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Abstract
In spherical tokamaks, the electron plasma frequency is greater than the electron cyclotron (EC)
frequency. Electromagnetic waves in the EC range of frequencies are unsuitable for directly
heating such plasmas due to their reduced accessibility. However, mode-conversion of the
extraordinary wave to the electron Bernstein wave (X—B mode-conversion) at the upper hybrid
resonance makes it possible to efficiently couple externally-launched electromagnetic wave
energy into an overdense plasma core. Traditional mode-conversion models describe an X-mode
wave propagating in a potential containing two cutoffs that bracket a single wave resonance.
Often, however, the mode-conversion region is in the edge, where turbulent fluctuations and
blobs can generate abrupt cutoffs and scattering of the incident X-mode wave. We present a new
framework for studying the X-B mode-conversion which makes the inclusion of these
fluctuations analytically tractable. In the new approach, the high-field cutoff is modeled as an
infinite barrier, which manifests as a boundary condition applied to a wave equation involving
only one cutoff adjacent to the resonance on the low-field side. The new model reproduces the
main features of the previous approach, yet is more suitable for analyzing experimental
observations and extrapolating to higher dimensions. We then develop an analytical estimate for
the effect of small-amplitude, quasi-monochromatic density fluctuations on the X-B mode-
conversion efficiency using perturbation theory. We find that Bragg backscattering of the
launched X-mode wave reduces the mode-conversion efficiency significantly when the
fluctuation wavenumber is resonant with the wavenumber of the incident X-mode wave. These
analytical results are corroborated by numerically integrating the mode-conversion equations.

Keywords: mode-conversion, electron Bernstein wave, Bragg scattering, density fluctuations,
boundary conditions, wave propagation

(Some figures may appear in colour only in the online journal)

1. Introduction [2-6]. Indeed, EC waves are projected to play a key role in

the achievement of fully non-solenoidal tokamak operation in
Electron cyclotron (EC) waves are often used as an external NSTX-U [7]. In recent years, spherical tokamaks [8, 9] (STs)
means to heat plasmas to thermonuclear temperatures [1], and  have become increasingly prominent, due in large part to their
to non-inductively drive toroidal current in tokamak systems compact size and attractive stability properties. However,
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since STs typically operate in an overdense regime, it is
difficult to use traditional EC waves on STs for heating and
current drive purposes.

Fortunately, the electron Bernstein wave (EBW) provides
a method to heat an overdense plasma in the EC frequency
range. The EBW [10, 11] is a thermal mode which exists in
the vicinity of the upper hybrid resonance (UHR) and the
harmonics of the EC resonance. It freely propagates within
discrete frequency bands [12, 13], which can be roughly
mapped into discrete spatial bands for an inhomogeneous
plasma. Importantly, the EBW which originates at the UHR
propagates unimpeded towards larger magnetic field until it
reaches the nearest cyclotron resonance, where it will damp
strongly [14-16]. This feature makes the EBW ideal for
heating overdense plasmas.

Being a thermal mode of predominantly electrostatic
polarization, the EBW does not propagate in vacuum; the
excitation of the EBW via external means is non-trivial. Grills
are not typically used due to the small grid spacing required to
excite a wave whose wavelength is comparable to the electron
gyroradius [11]. Instead, experiments often use finely-tuned
mode-conversions to excite the EBW from vacuum-launched
electromagnetic (EM) EC waves. These EM-EBW mode-
conversions can be decomposed into two basic categories:
those that use a vacuum-launched ordinary mode (O-mode)
wave to excite the EBW, and those that use a vacuum-laun-
ched extraordinary mode (X-mode) wave to excite the EBW.

The first category of EM-EBW mode-conversions, known
as the O—X-B mode-conversion, relies on the coalescence of
the O-mode and X-mode dispersion curves at oblique angles of
propagation with respect to the vacuum magnetic field [17, 18].
An O-mode wave injected at the critical angle will enter
the coalescence region and mode-convert to the slow X-mode.
The slow X-mode will then propagate to the UHR and
excite the EBW [19]. The O—X-B mode-conversion has been
extensively studied theoretically [20-24], and has been
demonstrated experimentally on a number of devices [25-28].
This mode-conversion is best utilized when the characteristic
length scales of the plasma equilibrium are large [29, 30], in
which case the O-X-B mode-conversion is largely decoupled
from the second category of EM-EBW mode-conversions.

This second category of EM-EBW mode-conversions,
known as the X—B mode-conversion, relies on an evanescent
mode-coupling between the fast X-mode, which propagates
only in low-density regions, and the slow X-mode, which
propagates only in high-density regions [15, 31]. The slow
X-mode will then reach the UHR and excite the EBW. Like
the O—X-B mode-conversion, the X—B mode-conversion has
been well-demonstrated experimentally [32—-34]; unlike the
O-X-B mode-conversion, however, the X—B mode-conver-
sion is difficult to study analytically, and is typically studied
computationally with particle-in-cell methods [35-37] or full-
wave solvers [38, 39]. This trend can probably be attributed in
large part to the inherent non-locality of the X—B mode-
conversion, which will be elucidated in the following section.
In contrast, the O—X-B mode-conversion is often very loca-
lized in physical space, which makes for straightforward
analytics via Taylor expansions.

In this work, we present a new analytical and computational
paradigm, which we title the ‘infinite barrier (IB)’ model, to
understand the X-B mode-conversion problem: in its simplest
state, the X—B mode-conversion is nothing more than a particular
solution to the Budden problem, which describes the electro-
magnetic wave propagation through an isolated cutoff-resonance
pair [40, 41]. Given a model equation describing the Budden
problem in a chosen equilibrium configuration, a solution to the
X-B problem is then obtained by imposing a homogeneous
(Dirichlet-type) boundary condition of the form y(L) = 0 to the
Budden model equation, where L parameterizes the location of
the high-field side (HFS) X-mode cutoff. Within this framework
the X-B problem should be easy to study numerically, as it
becomes a straightforward exercise in the integration of bound-
ary-valued partial-differential equations on a finite domain. An
important difference between the new approach and previous
models [42] is that the exponentially-growing X-mode field
solution is not required to be completely absent within the mode-
conversion region; this oft-employed criterion can be the source
of large numerical error if the growing solution is erroneously
excited via inexact arithmetic. By changing the boundary con-
dition, the new model avoids this issue entirely.

For STs in particular, the X-B mode-conversion typically
occurs in the edge plasma region, where fluctuations in local
plasma parameters can deteriorate the mode-conversion effi-
ciency [43, 44]. In other contexts, density fluctuations are known
to modify the wavenumber spectrum, and to produce spurious
reflections of an incident wave field [45, 46]. Using the new IB
model, we analytically investigate the effect of small-amplitude
density fluctuations on the X-B mode-conversion efficiency. We
find that resonant reflection of the launched X-mode wave can
significantly inhibit the mode-conversion to the EBW at the
UHR. This effect may explain some of the discrepancies
between experimental observations and the existing theory for
the X-B mode-conversion efficiency [32].

This paper is organized as follows: section 2 applies the
new X-B mode-conversion model to a one-dimensional (1D)
inhomogeneous plasma and compares the result with an
existing model. Section 3 presents the main result of this
work, the impact of small-amplitude density fluctuations on
the X-B conversion efficiency. Finally, we conclude with a
summary, and some comments on possible extensions of this
work. Although our envisioned application for this approach
is computational, the analysis presented in this paper is lar-
gely analytical as a proof of principle. Additionally, the
analysis is restricted to 1D to make an analytical description
possible; for numerical applications, the IB model is imme-
diately generalizable to higher dimensions.

2. The X-B mode-conversion in 1D

Before elaborating on the new model paradigm, let us first
review some basic aspects of the X-—B mode-conversion
physics in 1D. Consider an X-mode wave propagating in
a plane-stratified inhomogeneous, stationary plasma, with
RF-induced fluctuations having a time-dependence of the
form e, When the direction of inhomogeneity aligns with
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Figure 1. Two choices of model potential function Q(x) for the X—-B mode-conversion in 1D. (a) ‘Double-cutoff” model, which generates the
cutoff-resonance-cutoff triplet with two Budden potentials. (b) ‘Infinite Barrier’ model, which generates the cutoff-resonance-cutoff triplet

with a Budden potential and an infinite barrier.

the direction of propagation, the y-component of the X-mode
wave electric field satisfies the following differential equation
[15, 47]:

E)(x) + Q) Ey(x) = 0, (1)
where generically:
S%(x) — D*(x)

2
St 2

Ox) =

with S(x) and D(x) being the Stix functions, given in the high-
frequency limit as [48]:

Whe (1)
Sy =1 e 3
© w? — wge(x) G
Wee (.X) wzﬂe (X)
D) = — . 3b
(x) o R (3b)

Here, w, we,, w, are the X-mode wave frequency, the EC
frequency, and the electron plasma frequency, respectively.
The coordinate system is chosen such that £ is aligned with
the direction of inhomogeneity, 7 is aligned with the external
magnetic field, and y is mutually orthogonal to both X and Z
in a right-handed sense. In writing equation (1), all coordi-
nates have been non-dimensionalized via the factor %, where
c is the speed of light.

