that of r-SSNPA or p-SSNPA, it was concluded that passing 
particles are affected by sawtoth [4].

Figure 11. The relative change of synthetic SSNPA diagnostic signal after a crash from p-SSNPA (greenish colours), r-SSNPA (bluish 
colours) and t-SSNPA (reddish colours) using kick model (symbols), full (solid) and partial (dashed) reconnection models. Since there is 
no active neutral beam intersecting with the sightlines of p-SSNPA and t-SSNPA systems in this case, all the signals are from the passive 
contributions near the plasma edge. The r-SSNPA systems views the injected NB source, thus the signal is the combination of active 
contribution from the plasma core and passive contribution from the plasma edge.
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Figure 11 shows the SSNPA signals predicted from three 
simulations using kick model (symbols), full (solid) and par-
tial (dashed) reconnection models. Although the kick models 
and full reconnection model produce slightly more similar 
trends for all three SSNPA subsystems, the difference between 
three sawtooth models are relative small and comparable with 
the channel-to-channel variation. All the SSNPA simulations 
predict a weak reduction of r-SSNPA and a small increase of 
p-SSNPA signals, i.e. some trapped particles are redistributed 
from the plasma core to the outer region. The passive t-SSNPA 
signals are predicted to increase in a similar level for all three 
sawtooth models, which indicates a increase of the popula-
tion of passing fast ions near the edge. Note that although the 
change of t-SSNPA signal is larger than p-SSNPA or r-SSNPA, 
the enhancement of t-SSNPA signal is still weaker compare 
with measurements. The magnitude of change of the SSNPA 
signals is a few times smaller than the measurements for all 
three sawtooth models although the overall trend is qualita-
tively consistent with the experimental observations.

One likely reason why the SSNPA simulations cannot dif-
ferentiate the three sawtooth models is that the passive SSNPA 
signals (p- and t-SSNPA) are mainly from the plasma edge due 
to the high background neutral density. Because there is no 
magnetic perturbation outside the q  =  1 surface for all three 
sawtooth models and that the most affected region of fast ion 
distribution due to sawtooth is within and near the q  =  1 sur-
face, the passive signals cannot reflect the difference between 
models. Note that for the FIDA diagnostic, the comparison is 
for active signals from the intersection area of neutral beam 
and FIDA sightlines and the passive signals were subtracted 
out through beam modulation method.

Another possible reason is the huge uncertainty of back-
ground neutral density profile and absolute magnitude. In the 
passive SSNPA simulations, background neutral density is 
typically extracted from TRANSP results in which the neutral 
density is calculated with a simple 1D model FRANTIC. For 
this case, the TRANSP calculated neutral density decreases 
after a sawtooth crash an then recovers. This is quite different 
from experimental observations. In experiments, the edge 
D-alpha emission is observed to burst at a sawtooth crash 
(likely due to increase of source of neutrals when particles 
hitting the wall) and gradually return to pre-sawtooth level. 
In order to reduce the uncertainty, the same background neu-
tral density profile is used for the time slices before and after 
a sawtooth crash in all the SSNPA simulations. For better 
understanding, diagnostics need improvement to see the reac-
tion in the core region and it can also be helpful to improve the 
neutral density calculation module in TRANSP.

5.2. Comparison of critical energy for the redistribution of fast 
particles

The simulation results of the kick model application can be 
compared with the theoretically estimated critical energy for 
fast ion redistribution by sawteeth. The redistribution of fast 
particles can be predicted using the criteria introduced in [29]. 
When the crash duration is much shorter than the precession 
period, trapped particles are redistributed by a sawtooth crash. 

Based on the condition, the critical velocity of trapped par-
ticles is defined as

v ≪ rmixωB

(
4π

ϵmixτcrωB

)1/2

, (4)

where rmix is the sawtooth mixing radius, ωB is the ion cyclo-
tron frequency, ϵmix is the inverse aspect ratio at the mixing 
radius and τcr is the duration of the sawtooth crash. For the 
NSTX-U discharge investigated in this work, the estimated 
critical energy for the redistribution of trapped particles is 
about 30 keV. Note that the τcr value is set to 50 µs based 
on the soft x-ray emission in NSTX-U (typically 40–50 µs). 
For passing particles, particles are not affected by sawtooth 
crashes if the particle velocity is greater than a critical value 
as shown below:

v ≫ rmixωB |q − 1| /G (κ) , (5)

where G (κ) is the combination of the complete elliptic int-
egrals. From this criterion, the critical energy for passing par-
ticles to have impacts from sawtooth crashes is about 1.1 MeV 
in this discharge.

