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Governing gyrokinetic equations for a finite-β
plasma for k2

⊥ρ
2
i � 1

• Gyrokinetic Vlasov equation

dFα

dt
≡
∂Fα

∂t
+ v‖b ·

∂Fα

∂x
+ EL × b0 ·

∂Fα

∂x
+ sαv

2
tα(EL · b + ET

‖ )
∂Fα

∂v‖
= 0,

b ≡ b̂0 +
δB

B0
=

B0

B0
+∇A‖ × b̂0,

EL = −∇φ, ET
‖ = −

∂A‖

∂t
,

• The gyrokinetic Poisson’s equation

∇2
⊥φ = −

∫
(Fi − Fe)dv‖dµ,

• Ampere’s law

∇2A‖ = −β
∫
v‖(Fi − Fe)dv‖dµ,

• Here τ ≡ Te/Ti, α = {e, i}, v2
te = mi/me, v2

ti = 1/τ , se = −1, si = τ ,∫
F0αdv‖dµ = 1 and µ ≡ v2

⊥/2, β ≡ c2
s/v

2
A, vA ≡ cλD/ρs is the Alfvén speed,

and λD is the electron Debye length.



Perturbative Simulation Schemes

• Using Fα = F0α + δfα and ∂F0α/∂t+ v‖b̂0 · ∂F0α/∂x = 0 , we obtain

dδfα

dt
= −∇(φ− v‖A‖)× b̂0 · καF0α − sαv‖(∇ψ +∇φ×∇A‖) · b̂0F0α,

• Here

κα ≡ −(∂F0α/∂x)/F0α = κn −
3

2
κTα +

1

2
κTα(v2

‖ + v2
⊥)/v2

tα

• κn ≡ −d(lnn0)/dx, and κTα ≡ −d(lnT0α)/dx. F0α is the background
Maxwellian.

• The field equations become

∇2
⊥φ = −

∫
(δfi − δfe)dv‖dµ,

∇2A‖ = −β
∫
v‖(δfi − δfe)dv‖dµ.

b̂0 · ∇ψ ≡ b̂0 · ∇φ+
∂A‖

∂t
.



Separation of adiabatic response

δfα = −sαF0αψ + F0α

∫
dx||κα · (∇A|| × b̂0) + gα,

• Adiabatic part produces density gradients transverse to magnetic field

b · ∇
[
1 +

∫
dx||κα · (∇A|| × b̂0)

]
F0α ≈ 0,

where b = b̂0 + δB/B0.

• Vlasov equations become

dgα

dt
=

[
sα
∂ψ

∂t
−∇ψ × b̂0 · κα

]
F0α,



2-D equations

• Background magnetic field with shear generated by current layer

B0 = B0ez +B0y(x)ey, j0 = −eneu0(x)ez, θ(x) ≡ B0y(x)/B0, u0(x) = θ′(x)/β

• Only perturbations with kz = 0, so that b̂0 · ∇ = θ(x)∂/∂y.

• In 2-d Vlasov equations become:

∂gα

∂t
= −θ(x)v‖

∂

∂y
gα +

[
sαψt − κα(x)

∂

∂y
ψ

]
F0α,

where F0α is shifted (by u0(x) for electrons) Maxwellian.

• Fields equations for φ(x, y) and ψ(x, y)

∇2φ− (1 + τ)ψ =

∫
(ge − gi),

∇2[θ(x)(φ− ψ)]− β(u′0(x) + κnu0(x))φ = βθ(x)

∫
v2
‖(ge − gi)



Additional Field equations

• and its time derivative φt(x, y) and ψt(x, y) (with use of Vlasov equation
to eliminate ∂tgα)

∇2φt = −θ(x)
∂

∂y

∫
v‖(ge − gi) (1)

and [
∇2 − β(1 + u2

0(x) +
mi

me
)

]
θ(x)ψt = ∇2[θ(x)φt]− β[u′0(x) + κnu0(x)]φt

+β

[
mi

me
(κn + κTe)−

1

τ
(κn + κT i) + u2

0(x)κn + (u2
0(x))′

]
∂

∂y
[θ(x)ψ]

+βθ2(x)
∂

∂y

∫
v3
‖(ge − gi) (2)

• To avoid resolving δe in y direction and insure correct cancellation, replace

mi

me
→

mi

me

(
1 +

1

6
∆y2 d

2

dy2

)
, u2

0 → u2
0

(
1 +

1

6
∆y2 d

2

dy2

)



Tearing mode simulation results
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• Magnetic field shear profile θ(x) = θm tanh(x/a).

• Simulation parameters: np = 46368, ∆tωci = 0.05, dy/ρs = 0.4,

• kyρs = 1, a/ρs = 0.3, Lx/ρs = 10, θm = 0.01285, Te/Ti = 1, β = 0.001,
mi/me = 1836.

• Code ω/ωci = i · 0.6, eigenmode solution ω/ωci = i · 0.6.

• left plot-eigenmode solution, right plot- PIC code simulation result.

• (a) - absolute value of A‖(x), (b)- absolute value of φ(x).