When propagating into increasing density and magnetic
fields, the X-mode dispersion relation typically exhibits a
cutoff-resonance-cutoff triplet structure, composed of the
low-field right-hand cutoff (RHC), the intermediate-field
UHR, and the high-field left-hand cutoff (LHC), as seen in
figure 1. The spatial regions that lie between the RHC and the
UHR, and beyond the LHC are regions of wave evanescence.
The establishment of such a cutoff-resonance-cutoff triplet
defines the X-B mode-conversion scheme [15, 42].

To obtain the steady-state response, we will ultimately model
the X-B mode-conversion as a boundary-value problem. How-
ever, it is conceptually easier to understand the physics by
appealing to a time-dependent description. In this picture, an

X-mode wave incident from the low-field side (LFS) will impinge
upon the RHC and the corresponding region of evanescence. A
fraction of the wave energy will successfully tunnel beyond this
region of evanescence into the propagating region bounded by the
UHR and the LHC. Some of the tunneled wave energy will be
mode-converted to the EBW at the UHR, while the remaining
tunneled wave energy will propagate towards the LHC, reflect
therein, and return to the UHR. In the steady-state, an interference
pattern in the mode-conversion efficiency is thus established, akin
to a standing wave in an optical cavity [42, 49]. Notably, it
becomes possible to obtain complete mode-conversion within the
cutoff-resonance-cutoff triplet. This result is not obtainable unless
the presence of the LHC is accounted for in the analysis.

As a general result, the X—B mode-conversion efficiency
is given by the equation [42]:

Cep = de™(1 — e ™)cos(e), )

where 7 is sometimes known as the Budden tunneling parameter.
This is because the Budden problem, that is, the transmission of
an X-mode wave through an isolated cutoff-resonance pair, only
depends on the single parameter 1 [40]. Physically, 1 represents
the distance the X-mode must tunnel through between the RHC
and the UHR, normalized by the launched wavelength. The
specific form for the interference phase ¢ is highly model-
dependent, and will be the focus of the remainder of section 2.
The envelope term to equation (4), Crhax = 4 ™(1 — e ™), is
shown in figure 2. One can see that perfect mode-conversion is
possible when 1 = % ~ 0.22 and ¢ is a multiple of 7.

2.1. Double-cutoff (DC) model

The DC model is an exactly-solvable model for the inter-
ference phase ¢, presented originally in [42]. This model uses
the potential function:

Opc(x) = o , (5)
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Figure 2. The maximum X-B mode-conversion efficiency as a
function of the Budden tunneling parameter 7, which is the width of
the evanescent region normalized to the launched wavenumber of
the incident X-mode wave. This maximum is attained when
cos?(¢) = 1, and there is constructive interference within the cutoff-
resonance-cutoff triplet.

where 3, g, and k; are all positive constants. If x; were
negative, then this potential would correspond to the Budden
potential, which contains just a resonance-cutoff pair.

In writing equation (5), we choose our coordinate origin
such that the UHR is located at x = 0. The normalized dis-
tance between the UHR and the RHC can be expressed as:

JRd = 1 (6)
while the normalized distance between the UHR and the LHC
can be expressed as:

VRLL =1, )

where 7, = % and n, = % Matching the solution across

the pole x = 0 is performed subject to the continuity condi-
tions:

E,(0%) = Ey(07),
EJ(0) = E}(07) — infy(0).

(8a)
(8b)

Implicit in the above matching conditions is the choice of
branch cut, such that log(0*) = log(0~) — im. Physically,
this choice of branch cut ensures causality—it is the analytic
continuation of a damped solution when collisional dissipa-
tion is included into the X-mode dispersion relation.

Let us denote the solution in the regions x > 0, x < 0 by
Yr(x), yr(x) respectively. With proper variable transforma-
tions, it can be shown that the Budden differential equation
reduces to Whittaker’s confluent differential equation; both
yr(x) and y;(x) are therefore expressible as linear combina-
tions of the Whittaker functions [40, 50]. Specifically, let us
expand these solutions as:

@ Frxe7)
(%a)
(2. JRrxe ).

(9b)

V() = A W 12 Akxe 2) + B - W 1
2°2 2°2

yy(x)=C-Wn

2.kLx) + D - Wn

=

e 1 1
2°2 2

|

Here, we have been explicit in the choice of Riemann sheet upon
which the Whittaker functions should be evaluated. In the fol-
lowing, we shall suppress the second parameter of the Whittaker
function; it should be understood that W, (x) = Wi, 1 (x).

There are four undetermined coefficients in equations (9a)
and (9b); however, only three ratios need to be specified via
boundary conditions: %, %, and %. With these three ratios
specified, the coefficient B provides an unimportant overall
scaling to the wave fields.

The first boundary condition to be applied to the DC
model is that the solution be subdominant on the real line for
x — —oo. This ‘radiation’ boundary condition requires that
C = 0. The other two boundary conditions for the DC model
are obtained by imposing the matching conditions given in
equations (8a) and (8b), using the limits of the Whittaker
functions as x—0 provided in appendix A. As shown in
appendix B, the reflection coefficient for the DC model is

obtained as:
R=1—4e™(1 — e ™)cos*(¢pc) (10)

with the phase ¢pc given as:
| 10e ("7':) +0(1 - %)~ Re [\11(1 - 1§)]
m[w(1 - i%)| -2 '

¢pc = tan”

an

The presence of the HFS cutoff means that there can be
no X-mode wave energy transmitted beyond the cutoff-
resonance-cutoff triplet. By conservation of energy, this
implies that the mode-conversion coefficient of the X-mode to
the EBW at the UHR can be determined through the relation:

G =1—R=4e™(1 — e ™)cos*(¢pe)- (12)

Hence, we confirm that the overall mode-conversion effi-
ciency is indeed given by equation (4) for the DC model. This
technique of identifying a mode-conversion coefficient with
an amplitude sink of a reduced full-wave differential equation
is sometimes known as the ‘resonant absorption’ model of
mode-conversion [51, 52].

Figure 3 shows the variation of the oscillatory factor
cos?(¢pe) for the DC model as the locations of the high-
density and low-density cutoffs are varied with respect to the
UHR. For convenience, the distance between the UHR and
the RHC is normalized by the launched wavenumber as
\/TR d, while the distance between the UHR and the LHC is
normalized by the asymptotic decay coefficient of the HFS
wave as /ry L. From the figure, one sees that the interference
phase of the DC model is much more sensitive to variations in
JELL than in  /5pd: the phase exhibits a quasi-periodicity
with respect to variations in /KL due to the wave inter-
ference within the cutoff-resonance-cutoff triplet cavity, while
the phase is nearly independent of variation in  /qd for
Jkd 2 1. Importantly, the DC model successfully recovers
the result Cxg = O for the confluent case L = 0, when Q(x)
reduces to the Airy potential and the resonance disappears.
Note that the functional form of the envelope C,,.x, shown in
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v

Figure 3. Contour plot showing the variation of the oscillatory factor
cos?(¢pc) for the double-cutoff model of the X—B mode-conversion
efficiency as the distance between the right-hand cutoff and the
upper hybrid resonance (d), and the distance between the upper
hybrid resonance and the left-hand cutoff (L) are varied. When L and
d are specified, the double-cutoff model is completely determined.

figure 2, ensures that Cxg = O for the other confluent case
d = 0, irrespective of the phase function.

The strong dependence of ¢pc on L has important con-
sequences for X-B experiments on STs. For typical ST
operating parameters, the RHC, the UHR, and the LHC are
each located within the plasma edge region. The plasma edge
region is often marred with large-scale density fluctuations
born from turbulence and blobs. Dedicated EBW emission
experiments on CDX-U and NSTX observed that the X-B
coupling was complicated significantly by density fluctua-
tions on the order of 80% relative magnitude within the
mode-conversion region [43, 44]. Such density fluctuations
can produce very abrupt cutoffs in the X-mode dispersion
relation. This is problematic for the DC model, as one would
need to measure the density profile with incredible resolution
to compute L as accurately as the high sensitivity of ¢pc
would require. An alternative approach is to build the abrupt
behavior of the LHC directly into the model, which would
relax the demands on the measurement resolution. This
approach defines the IB model, which is discussed in the
following section.