From the ORBIT-kick modelling results, one can use the 
∆Pζ  for the comparison with the theory. Using the relation 
between Pζ and ψp (Pζ = gρ|| − ψp), ∆Pζ  can approximate 
the redistribution of fast ions in real space. In order to find the 
critical energy for the redistribution of passing and trapped 
particles, the maximum value of ∆Pζ  has been evaluated for 
each fast ion energy. As seen in figure 12(a) for one energy 
case (E  =  47.5 keV), four values (0.13, 0.39, 0.74, 1.0) of 
µB0/E  are chosen to represent different orbit types from 
passing to trapped particles. The maximum ∆Pζs for each 
µB0/E  value are shown in figure  12(b) for fast ion energy 
between 10 and 400 keV. For passing particles (blue and red), 
the maximum values of ∆Pζ  are similar for the all energy 
range indicating that the critical energy for passing particles 
redistribution is not clearly seen in this range as predicted 
(critical energy  ∼1.1 MeV). On the other hand, trapped parti-
cles show a distinct critical energy for the redistribution. The 
maximum values of ∆Pζ  peak around 25 keV then trapped 
particles with higher energies experience weaker effects from 
the crash (critical energy  ∼30 keV). The violet diamond case 
mostly represent trapped particles and in the high energy level 
(>100 keV), the sawtooth-induced redistribution is almost 
negligible while the mixture of passing and trapped particles 
for the green triangle case allows certain level of maximum 
∆Pζ  in higher energy range. Note that in NSTX-U discharges, 
the maximum fast ion energy is normally less than 100 keV 
(70 keV in #204163). In this work, for the simple comparison 
with theoretical predictions, the range of fast ion energy has 
been extended without changing other parameters such as the 
q profile in ORBIT and kick model.

5.3. Comparison with the recent experimental observation 
from MAST tokamak

As briefly mentioned in an earlier work [4], the experimental 
observation from MAST tokamak is not consistent with that 
of NSTX-U [4, 10]. Since the plasmas in both works have 
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several differences such as magnetic field strength, fast ion 
energy, plasma profile change during sawtooth cycles, those 
two experimental results cannot be directly compared. In 
order to have an idea for the possible reason for the differ-
ence, we have carried out simple tests by changing two factors 
from the NSTX-U case.

Firstly, the effect of magnetic field strength B0 has been 
tested. B0 values are chosen between 0.4 and 1.0 T. It should 
be noted that other parameters related to the change of B0 are 
not modified to keep the test simple. With various B0 values, 

the scanning of fast ion energy for the maximum ∆Pζ  has 
been done in the same way as figure 12. The maximum ∆Pζ  
for trapped and passing particles are shown in figure 13. Same 
as seen in figure 12, trapped particles with high energy have 
smaller effect from sawteeth and the maximum ∆Pζ  conv-
erges towards zero (figures 13(a) and (c) for narrow energy 
window) while passing particles do not show clear critical 
energy for the redistribution (figures 13(b) and (d) for narrow 
energy window). Unlike MAST experimental results, for lower 
B0 cases (0.4–0.6 T), the sawtooth-induced redistribution is 

Figure 12. Four different values of µB0/E  (0.13, 0.39, 0.74, 1.0) are taken to test the variation of the maximum values of ∆Pζ  across the 
change of fast ion energy. (a) One example of the ∆Pζ  and different µB0/E  values at E  =  47.5 keV. (b) The maximum values of ∆Pζ  from 
each fast ion energy show a clear critical energy for trapped particles (violet diamond, green triangle) and almost no variation for passing 
particles (blue circle, red cross). It is shown that the application of kick model can produce the fast ion features that predicted from a theory 
[29].

Figure 13. (a) The maximum values of ∆Pζ  for trapped particles decrease with increase of fast ion energy for all B0 values. (b) The 
maximum values of ∆Pζ  stay on similar level for all energy range and B0 values. Narrow energy window (0–100 keV) is shown (c) for 
trapped and (d) passing particles.
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clearly different for trapped and passing particles. From this 
test, B0 seems not have significant effects on the difference 
between MAST and NSTX-U but for more detailed compar-
ison, parameters related to the B0, e.g. q profile, need to be 
modified as well. In addition, the possible role of wave-par-
ticle resonances with specific types of particles (e.g. passing 
versus trapped) on the overall fast ion transport remains an 
open question for future studies.