2.2. IB model in 1D

The DC model constructs the cutoff-resonance-cutoff triplet
potential by analytically continuing the Budden problem to
the situation when the asymptotic wavenumber of the HFS
wave is imaginary. A simpler, more intuitive approach is
offered by the IB model. It is well-established that the addi-
tion of IBs, that is, regions in physical space where the field
solution to a wave equation is identically zero, generates
solution behavior that mimics classical particles reflecting off

a solid interface [49]. In a textbook example from quantum
mechanics, IBs are used to confine particles to a box [53].
Using this logic, the IB model produces the cutoff-resonance-
cutoff triplet by appending an IB to the Budden potential at
the location of the HFS cutoff (see figure 1). The IB produces
the HFS cutoff, the Budden potential produces the remaining
resonance-LFS cutoff pair.

In practice, the IB model simply requires solving for the
particular solution to the Budden problem with the conduct-
ing boundary condition E,(—L) = 0, for some separation
distance L between the LHC and the UHR. This formulates
the calculation of the X-B mode-conversion efficiency as a
boundary-value problem on a finite domain. The finite
domain is spanned by the launcher location at the LFS, and
the HES cutoff. This formulation is particularly amenable to
computational implementation, since realistically, all com-
puters solve differential equations on a finite domain. In
contrast, by using a radiation boundary condition, the DC
model is defined on an infinite domain. There are well-
documented errors associated with domain-truncation when
attempting to implement a radiation boundary condition on a
computer [54]. An example is the reflection of the wave field
solution off the domain edge, which will introduce erroneous
interference patterns into the X—B mode-conversion effi-
ciency. These domain-truncation errors are avoided with the
IB model.

The IB model uses the following choice of potential
function in equation (1):

VR—E x>0
X
= , 13
O (x) %_ﬁ L<x<0 (13)
X
—00 x < —L

where 7, 7., 6, and L are all positive constants. As with the
DC model, we orient our coordinate origin such that the UHR
is located at x = 0. Like the DC model, the normalized dis-
tance between the UHR and the RHC is given as:

Vrd =1,
where 1 = % Unlike the DC model, the normalized dis-

TR

tance between the UHR and the LHC, \/v_LL, is specified
through the location of the IB, L.

As with the DC model, the solution within the region
x € [—L, o) are linear combinations of Whittaker functions.
Letting yg(x) be the field solution on the domain x € (0, o)
and y;(x) be the field solution of the domain x € [— L, 0], the
general solution can be expressed as:

(14)

y, — ) —i5 3T
R(x)*A'Wi"l( JYRXE ‘2)+B-Win(2 YRXE 12)’
(150)

J 3
R xe‘zw).
,

(15b)

y(&x)=C- Winr(Z\/%xeig) +D - VVIW(Z
2 2

r

Here, we have defined the asymmetry ratio r = /%.
L
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The analysis of the IB model is similar to that of the DC
model; an important difference is the replacement of the
radiation boundary condition, C = 0, with the IB boundary
condition, y;(—L) = 0, to ensure regularity of the solution on
the domain x < —L. As shown in appendix B, the IB model
recovers the general form for the conversion efficiency pro-
vided by equation (4), with the interference phase given as:

sin (29L + 29W)[7r + meoth (x) — % - ]2] + Yalcos(26,, + 204) + 1]
|

for the confluent cases L = 0 and d = 0; however, the dif-
ferent characteristic frequencies of the quasi-periodic beha-
vior of the two models implies that their difference can take
any value on the interval [0, 1]. This potentially large dif-
ference between the IB model and the DC model is fine if, for
example, an experimentally-obtained X—B mode-conversion
efficiency disagrees with that predicted by the DC model; in

— 0, — Ow

¢rp = tan”

Figure 4 is analogous to figure 3; it shows the variation of
the oscillatory factor cos?(¢g) for the IB model as the loca-
tions of the high-density and low-density cutoffs are varied.
As with the DC model, the distance between the UHR and the
RHC is normalized by the launched wavenumber as /7 d;
unlike the DC model, however, the distance between the
UHR and the LHC is normalized by the asymptotic wave-
number of the HFS wave as /4, L, rather than the asymptotic
decay coefficient. Also unlike the DC model, the IB model is
not completely determined by fixing /7, d and /3, L, as the
asymmetry parameter r remains unspecified. This figure fea-
tures one possible convention of fixing r, namely that r is a
constant with respect to the parameter scan; an alternate
convention of fixing r is discussed in the following section.

From figure 4, it is clear that the IB phase model also
exhibits a quasi-periodicity with respect to variation in /5, L
due to wave interference effects. However, when r is con-
strained to be a constant of the parameter scan, the phase
function can vary significantly with respect to  /q,d. The
extent of this variation is highly dependent on the fixed value
of r: for small r < 1, the variation is minimal, while for r 2 1
the variation develops a hyperbolic character. Indeed, the
density and curvature of the constructive interference ‘bands’
in /A L — /7zd space both increase as r increases. Again,
one observes that the IB model recovers the result Cxg = 0
for L = 0, while the result Cxg = 0 for d = 0 is guaranteed
by the functional form of the envelope Ciax-

Finally, as a concluding remark, it is constructive to
consider r as the additional free parameter in the IB model, as
done here, rather than L or d. This is because when fitting
the IB model to experiment, L and d would be fixed by the
experimentally-observed separation distances between the
RHC, UHR, and LHC; r would then serve as the sole fitting
parameter. This will be discussed further in the following
section.

2.3. Model comparison

At first glance, there is not much in common between the
phase functions of the DC model and the IB model. Both
models exhibit interference effects with respect to variation in
L, and both models successfully recover the correct behavior

cos(26;, + 2(9W)[7r + mcoth (wg—r) -

> (16)

nr

] ~ Yesin(20, + 20y) — %

this case, it is a very good thing that an experimentalist have
an alternative model to use. On the other hand, it is somewhat
discomforting from a philosophical viewpoint that the two
model descriptions of the same physical phenomenon can
disagree so dramatically.

Fortunately, the two models can be brought into closer
agreement by manipulating the convention of fixing r in the
IB model. An effective ‘r’ for the DC model is defined by the

fraction t = YL When the free parameters of the IB model
U m d
are constrained analogously by the relation:
JL
rpc = L& (17)
Jrd

the phase profiles of the two models become similar. Here, we
have mapped «, of the DC model to ~y;, of the IB model as the
analogous parameter. The two phase profiles can be made
nearly identical within some desired parameter range by
manipulating this constraint on the IB model as r = « rp¢ for
some o € R*. This possibility is explored in figure 5, which
features the same plots as in figure 4 except with r constrained
to be a fixed function of the parameter scan, namely r = «
rpc- By comparing the two plots in figure 5 with figure 3, one
sees that indeed the two models share the same qualitative
behavior with this new constraint convention.

Figure 6 further compares the IB model and the DC
model at select parameters, and for both conventions of fixing
the additional parameter r of the IB model. For convenience,
we denote the normalized distance between the LHC and the
UHR generically as L; it is understood that the normalization
is performed in accordance with the conventions established
in figures 3 and 4, namely L = ./ L for the DC model, and
L= J L for the IB model. The first plot of this figure

compares the IB model with the DC model when only L is
allowed to vary. This plot elucidates the statement made in
the previous paragraph: selecting o = 0.43 in the constraint
r = « rpc brings the IB model and the DC model into close
agreement for the parameter range [7d = 0.22, L €[4, 6]
However, with o = 0.43, the two models do not agree on the
interval L € (0, 2], for example. To bring the two models into
agreement within this parameter regime would require a dif-
ferent choice of a.
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Figure 4. Contour plots showing the variation of the oscillatory factor cos?(¢) for the infinite barrier model of the X-B mode-conversion
efficiency as the distance between the right-hand cutoff and the upper hybrid resonance (d), and the distance between the upper hybrid
resonance and the left-hand cutoff (L) are varied. When L and d are specified, the infinite barrier model remains underdetermined via the
additional asymmetry parameter r. In all plots,  is constrained to take selected constant values.

On the other hand, it may be advantageous to fully utilize
the additional free parameter of the IB model. Naturally, this
additional degree of freedom allows the IB model to exhibit
behavior that is impossible within the DC model. For exam-
ple, as shown in the second plot of figure 6, the IB model
permits multi-peaked behavior of the mode-conversion effi-
ciency with respect to variations in /7 d at fixed . /5, L when
r is a constant. When r is constrained analogously to the DC
model, the IB model and the DC model agree to remarkable
accuracy. Thus, the IB model can exhibit features beyond the
capacity of the DC model while reproducing the DC model
behavior when appropriately constrained.

An important role for any theoretical model is to provide
experimental predictions based on input plasma parameters.
For our case here, the necessary experimental parameters are:

(1) the launched wave frequency w, (2) the experimentally-
observed distance between the RHC and the UHR d.,,,, and
(3) the experimentally-observed distance between the UHR
and the LHC L., Recall that w is needed because both
models use normalized coordinates. The DC model is com-
pletely specified by these 3 experimental parameters, by set-
ting (1) vg = 1 for vacuum-launch, (2) 8 = 7, - dexp %, and

@By = %p : 5 The model parameters ng and 7, are com-

puted from these three quantities by their definitions. In
contrast, the IB model is not fully specified by these 3
experimental parameters. Indeed, one sets (1) g = 1 for
vacuum-launch, (2) 3= ;- dexp %, and 3) L= Lexp%.
However, ~, remains a free parameter that can be used to fit
the IB model potential more accurately to the experimentally-
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Figure 5. Contour plots of the oscillatory factor cos2(¢IB) of the infinite barrier model under the constraint r = « rpc, Where ipc =
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(a) When oo = 1, r is constrained in an analogous manner to the DC model. (b) When o = 0.4, the phase profiles of the two models become

similar.
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Figure 6. Variation in the X—B mode-conversion efficiency for the infinite barrier and the double-cutoff X—B phase models at (a) fixed d and
varying L, and at (b) fixed L and varying d. In these plots, the free parameter r of the IB model is constrained either to take a selected constant
value, or to vary analogously with the DC model constraint. We use the notation L to denote generically that L is normalized according to the

prescriptions used in figures 3 and 4, that is, L = /s L for the DC model, and L = Jp L for the IB model.

observed index of refraction profile than the DC model
potential.

Alternatively, the remaining free parameter +; can be set by
providing an additional experimental measurement, such as an
experimentally measured X-mode reflection coefficient. Suppose
an X-B experiment is performed with parameters w, dexp,
and Ly, and a reflection coefficient of Ry, is measured. Then,
v;, is computed as Cip (ﬁ = dexp%, Yo = 1,7, L = Legp %) =
1 — Rexp using a simple 1D root-finding method, where Cig is
computed using equations (4) and (B.8). With the IB model fully
specified, an experimentalist can then determine how the plasma
equilibrium should be tuned to improve the X-B mode-con-
version efficiency.

Often, however, the locations of the cutoffs and reso-
nances are not known precisely, due to the presence of blobs
and so forth. In this case, it can be beneficial that the IB
model, by construction, does not resolve the field behavior
near the high-density cutoff. One can choose an approximate
value for L.y, and then use the additional free parameter 7z, to
slightly correct any loss in accuracy via the additional fitting
step. As will be shown in the following section, this type of
procedure can be useful for assessing fluctuating plasmas, in
which L, need only be an estimated mean value.

For these reasons, the IB model is the advantageous
choice of the pair when fitting to experimental data. The
paradigm that the X-B problem can be formulated as a
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boundary-value problem on a finite domain is also readily
generalizable to higher-dimensional computational studies. A
computer code based on the IB model should be able to
quickly diagnose an X-B experiment, and inform the
experimenters on any necessary adjustments to improve the
mode-conversion efficiency. Such a tool will be particularly
useful in experiments where the 1D analytical expressions for
the X-B mode-conversion efficiency are not suitable, such as
with the strongly-shaped and strongly-sheared equilibrium of
an ST.

As a final remark, in the previous discussion we consider
using the plasma equilibrium parameters to predict the X-B
mode-conversion efficiency. In principle, one can also use a
subset of the plasma equilibrium parameters, along with a
measured reflection coefficient, to infer the remaining plasma
equilibrium parameters. For example, provided w, d..p, and
Rexp, ONE can compute Ly, using a selected model of the X-B
mode-conversion efficiency. In this form, an X-B experiment
becomes akin to a reflectometry experiment, although the
high sensitivity of the X-B mode-conversion efficiency to
model details means that such an application should be used
with caution.

3. Effect of small-amplitude density fluctuations

The X-B mode-conversion models presented in the previous
section assume a very specific form for the density and
magnetic field profiles to simplify the analysis. In a more
realistic model, the density and magnetic fields will be con-
taminated with micro-turbulent fluctuations. These fluctua-
tions are typically very slow (kHz—MHz range) compared to
EC wave timescales (GHz range), so they affect the X-mode
propagation primarily as a time-independent modification to
the background plasma. Moreover, in most tokamak experi-
ments, the magnetic field fluctuations are negligibly small,
with amplitudes on the order of %B ~ 1073, Density fluctua-

tion amplitudes, in contrast, are on the order of ‘j—ln ~ 0.1,
sometimes approaching or exceeding unity when blobs are
present [55]. We therefore consider only small-amplitude,
stationary density fluctuations in the forthcoming analysis.

When the density fluctuations are small, their effects on
the X—B mode-conversion efficiency can be obtained analyti-
cally in 1D using a perturbative approach and a Green’s
function [56]. Such analysis is possible because both the DC
and the IB models formulate the X-B mode-conversion as the
boundary-value solution to a specific differential equation; the
solution to either model is therefore readily incorporated into a
Green’s function that can be used to study more complicated
equilibria. Being defined on a finite domain, the IB model is
considerably simpler to analyze computationally than the DC
model. Since a range of validity can be placed on the pertur-
bative results only after a comparison with numerical simula-
tions, only the IB model will be used in this section.

Let the density profile be given as n(x) = no(x) + 6 n(x),
where 6 n(x) is the perturbation to the equilibrium state

defined by ng(x). By assumption, these density perturbations
are small, such that there exists a small parameter € defined as:

= max,cp Y 1. (18)
no(x)
To this end, let 7i(x) be an O(1) function such that:
n(x) = no(x)(1 + enx)). (19)

Since S(x) — 1 and D(x) are both homogeneous functions
of degree 1 in n(x), S(x) and D(x) can be expressed in terms
of € as:

Sx) = So(x) + €(Sox) — Dii(x), (20a)
D(x) = Do(x) + €Do(x)7i(x). (20b)

where Sy(x) and Dy(x) are the limiting forms of S(x) and D(x)
when there are no density perturbations. Note that the above
expressions for S(x) and D(x) are exact; there are no
approximations performed yet.

The ¢ = 0 limit is chosen to coincide with the Budden
equation. To facilitate this, we first define:

() = w[iz Lo - (1 - %)]
r r
o x<0

=13 (L4 x=0 @n

YR x>0

with % and r both real and positive, and O(x) is the Heaviside
step function. Then, the Budden potential is obtained in the
e = 0 limit of equation (2) when Sy(x) and Dy(x) have the
following forms:

So(x) = —72(;)% (22a)
v 28
Do(x) = 5 (x 'y(x)) (22b)

With the functions S(x) and D(x) now fully specified, the
X-mode wave equation in the presence of density fluctuations
is given as:

E/(x) = —0()E,(x),
@x = B+ 26 () — 1x - B)
Ox) = . :
X+ eﬁ(x)(x . )

72 (x)

(23a)

(23b)

Again, this equation is exact.

Figure 7 shows the modified IB model potential function
in the presence of small-amplitude and large-amplitude den-
sity fluctuations. The modified IB model potential function
corresponds to Q(x) on the domain x € [—L, oo), and —00
for x <—L. As seen from the figure, the amplitude of the
density perturbations can have profound consequences on the
topology of the modified potential function. When the fluc-
tuations are ‘small’, the modification to the potential function
is also small, and, for the most part, can be treated with
perturbation techniques.
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Small-amplitude Fluctuations

Large-amplitude Fluctuations

HFS : LFS

Q(X)

HFS LFS

Figure 7. The infinite barrier model potential function in the presence of sinusoidal density fluctuations. (a) Small-amplitude density
fluctuations provide a small, periodic modification to the potential function. Here, ¢ = 0.1. (b) Large-amplitude density fluctuations can yield
substantial alterations to the potential function topology, introducing additional side-resonances (SRs) and cutoffs. Here, € = 0.5.

In contrast, when the fluctuation amplitudes are ‘large’,
the potential function is modified substantially. The fluctua-
tions can create additional cutoffs and resonances, which we
term side-resonances (SRs). These significantly modify the
cutoff-resonance-cutoff triplet structure of the IB model, and
correspondingly, modify the X-B mode-conversion physics.
Although we mention this large-amplitude regime here for
completeness, this regime is difficult to study analytically and
numerically, and will be the focus of future work. Among
other reasons, the presence of multiple resonances means that
the X-mode amplitude sink is no longer uniquely specified - it
is no longer obvious how the mode-converted X-mode
amplitude is partitioned among the different EBW branches.
The ‘resonant absorption’ technique for computing the mode-
conversion efficiency is no longer valid, and only a fully-
kinetic treatment can resolve this conundrum.