For the second test, the injected beam power PNB decreases 
from 1.1 to 0.77 MW to reduce the NB injection energy to 
the MAST like value (about 50 keV). The comparison of fast 
ion distribution functions for the two cases are presented in 
figure 14, before and after a crash and the difference at the 
normalised radius of 0.55. In this test, the same probability 
matrix is applied and only PNB is lowered in TRANSP. Note 
also that other parameters affected by the change of PNB such 
as temperature profiles, sawtooth period are fixed. Although 
the critical energy for redistribution of trapped particles is 
still seen, the difference between the change of distribution of 
trapped and passing particles is smaller for lower energy case. 
Due to the lower neutral beam injection energy, the maximum 
energy of fast particles is lower. This may result in the increase 
of number of trapped particles that slow down to the energy 
lower than the critical energy. As more trapped particles are 
affected by a sawtooth crash, the level of redistribution can be 
comparable to the passing particle redistribution. For better 
comparison, all the possible changes need to be considered as 
well as equilibrium data.

Although the purpose of these tests are not to have the real-
istic comparison between MAST and NSTX-U, this simple 
comparison is worth to initiate the investigation. As diag-
nostics on the two devices may be looking at different regions 
of phase space, a meaningful comparison has to go through 
the full FIDASIM analysis and take into account the specific 
geometry of FIDA system on NSTX-U and MAST. With the 

exact data, it would be possible to understand why two spher-
ical tori had very different observation.

6. Conclusions

Conventional sawtooth models implemented into time-depen-
dent transport simulations such as TRANSP can be used to 
reproduce some global parameters similar to the measure-
ments with a proper free parameter set. However, it is difficult 
to self-consistently predict the parameter set and detailed fast 
ion properties, for instance distribution function, cannot be the 
same if the characteristics of fast ion transport are not taken 
into consideration. In this work, the reduced kick model has 
been applied to the ORBIT code based on a NSTX-U saw-
toothing discharge to find the effect of sawtooth instability 
and the phase space dependence on fast ion redistribution. 
From the ORBIT-kick modelling, the probability matrix of 
the change of fast ion energy and canonical momentum is 
calculated and is applied as an updated input parameter to 
NUBEAM module in TRANSP to take into account the fast 
ion energy and orbit type in the sawtooth-induced fast ion 
redistribution.

From the simulation results, it is shown that the applica-
tion of the kick model can improve the modelling of fast ion 
transport in the sawtoothing discharges. In other words, for 
the proper modelling of sawtooth-induced fast ion redistri-
bution, the phase space variables should be included in the 
sawtooth model. Using the kick model, the neutron rate is in 
a good agreement with the measurement. The fast ion related 
profiles and distribution function from TRANSP show clear 
effects from sawteeth that conventional models do not show. 
Comparison of FIDA simulation using the TRANSP results 
with FIDA measurements confirms the improvement of mod-
elling when the kick model is applied.

Figure 14. Fast ion distribution before and after a crash and the difference (a)–(c) for PNB = 1.1 MW and (d)–(f ) for 0.77 MW. As PNB decreases, 
the number of lower energy trapped particles increases and the difference of redistribution level for trapped and passing particles decreases.
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The simulation results show that sawteeth mostly affect 
low energy trapped particles. The critical energy for the redis-
tribution of fast ions can be estimated using the criteria in 
[29]. The zero-dimensional prediction can help to understand 
the different behaviour of fast ions, in particular trapped par-
ticles, with their energy. However, more quantitative criteria 
to describe the level of redistribution of fast ions after a saw-
tooth crash are required. ORBIT modelling is expected to find 
more general and quantitative criteria and it can improve kick 
model or help to develop a new model for fast ion transport.

Simple test simulations that investigate the different 
experimental observation between MAST and NSTX-U show 
that the difference may result from the neutral beam injec-
tion power. With lower beam power in MAST, the maximum 
energy of trapped particles is lower so that more particles 
slow down below the critical energy. As a result, the number 
of trapped particles that are redistributed due to a sawtooth 
crash can be comparable with that of passing particles. More 
detailed simulations as well as FIDA simulations should 
follow for better understanding.
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