Let us now confine ourselves to the ‘small-amplitude’
regime and adopt a perturbative approach. Let us assume the
solution to equation (23a) can be expressed as a power series
in € as:

Ey(x) = yo(x) + ey (x) + O(D). (24)

For ease of notation, we have introduced the functions y; to
denote the O(¢’) term in the expansion of Ey(x). Then, yy(x)
satisfies the Budden equation with the IB boundary condition,
whose solutions have been discussed at length in the previous
section.

Let us consider the O(e) equation which governs y;(x):

S (w(x) - g)y1 — f). (25a)
_ | 42 4 2
Fe) = [72@) xﬂ(l (x)) 422 w(x))]
x Kg)yo(x). (25b)
X
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In writing equations (25a) and (25b), we have used the fact
the yo(x) is a solution to the IB model differential equation:

Yox) =B
~ ST 37
AW 12 [Ypxe 2) + Wn (2 xe 2
_12( Tr ) 12( Tr )

SR

r

x>0

Na3

~ T ~ 37 ’
CW .wr|2 e 2| + DWar|2 e 2 <0

,g( P ) 1”2( x ] * s P (26)
where A, C, and D are the solutions to equation (B.6). Clearly,
y1(x) can be expressed in terms of the Green’s function to the

Budden equation, which is derived in the following subsection.

3.1. The Green’s function to the Budden equation

Let G(x, &) be the Green’s function for the Budden equation.
Then, G(x, &) satisfies:

G'(x, &) + (7()6) - PV[%])G(x, =69

—imB6(x)G (x, &), 27)

where prime denotes %, PV denotes the principal value, 6(x)
denotes the Dirac delta function, and we have used the
Sokhotskii—Plemelj representation for % assuming a vanish-
ingly small negative imaginary component to the pole [57, 58]:

1

- (28)
X + 1€

limfﬂm

= PV[l] — imé (x).
X

The Sokhotskii—Plemelj representation is equivalent to the
choice of branch cut used in the previous section; however,
using this representation makes it straightforward to derive the
generalized continuity conditions for a Green’s function to a
singular differential equation. The continuity conditions for the
Green’s function solution to equation (27) are:

G(0*, 9 =G0, 9,
G O =G, 9,

(29a)
(29b)
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G'(0%, &) =G'(07, § — imBG(0, §
Gl(€+7 E) = G/(é_? 6) +1
G' (0,00 =G'(07,0) + 1 — inBG(0,0)}: £=0 (29d)
These continuity conditions must be supplemented with model-
specific boundary conditions. For the IB model, the relevant
boundary condition is:
G(-L =0

which places an IB at x = —L.

Let us first consider the case £ = 0. Then, since G(x, &) is
a solution to the Budden equation for every x = £, G(x, ) can
be expressed in terms of Whittaker functions as:

G, £>0)

}: E=0 (29¢)

(30)

AW ig(zmxe*ig) +B.Wa 2 Txe ) x> ¢
_ C+W_i;1(2 'nyefig) + D+Wi;1(2 'nyef%T) 0<x<¢
F+Winzr(2 J:_Rxeig) + H+Win2r(2 J:_Rxei?) X <0
(3la)
Gx, £ <0)
rA,Wfig(Zﬂxe*i%) + B W Texe ) x>0
) cwin;(z J:_Rxeig] + DWin;(Z J:_Rxei:‘f) £<x<0
FW_iuzr(2 JZ_Rxeig] + Hwigr(z J:_Rxe%"] x< &
(31b)

The continuity and boundary requirements of G (x, &) can be
written as linear systems for the coefficients. For £ > 0, the
linear system of interest is:

AL =b,M (32)
while for £ < 0, the linear system of interest is:
A_=bM], (33)
where we have defined the vector of coefficients:
A, = (4, ¢., D, F, H.) (34a)
A =(A,¢. D, F, /) (34b)

Here, the tilde denotes normalization with respect to the
incident X-mode wave amplitude: X, = %, and X_ = % for
Xc {A C, D,F, H}. The matrices M, +and the vectors b
are shown in appendix C.

Next, let us consider the case £ = 0. Now, G(x,0) can be
expressed as:

G(x, 0)

.7 3
AgW n(2 /nyef'%) + BoW;n (2 [gxe " 2) x>0
2 2

ik ik

r r

T 37 :
COWinr(Z xe_‘z) + D()Winr(Z xe 2 ] x<0
2 2

(35)
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The continuity and boundary conditions then lead to the linear
system:

Ao = boM), (36)

where the matrix My, and the vector b, are presented in
appendix C, while the vector of coefficients is defined as:

Ao = (Ay, Co Do) 37)
X for X € {4, C, D).
By

Again, X,

3.2. The modified X-B reflection coefficient

For algebraic convenience, let us specialize to consider only
the effect of quasi-monochromatic density fluctuations on the
X-B mode-conversion efficiency. Such density fluctuations
are described by the family of functions given as:

\2e

x2

x sin(k,x)e L2,

ﬁ(X; kru Ln) = (38)

n
where k,, and L, denote the characteristic wavelength and the
characteristic decay length of the density fluctuations. Phy-
sically, choosing the density perturbation to vanish at the
origin means that there is no shift to the location of the UHR.
This procedure can always be performed without loss of
generality by properly partitioning the ‘equilibrium’ and
“fluctuation’ density profiles. In other words, all density per-
turbations are defined with respect to the density at the UHR.
The Gaussian envelope is included in equation (38) to assess
only the impact of the density fluctuations in the immediate
vicinity of the mode-conversion region. The factor of x
multiplying the sinusoidally-modulated Gaussian is intro-
duced to ensure that the driving term f(x) in equation (25b) is
analytic everywhere. This is a stronger constraint on 7i(x) than

simply requiring 7i(x) be analytic. Finally, the overall constant

2
factor =<

is the normalization to ensure that the envelope has
a maximum value of 1.

The general case for arbitrary analytic 7i(§) that vanishes
at the origin is discussed in appendix D. Here, we shall simply
make use of the results therein discussed, noting that integrals
of the form L > d¢ are subdominant to those of the form

j;) = d¢ due to the exponential decay of the integrand. Hence,
asymptotically as x — oo, y;(x) is given by the expression:

V1) ~ YY) + Yy ou (%), (39)
Yiin = —F-1(0), (40a)
Vi = 2T Fo0) — e ™AT,(0), (40D)

()

where we have defined the expressions F_;(0)

. 0

0 N LL
FOAE = [ f(©)de, and AZ©0) = — [ A (©)f ©)dE —
fo = A (&)f (€)d¢. Furthermore, the driving term £(€) is defined

in equation (25b), and the normalized coefficients A, (&) are
defined in appendix D.

The amplitudes of the incoming and outgoing compo-
nents to y;(x) can now be clearly identified. Therefore, the
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Figure 8. The modified reflection coefficient normalized by the squared fluctuation amplitude €. (a) Variation in R / ¢ as the fluctuation
wavenumber k,, and the fluctuation decay length L, are varied, while the launched X-mode wavenumber Na/S is held constant, with no asymmetry
(r = 1) in the equilibrium. (b) Variation in R/ €2 as the fluctuation wavenumber k,, and the launched X-mode wavenumber \/'Y—R are varied, while the
fluctuation decay length L, is held constant, with small asymmetry in the equilibrium. In both figures, all traces are presented on a log-scale, and
normalized by their asymptotic values computed with equations (43a) and (43b); for (a) this value is ~0.71 - L, 2, while for (b) these values are
5.89, 0.15, and 4.72 x 1073, for Y& = 1/4, yx = 1, and ~z = 4 respectively. In all cases, the parameters are chosen such that if the density
fluctuations were absent (e = 0), the X-B mode-conversion efficiency would be 100% (R = 0).

modified reflection coefficient is given by the formula:

To + €Y} ou ’

I+ ey
2mie™3

2 2
1 — GF:L(O)

R =

FZi(0) — e ™AZ;(0)

(41)

27i

where ry = Ae ™ — e is the unperturbed

r(=iZ)r(1—i
reflected wave amplitudé. I\zlz)t((e thazt)ro may be O(e) in the case
of nearly-complete X—B mode-conversion; hence one should
not expand R as a power series in € for the general case.

In figure 8, the modified reflection coefficient
(equation (41)) is numerically computed for select parameters.
An adaptive Levin quadrature rule [59] is used to compute the
highly-oscillatory integrals that constitute F_;(0) and .4~,(0)
using the Mathematica software [60]. Moreover, the Whit-
taker functions W;(z) are mapped onto the principal Riemann

sheet Arg(z) € [—g, g] using the analytic continuation [61]:

37 . T
Wi(lzle 2) = e 2 kWi (|zle'2)
2mie~imk

— mW—k(|Z|67 2).

(42)
In generating figure 8, all the parameters are chosen such that
ro = 0. In other words, the X—B mode-conversion would be
complete in the absence of density fluctuations. For such
parameters, as seen from equation (41), R is approximately
quadratic in the fluctuation amplitude e, so E—Rz will be nearly
independent of the fluctuation amplitude. As a reminder,

12

Yg = 1 corresponds to an X-mode wave launched from
vacuum, which is the relevant case for most X-B experi-
ments. Other values of v are used in figure 8 to further
illustrate the behavior of the modified reflection coefficient,
since this behavior is not easily deduced from equation (41).

In both plots of figure 8, there is clear evidence of Bragg
backscattering (BBS) in the modified X-B reflection coefficient.
BBS occurs when the resonance condition &, = 2k (x) ~ 2 N
is satisfied, and constructive interference in the reflected wave
pattern results. It was originally discovered in the context of x-ray
crystallography [62], but has gained renewed interest in the
hydrodynamics community through the design of Bragg break-
waters to protect shorelines [63], and in the plasma physics
community through studies on reflectometry and the O-X-B
mode-conversion in the presence of turbulence [64—66]. Near the
BBS resonance, the perturbative approach breaks down, and the
reflection coefficient provided by equation (41) is not necessarily
bounded by 1. On the other hand, as seen in the first plot of
figure 8, the resonance response is reduced when the density
fluctuations decay rapidly with distance (small L,,). This is because
the spatial width of the Bragg resonance region is reduced for
smaller L,. It is interesting to note that only the fundamental
Bragg resonance is visible in figure 8. This is because (1) higher
harmonic Bragg resonances are weaker than the fundamental
resonance, and (2) we only consider X-mode waves that have no
wavenumber component perpendicular to the direction of the
background plasma inhomogeneity. When this restriction is lifted,
such as when modeling a beam of finite width launched obliquely,
the Bragg resonance should broaden into a Bragg spectrum due to
the variation in wavenumber. Forward-scattering may also appear
when higher-dimensional effects are considered, adding further
structure to the modified reflection coefficient.
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It should be noted that for most experimental parameters,
fluctuation wavelengths are typically much larger than EC
wavelengths, so the Bragg resonance is not expected to occur.
However, resonant reflections may occur on devices that use
EC waves to initiate plasma breakdown, since such methods
can create EC-scale fluctuations, or on low-field devices such
as STs, where EC waves have longer wavelengths than their
high-field counterparts. On NSTX, for example, fluctuation
wavelengths as small as a couple of centimeters (~6 cm)
have been observed in the edge plasma density [67]. This is
on the same order of magnitude as the EC wavelength on
NSTX, which is approximately 2 cm for a magnetic field
strength of 0.5 T.

We can approximate the modified reflection coefficient
assuming the perturbation wavenumber is much larger than
the vacuum wavenumber of the incident X-mode wave. Let

kn > [gs kn > @, and k, > L, '. Then, sin(kn€)
formally viewed as a nascent Dirac 6-function. In this case,
AZ;(0) and FZ;(0) are approximated as:

can be

r*A_(0) + A, (0)

A=,(0) ~ — F=,(0), (43a)
2 7
F70) ~ —21(* + 1)”—£ef3”i
YR Ln
3 (43b)
y A |
r(l + ig) r(l - ig)

Hence, the reflection coefficient approaches a constant inde-
pendent of k,,, and dependent on L,, only via normalization. This
asymptotic value of R is shown in figure 8 as the dashed green
line. All of the traces presented in this figure have been nor-
malized by their respective asymptotic values such that they can
all be viewed on the same scale. Moreover, as discussed in
appendix E, the asymptotic values of .A~;(0) and F—,(0) can be
used to assess the validity of the perturbative results.

As shown in figure 9, the analytical results are corrobo-
rated by the direct numerical integration of equation (23a)
with the IB boundary condition. In particular, one sees that
the reflection coefficient is indeed bounded by 1 in the vici-
nity of the Bragg resonance when the full form of the
potential function is considered. The numerical integration
is performed using an adaptive, error-controlled explicit
Runge—Kutta (4, 5) method (RK(4,5)) [68, 69] on the domain
[—L, —6) U (6, x.], where x. > 1 is an arbitrary cutoff at
large x and § < 1 is an arbitrary cutoff around the pole at
x = 0. The amplitude absorption at the pole is put in by hand
using the following interpolation procedure:

@) Ev’ (0) is computed using the forward Euler integration
rule:

EJ(07) = EJ/(—6) — & - Q(—8)E\(—). (44a)
(ii) E(0) is computed using the Trapezoid integration rule:

E,(0) = E,(—6) + §<E;<—5) +EN00).  (44b)
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Figure 9. A comparison between directly integrating the IB model
equation when density fluctuations are present (equation (23a)) and
the approximate integral solution obtained with perturbation theory
(equation (41)). The black, red, and blue traces show the modified
reflection coefficients obtained by directly integrating equation (23a)
for various values of L,,, while the green trace shows the perturbative
approximation to the modified reflection coefficient obtained from
equation (41) with L, = 100. Here, the fluctuation amplitude is
moderately large, with ¢ = 0.1; however, at these parameters there is
no creation of additional side-resonances.

(iii) Flux loss is imposed via continuity of the derivative at
x = 0, noting the modified residual term due to the
density fluctuations:

Byz(r? + 1)?
vt + 1) — 8ek, frt

EJ/(0") = E}(07) — im E,(0).

(44c)

(iv) A predictor-corrector pair is used to interpolate the
positive side of the pole. For the predictor stage, Ey(é)
is obtained via forward Euler:

E,(6) = E,(0) + & - EJ(0). (44d)

(v) Ey(6) is used to compute E,(6) using the Backward
Euler integration rule:

Ey(6) = Ej(0%) — 6 - Q(O)E, (). (44e)

(vi) Finally, for the corrector stage, E(6) is computed via
Trapezoid rule:

Ey(6) = Ey(0) + g(Ey/(()*) + E{(8). (441)

Since the interpolation near the pole uses a lower order
integration scheme than the rest of the integration domain, it
constitutes the dominant source of error.

It should be noted that in figure 9, there is a small, but
steady increase in the directly-integrated reflection coefficient
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outside of the resonance region. This is most likely a num-
erical artifact stemming from the increasingly fine-scale
structure that is introduced by higher wavenumber perturba-
tions. Indeed, increasing k, beyond about 20 causes R to
diverge as the adaptive algorithm used in the integration
routine breaks down. This break-down occurs because the
step size needed to resolve the potential function near the
UHR when high wavenumber fluctuations are present is on
the order of the machine precision. This leads us to remark on
the two main shortcomings of the numerical integration pro-
cedure: (1) as just mentioned, the adaptive RK(4,5) method is
unsuitable when fine structure becomes present in the
potential function, either due to large k,, or large €, and (2) the
low-order treatment of the resonant absorption is unsuitable
for the large € regime when multiple resonances are present. It
is anticipated that these shortcomings could be resolved with
a more sophisticated integration scheme.

As a final remark, directly integrating equation (23a) with
the IB boundary condition is much faster than computing the
approximate integral solutions given in equation (41) for the
methods employed here. This is because numerically integrating
the highly oscillatory terms of equation (41) requires a large
number of recursion levels to achieve a reasonable accuracy,
sometimes up to 30. In fact, numerically integrating
equation (41) takes on the order of minutes, while numerically
integrating equation (23a) takes on the order of tenths of sec-
onds. This is not a particularly rigorous comparison, but it is
provocative nonetheless. The time to integrate equation (23a)
can presumably be made even shorter by using an optimized
scheme in a compiled language. This is encouraging for the
prospects of the IB model as a computation tool.

4. Conclusion

In this work, we report on a new model for the X-B mode-
conversion problem. This model replaces the HFS LHC of the
X-mode wave by an infinite conducting barrier that reflects the
X-mode wave field. Among its several advantages is the ease
with which it can be numerically implemented; only a homo-
geneous Dirichlet boundary condition needs to be imposed at the
LHC, rather than a radiation boundary condition at infinity. As a
result, the new boundary condition allows both solutions to the
X-mode wave equation to be present within the mode-conver-
sion region simultaneously, which improves the numerical sta-
bility. Although we focus on the mode-conversion process in
one spatial dimension, the approach is readily amenable to
higher spatial dimensions, allowing for the implementation of
more realistic plasma equilibria. Importantly, the IB model is a
useful tool which can be used by experimentalists for the rapid
diagnosis of their observations.

We explicitly derive the IB model in 1D, as this can be
done analytically, and then compare the new model to an
existing 1D X-B model that was presented in [42], known as
the DC model. Expectedly, there are quantitative differences
between the two models; however, the qualitative behavior,
such as the generic interference pattern and the generic per-
iodicity with respect to the HFS cutoff location, are
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successfully reproduced in the IB model. Moreover, the 1B
has an additional degree of freedom compared to the DC
model. This additional degree of freedom can be used to
either bring the IB model into very close quantitative agree-
ment with the DC model, or to generate novel behavior of the
X-B mode-conversion efficiency. Such flexibility is useful
when attempting to fit to experimental data.

Often in STs, the X—B mode-conversion region is located in
the plasma edge, where micro-turbulence and blobs can cause
very abrupt cutoffs of the launched X-mode wave. This is
problematic, as the interference pattern of the X-mode wave field
in the mode-conversion region is very sensitive to the distance
between the upper hybrid resonance and the LHC. The IB model
is well-suited to study this issue of edge fluctuations, since the
abrupt cutoff behavior is included in the model by construction.
The spatial and temporal demands on experimental measure-
ments are thereby relaxed significantly when fitting the IB model
to an experiment hampered with edge fluctuations, since exact
details of the HFS cutoff need not be resolved.

To demonstrate this feature, the IB model is used to
estimate the effect of small-amplitude density fluctuations on
the X-B mode-conversion efficiency in 1D. This study is
performed using a perturbative approach with a Green’s
function. We observe that reflections of the incident X-mode
wave off the density fluctuations modifies the X-B mode-
conversion efficiency in a complicated, but usually small
manner. However, when the periodicity of the density fluc-
tuations is half the wavelength of the launched X-mode wave,
resonant BBS of the X-mode wave may occur, significantly
reducing the X-B mode-conversion efficiency. Although the
analysis only considers quasi-monochromatic density pertur-
bations, it is expected that broad-spectrum density fluctua-
tions will also yield a reduction in the X—B mode-conversion
efficiency. This will be the subject of further investigation.

The analytical results are confirmed by direct numerical
integration of the Budden differential equation with additional
density fluctuations present. The integration is performed with an
adaptive Runge—Kutta method, while the resonant absorption
at the pole is put in by hand as part of a predictor-corrector
Euler-Trapezoid scheme used in the vicinity of the resonance.
This numerical method works well in the limited parameter
regime where both the fluctuation amplitude and wavenumber
are small; however, when the fluctuations are larger, fine-scale
structures such as SRs and additional cutoffs appear in the
potential function, which cause the present integration routine to
fail. A future computational study will explore alternative
integration schemes to address this shortcoming as part of the
development of a proof-of-principle numerical code to study
the X—B mode-conversion efficiency in a realistic tokamak
equilibrium.
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Appendix A. Limits and asymptotics of the Whittaker
functions

In developing the linear system that governs the X—B mode-
conversion problem, the limit of the Whittaker function and
its derivative are needed as the argument of the Whittaker
function, denoted as z, tends to 0. For noninteger k, these
limits are respectively [70]:

1
kD(=k)’

Ul — k) —2¥(1)

1 — ,
og(z) + )

lim We(2) = (A1)

lim W/ (z) = (A2)

I'(=k)
where I'(z) is the Gamma function, and ¥(z) = % logI'(z) is
the digamma function [71]. i

To determine the ratio of the incoming and outgoing wave
amplitudes, the asymptotic representations of the Whittaker
functions are also needed. These asymptotic representations
depend on the argument of z. If |arg(z)| < 7 [72]:

_Z
Wem(z) ~ zke™2 (A.3)
while if —27 < arg(z) < —m [61]:
s a—2mik
Wem(2) ~ zke*% B 1 2mie : i kez
F(E—m—k)F(Eer—k)
(A.4)

For the Budden potential, a branch cut is placed in the
bottom-half of the complex x plane, and begins at x = 0. Hence,
the argument of —x is im. In this case, the asymptotic repre-
sentations of the Whittaker functions are as follows. For x — oo

n .
4R

. N
W.n 12 Arxe "2) ~ 2 /gx| 2e" (A.5)
2°2
—i3m il 3l i
Win 1 (2 Arxe " 2) ~ [2/Arxl2e  4e k"
2°2
i 2rie™
—2 x| "2 - ~ el T (A.6)
r(-ig)r( - i)
while for x — —o0
.nr
T 1y 2 R
W 1 (2—”Rx‘z) ~ ‘ L B R )
272 r r
.nr
R _idm J "o Tk
Wr 1(21ix ) ) ~ ‘ Zix ? e ae X, (A.8)
272 r r

These asymptotic representations have the following physical
VI iz
1(2—x !

interpretation: Wi 1 z) represents a wave incident

upon the UHR from the HFS that is perfectly transmitted; on the
other hand, Wiz 1(2 *ny*i%'") represents a wave incident upon
the UHR from the LFS that is partially transmitted and partially
reflected.
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Appendix B. Solving the DC and IB model equations
for ¢pc and ¢

For the DC model, the three boundary conditions to impose are
the two continuity conditions given in equations (8a) and (8b),
and the radiation condition C = 0. Using the limits of the
Whittaker functions discussed in appendix A, these become:

A kD B
r(i%) " r(-%)  r(-i%) ®D
(1 +iZ) - w1 - i) + i
T
)oY o),
r(-%) ” (B.2)
Solving for the ratio %, denoted as A, yields:
A — e-2itk 10g<7§’2) i \Il(l B %L) B \P(l - 1%) + I%
(D)D) W)
(B.3)

where we have defined 6 = Arg (F(—i%)) to be the argument

of the Gamma function I‘(—lz) Clearly, A is of unit modulus.

This means that it is possible to express A = e2¢pc—20%—i7 for
some ¢pc. By direct computation, ¢pc is obtained as:

; log( ) +w(1 - %) — Re[
(B4)

.1,
1 —1i2

2
tan

Ppc =

m[w(1—i%)] -3

Finally, using this representation of A and the asymptotic
representations of the Whittaker functions, presented in
appendix A, the reflection coefficient for an X-mode wave
incident from the LFS is calculated to be:

R=|Ae ™ — - 2mi ~ efﬁﬂ
r(-ig)r(n - i)
=1 —4e (1 — e ™)cos’(¢pe)- (B.5)

For the IB model, the three boundary conditions to impose
are the two continuity conditions (8a and 8b) and the IB
boundary condition y;( — L) = 0. Let us define the normalized
quantities A = 4 C = E andD = = Then the three boundary

conditions equatlons constltute a hnear system in A, C, and D:
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L (1 +i5) - \11€1 —ij) +in 0
N F(15) .1:7(15) ) 1 T
2 g legn+ (1 - i) - P(1 +iZ) —in iy | — | T(-i2) , (B.6)
p)| (%) (i) 0
%) v °

where we have defined 0y = Arg(Wir (2 JLe ), and T
denotes the transpose of the column vector. The first two
columns of (B.6) correspond to the two continuity conditions,
while the final column corresponds to the IB condition. System
(B.6) is readily inverted to yield A, C, and D. In particular:

A — o 2i0ct0,1+0w)
(T +I iﬂ[coth (72 + 1])e2i<fh+9w> r T
>< 9
(’I‘* o zl [COth (,ﬂ_g) + 1])6‘72i(0L+9W) + ’I‘*(B7)

o Tim
where we have defined 6, = Arg (F(—i%)) and T =

\I/(l - ig) - \1/(1 - i%) + log(r)
As with the DC model, A is of unit modulus. Expressing
A = e%om—2%—i" for some ¢ yields:

sin (20, + 29W)[7r + meoth (7)) — Ty - ni] + Yelcos (26, + 26y) + 1]

where T and Y; denote the real and imaginary parts of T
respectively. As before, the unitarity of A implies that the
reflection coefficient for the IB model is also given by
equation (B.5), albeit with the phase specified by
equation (B.8).

Appendix C. The M matrices and b vectors for
computing the IB model Green’s function

The matrix M), and the vector b, that appear in
equation (32) are given as:

¢ = tan™! — 0, — Oy, (B.8)
cos (20, + 29W)[7r + mweoth () — T %] ~ Yesin (26, + 20y) — T,
0 W ig(ge—%) 0 W',ig(ge—%) 0
e MM
TER () :
1 _i3m ;37
- —Wn(se™2) 0 Win(se " 2) 0
My, = | T(-5) ¢ ? C.1)
e log(r) + \If(l - ig) - \11(1 + ig) —ir . sy
() A0
) . U1 —i%) = w(1 - i) - log(r) 1
e D
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3 3T i
=10, —Wn(se'2), 0, Wn(e'2)+ ——, 0].
b, [ i ) i )+ 3 B )
(C.2)
The matrix M), and the vector b_that appear in

equation (33) are given as:

Appendix D. The modified reflection coefficient for
analytic density fluctuations which vanish at
the UHR

Let )L(f), )?_(5), and X,(0), X € {A, C, D, F, H} denote the
solutions to equations (32), (33), (36) respectively. Since
M), M(_,, and Mg, are each non-singular, these solutions

1 U1 +i2) = w1 — i) + ir
= 0 = 0 0
r(i3) r(i)
o\ log(r) +U(1 —iZ) —w(1 +il) —ir .
1 mﬂ(gelf) (1-i3) ‘ (1+iF) Wliiz(gelj) 0
T (i%) 2\r (i) 2\r
M) = { ¢ . p(1 i)~ w1 - i2) — log(r) ¢ (C.3)
Wiy(—ef‘f) —W’.ﬂ(—eﬂi) 0
(—iZ)  2\r (i) 2\r
0 —W_iﬂ(ieig) 0 —W’_iz(ieig) e 20w
2\r 2\r
0 —‘/Vinr (Ee_ig) 0 W’inr(ie_i%) 1
Z\r 2\r
. 1 0. 0 ir 0 are well-defined. Then, y,(x) is given by the expression:
b_ = P(—lﬁ)’ ’ ’ 2\/’}/_8,’ . (C4)
2 )’1(x)

Finally, the matrix M), and the vector by that appear in
equation (36) are given as:

Mo

(i) (%)
1 w1 —i%) - w(1 - i) — log(r)
) ()
(C.5)
by = r(l"”Z IB’O. (C.6)
—13) JrBo

In the above expressions, we have defined the quantity

¢=2 \/'y—R [£]. Also, the derivative of the Whittaker function is

understood via the recurrence relation [70]:

@ = 20) W1 (1) — 2Wi 41 (x)
2x .

In principle, these linear systems can be inverted analytically;

however the results are quite lengthy, and will not be
presented here.

(C.7)

W' 1(x) =
k,j()

B.Ti(x) + B.Z(x) + B_-Z4(x) — imBoyR.(x) x>0
B, 73(x) + B_Zs(x) + B_-Zg(x) — imByR_(x) x g(]g’l)

{

where we have defined the integral quantities:

1) = [ Gite, 9f ©de, (D.2)
b = [ Gatx, OF (4 (D:3)
L = [T Gatx. O ©)de, (D4)

0
L@ = [ Gt OF (©de, (D.5)

-L
5w = [ Gstr, 9O (D.6)

—L

0
s = [ Golx, OF (©)dg (D.7)

we have defined the residue quantities:
16644,

Ri(x) = mn (O)yO(O)G7(-x’ 0), (D.8)

163%r*
R(r) = 0 (D.9)

YRR '(0)y,(0) Gy (x, 0)

and we have defined the piecewise constituents of the Green’s
function:
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~ T 713771'
Gi(x, £)=A+(£)Vv,ig(2ﬁxe"5)+ Wig(Z Yrxe 2),

(D.10)
Gax, ) = CLOW 12 Frxe'2)
+ DAOW 2 TRve D), (D.11)
Ga(x, &) = F+(5)W_,-vg(2 YO xe%)
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+ Fu(g)winzr(zﬁxei? ) (D.12)
r

~ ST 3
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(D.13)
Gs(x, &) =C_(&) Wi,,z,(z Mxeig)
.
r
G6(x’ f) = F;(f) VV,{’;’ (2 ﬁxe_ig)
.
r

A i 37
G7(x, 0) = Ag(O)W ;1 (2 J/Arxe '2) + Wn (2 /gxe "2),
2 2

(D.16)
Gs(x, &) = C’O(O)Wi,g(z ﬁxeig)
r
" DO(O)W@(ZM“_@} (D.17)
r

It is understood that the singular integrals are evaluated
according to their principal values. Moreover, f(£) is given by
equation (25b).

Let us now compute the modified X-B reflection coef-
ficient in the presence of density fluctuations. As there is only
a single boundary condition that the wave fields must satisfy,
the remaining degree of freedom allows one to set
B, =B =By=B= e 34 inconsequentially. This choice
means that yg(x) is the O(1) medium response to an incident
wave of unit amplitude, and y;(x) is composed of the O(e)
unit-impulse responses of the medium for an incident wave of
unit amplitude.

To compute the modified reflection coefficient, the
amplitudes of the outgoing and incoming components to y;(x)
as x — oo must be determined. This requires computing the
asymptotics of 4 terms as x — oo: R, (x), I;(x), Ir(x), and
I(x). Using the known asymptotics of the Whittaker
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functions, the asymptotics of each of these terms are given as:

165%r% )
Ry (x) ~ (mn (0)y,(0)e’ 4)<y(x)
Nayem - e |
o 1 o 1 + ’
P(“EI)F(I - IE])_ (D.18)
h(x) ~ 3 (F L0y (1)
2rie ™3
+ e ™MAL) — S 7 o) |y (x)
r(-i3)r(1 - i) (D.19)
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27Ti€_ﬂ'g 00 ~
- — [ DuOf (©OdE .0 |
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L) ~ e“?([ [ @]y

e [0 A @r©a

B 2mie ™
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2
where we have defined the functions:

I rode | @20

.

»(x) = PNGTE Y (D.22)
L

y(x) = 2 /rx[4e" WX (D.23)

to represent outgoing and incoming waves, respectively. For
convenience, we have also introduced the following family of
functions, defined for x > O:

AS(x) = fos Asen (O (©)E £ f:o ALOf (©dE,
(D.24)

Fiw= [ f@d+ [ rod 029
The modified reflection coefficient can then be constructed by
identifying the coefficients of y, (x) and y_ (x) respectively
as y1.our and y; i, in equation (41).

Appendix E. Validity of the perturbative approach

The perturbative approach used in the previous subsections is
only valid when ¢ is ‘small’, in a sense that was left unspe-
cified. It is difficult to place a tight upper bound on the
fluctuation amplitude e, beyond which the perturbative
expansion of y(x) would break down uniformly. An intuitive
approach would be to identify the values of ¢ marking
the appearance of additional SRs in the modified potential for
various parameters; however, this approach would involve
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Figure E1. Estimated maximum fluctuation amplitude for

equation (41) to be valid. Typically, increasing r, decreasing 7, and
decreasing vz (not shown) causes &,y to decrease. Changing L (not
shown) only slightly modifies &,,c. Note that &, is presented on a
log-scale.

counting the roots to a sequence of nonlinear equations,
which is not practical.

Instead, an approximate upper bound can be placed via
the following argument. For the perturbative expansion of y
(x) to be valid, it is necessary that the modified reflection
coefficient is always less than or equal to unity. Furthermore,
for R < 1, it is certainly necessary that:

2mie ™
r(=ig)r(t - 13)

for else R could be larger than one whenever ry, = 0. This
inequality must also be true when A~;(0) and F_,;(0) take
their asymptotic forms

Thus, an approximate upper bound on ¢ is arrived at:

L, 2
,\/Z max

2rie ™2

-1 -
r(-ig)r(r - i3)
where AZ;(0) and F_,(0) are evaluated according to
equations (43a) and (43b). The upper bound E&,,x only
depends on the parameters of the wave field and the equili-

brium (/7% 7, r, and L), and is independent of the details of
J2e

n

€

F 0 —e ™A (0 <1 (ED

€<
—1

F_1(0) — e ™AZ,(0)

(E2)

the density fluctuations. The normalization has been

explicitly factored out of &..

A coarse parameter scan reveals three general trends in
the value of &.: (1) &nax tends to increase for increasing
values of NA'TE (2) Emax tends to increase for increasing values
of 1, and (3) &y, tends to decrease for increasing values of r.
The dependence of &,,x on L appears to be weaker than the
other three parameters. These trends are understood concisely
by the statement that &, is positively correlated with the
height of the unperturbed Budden potential function. As can
be seen in figure E1, large asymmetry can cause &, to be as
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low as 10~*; however for moderate values of the asymmetry
parameter, é,.x ~ 0.01 is more typical.

We emphasize that this upper bound on the fluctuation
amplitude only applies for the analytical result presented in
equation (41); it does not apply to the numerical analysis of
the perturbed differential equation (equation (23a)). As
figure 9 shows, the same qualitative behavior of the reflection
coefficient in the small-amplitude regime persists to larger
amplitudes, at least until additional SRs develop.
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